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Ultracold polar molecules provide strong, long-range interactions that microwave shielding make
tunable and nearly nuclear-spin independent, giving an emergent SU(N) symmetry. However, ex-
tended Hubbard models of polar molecules in optical lattices lack, so far, controllable finite on-site
interactions, a key ingredient of strong correlated physics. We show that tuning the Rabi fre-
quency of the microwave coupling can bring two individual molecules (monomers) on neighboring
lattice sites into resonance with a field-linked dimer (doublon) on one of the sites, enabling coherent
doublon-monomer-pair conversion. In this model, we characterize the key Hubbard parameters and
the dimer lifetime, demonstrating that the on-site and off-site interactions can be tuned nearly in-
dependently through the microwave amplitude and orientation, respectively. Our results provide a
roadmap for implementing SU(N)-symmetric extended Hubbard models with controllable doublon

fluctuations, providing access to quantum-simulation in the strongly dipolar regime.

Optical lattices have transformed ultracold gases into
highly controllable artificial crystals [1], enabling numer-
ous landmark studies of Hubbard-model physics [2-6].
Ultracold polar molecules extend this platform through
large electric dipole moments, rich internal structures,
and long-range interactions [7—10]. They enable quan-
tum simulation of strongly correlated matter [11, 12],
precision tests of fundamental symmetries [13], and quan-
tum information processing [14]. In optical lattices,
molecules can be trapped, addressed, and detected in
programmable arrays [15, 16], while anisotropic dipolar
interactions realize extended Hubbard models, dipolar
magnets, and competing crystalline, supersolid, and su-
perfluid orders [11, 17].

Historically, short-range loss long prevented stable,
strongly interacting molecular quantum gases [18-20].
Collisional shielding overcomes this limitation by engi-
neering a repulsive intermolecular barrier that blocks ac-
cess to the lossy short-range regime. Such a barrier can
be created with static electric fields [21-25], that enabled
supression of reactive losses in potassium-rubidium mix-
tures [26], and dipolar evaporation to below the Fermi
temperature in quasi-two-dimensional [27], and three-
dimensional [28] geometries, or with microwave dress-
ing [29-34]. In the latter case, coupling a slightly blue-
detuned microwave field to the lowest rotational tran-
sition dresses the molecular state inducing a lab-frame
dipole moment and thereby providing control over the
interaction strength [10, 34, 35]. These advances enable
evaporative cooling of both fermionic [36] and bosonic
molecules [37, 38], as well as, the realization of degen-
erate Fermi gases [36], molecular Bose-Einstein conden-
sates [39, 40], dipolar self-bound droplets [41] and Fermi-
surface deformation [42].

Weak coupling between nuclear spins and dressed ro-
tation [10, 43-47] yields nearly identical shielded poten-
tials across nuclear-spin configurations and thus SU(N)
symmetric interactions [43, 48]. Compared with alkaline-
earth atoms, which offer only fermionic isotopes with
non-trivial SU(N) symmetry [49-53], shielded molecules
offer a broader parameter space: bosonic or fermionic
statistics, tunable long-range anisotropic interactions,
and large internal-state manifolds [43, 48]. In contrast,
tuning interactions of alkaline-earth atoms through opti-
cal Feshbach resonances can induce dissipation and break
SU(N) symmetry [51, 54]. Loading microwave-shielded
molecules into optical lattices therefore opens a route to
realizing the broader class of SU(N)-symmetric extended
Hubbard models than those available with alkaline-earth
atoms [55-59]. Such models support rich correlated
phases, including chiral spin liquids [56], flavor-selective
Mott states [60], generalized magnetic orders [58], and
unconventional pairing mechanisms [61].

Yet for molecules, lattice models still lack a key in-
gredient of atomic Hubbard physics: tunable on-site in-
teractions comparable to the tunneling energy scale [62].
This term controls virtual doublon-hole processes, such
as superexchange [3, 4], pair motion, correlated hopping
[63], and soft-core density fluctuations, thereby setting
magnetic energy scales and underpinning doped Hubbard
[5, 6] and SU(N) t-J systems [64, 65]. The interplay of
on-site and off-site interactions can drive Wigner-Mott
physics [66], hidden-order insulating phases [67], and
pair-correlated supersolids in extended Hubbard models
[63, 68]. In molecular systems, however, double occupa-
tion is often suppressed due to strong on-site repulsion or
dynamically projected out by two-body loss, producing
an effective hard-core constraint [69, 70]. While useful,
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this widely explored hard-core limit [71-74], including in
dipolar t — J models [75-77], removes the doublon fluctu-
ations needed for the broader class of Hubbard processes.

In this Letter, we show how to synthesize the miss-
ing on-site interaction with microwave-shielded molecules
in an optical lattice while preserving SU(N) symmetry.
Varying the shielding Rabi frequency and microwave de-
tuning brings a field-linked molecular dimer [78] occu-
pying one lattice site into resonance with two molecular
monomers on adjacent sites. This crossing enables coher-
ent interconversion between monomer pairs and a field-
linked dimer [10, 35, 79], so that the dimer acts as an
effective doublon with an on-site energy controlled by mi-
crowave parameters. The Rabi frequency and detuning
mainly tune the on-site energy, whereas the microwave-
field orientation adjusts long-range interactions, allowing
nearly independent control. We derive the Hubbard pa-
rameters and dimer lifetime as functions of these control
parameters, providing a guide for molecular lattice ex-
periments.

We consider microwave-shielded fermionic polar
molecules (?3Na’®K) of mass m interacting via the
dressed potential Vi,(r) [10, 80]. Under a circularly
polarized microwave field in the (zy) plane, the shield-
ing potential Vi, (r) consists of a repulsive barrier at
~ 1000 ag and an anti-dipolar long-range interaction tail
that is attractive in the plane but repulsive along z [81].
It is tuned by the microwave Rabi frequency 2 and de-
tuning A. Increasing 2 at fixed A/ shifts the barrier
inward while preserving its long-range interaction tail,
thus deepening the in-plane attractive well, which can
support bound states. We fix A/Q = 0 in this work.
The molecules are confined in a quasi-two-dimensional
optical lattice Viaet(r) = Zue{x,y,z} Vo,u sin2(7rr,,/a1att),
with Vo = Vo, = Vo, Vo, = AV, and X > 1 [81].
Here ajaty denotes the lattice spacing. The microscopic
many-body Hamiltonian is H = HO + ﬁim? with H'o =

POk [—%Vf + Vlatt(’"z‘)] and Hin, = 32, Van(r;—72),
where N,, is the number of molecular monomers. In
deep lattices, the single-particle low-energy sector is
spanned by Wannier states w;(r) = w(r — R;) local-
ized at each site R;, with a single-particle band gap
~ hwno = 2+/8 ER, where s = V;/ER is the dimension-
less in-plane lattice depth and Er = h*n?/(2ma?,,) the
recoil energy. The tighter z confinement yields a larger
gap A hwyo, justifying the quasi-2D reduction.

The  conventional  single-band  Hubbard  re-
duction assigns an on-site interaction energy
Ubare = (wjw;|[Van(r1 — 72)|wjw;) to each doubly

occupied site. However, the strong repulsive core of
the microwave-shielded potential pushes this energy
to the MHz scale, far above hAwy, ~ h x 10 kHz.
Double occupancies therefore lie outside the low-energy
manifold, and the bare Hubbard description breaks
down. Although the bare double occupation is excluded,
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FIG. 1. (a) In a 2D lattice, dipolar molecules tunnel, form on-
site dimers, and interact off site. (b) Energy spectrum of two
dipolar molecules in a single lattice site for even (solid lines)
and odd (dashed lines) parities. The inset shows the typical
Lorentzian time-delay profile of the finite-lifetime dimer. The
solid line fits the numerical result (circles). (c) Comparison
of the on-site dimer-state wavefunction in terms of partial-
wave angular momentum [, with (solid lines) and without
(dashed lines) interaction. The dotted and dashed vertical
lines indicate the ano, and aiatt, respectively. (b), (¢) employ
alate = 550 nm, Vj oy/Er = 5.1, and Vj,. = 4Vp zy, (c) uses
Q =27w x 6 MHz.

an s-wave field-linked lattice-dimer state formed by an
inter-spin pair with energy Ep and even parity [78]
can enter into the lowest-band lattice model as it is
tuned to cross the two-monomer asymptotic energy,
Ey = 2hwy, (given w, = 2w, , = 2wy, ), via increasing (2,
see Fig. 1(b). The lattice dimer acquires linewidth AL,
that we calculate by solving the harmonically confined
two-body system (see inset of Fig. 1(b)), through inelas-
tic decay into lower-lying microwave-dressed scattering
channels [79], see the Supplemental Material [81]. In
this regime, a monomer can resonantly tunnel onto an
adjacent occupied site to form a dimer, at the cost of
the on-site energy U = Ep — Ej, depending on the
dimer energy, Ep. The minimal energetic separation
from other dimer and higher-body (not shown) states is
AFE ~ h x 10 kHz (for the lowest odd-parity state), see
Fig. 1(b); thus they are energetically prohibited.

The low-energy Hilbert space contains configurations
where each site is empty or hosts either a monomer é}a
(with spin index «), or a dimer &};aﬁ (with « # 8, as
required by fermionic statistics and even parity of the
lattice-dimer state). The dimer wavefunction contains
several even partial waves, dominated by the s wave com-



ponent, as shown in Fig. 1(c).

Because the shielded interaction is nuclear-spin in-
dependent, the effective lattice model commutes with
the SU(N) generators [81]. The most general SU(N)-
symmetric Hamiltonian neglecting interaction-induced
tunneling effects in this projected basis reads

He = Hy + Hy + Hr + Hy, (1)
where H, = —t 2oty (é;r;a [1(1 = 7ip) Ejia + h.c.)

describes projected monomer tunneling with amplitude
t. The Spalek projector [[4(1 — f;p) [82] is added
to remove bare doublons. The second term, Hy =
Ui Xazs dA;r;a”B aii;a’g, assigns the on-site energy U to
each on-site dimer [81], thereby playing the role of the
Hubbard interaction. The third term,

ffT =-T Z Z (dj;a,,@ éi;oc éj;ﬁ + hC)

(i.3) a#P
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(2)

contains two tunneling terms. The T term converts
two monomers on different sites into an on-site dimer
and vice versa. The T’ term transfers one molecule
from a dimer to a neighboring monomer site, forming a
new dimer. Here, we consider only the nearest-neighbor
((i,7)) processes and neglect the dimer tunneling term
(see Refs. [83-85] for discussions of dimer tunneling). Fi-
nally,
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collects off-site monomer-monomer, monomer-dimer, and
dimer-dimer density couplings from the long-range
dressed dipolar potential. Their strength and anisotropy
depend on lattice geometry and dipole orientation rela-
tive to the lattice. In the above expression, we restrict the
off-site interaction to be spin-independent and between
nearest-neighbor ((i,7), ,) or diagonal nearest-neighbor
((i,7) 44,) pairs. Spin-exchange and other off-site inter-
actions are negligible, see [81].

The extended-Hubbard parameters are extracted from
microscopic monomer and dimer physics. The dimer—
monomer-pair and dimer-monomer exchange couplings
are given by the matrix elements of the ab initio
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FIG. 2. (a) The ratio of the linewidth of the dimer I' to
the hopping parameter ¢; the lattice parameters are ajatt =
550 nm with Vo . = 4Vp »y. (b) Hopping parameter ¢ in z, y di-
rection and ¢ in z direction versus s. The dotted line displays
the hopping parameter tq in z,y direction within the Gaus-
sian approximation. (¢) Dimensionless Hubbard parameters,
defined as the ratio of the corresponding Hubbard parameter
to tg, versus the microwave Rabi frequency. The horizontal
dashed lines in (a) and (b) indicates s = 5.1, at which the
results of (¢) are calculated.

single-molecule Hamiltonian. The remaining Hy terms
arise from the long-range dipolar interaction tail over-
laps. Together, t, U, T, T, Vi, VZu and VG,
fully parametrize the extended SU(N)-symmetric lattice
Hamiltonian [81]. In the following, we discuss the two ex-
perimental knobs controlling these parameters: the lat-
tice depth s = Vy/ Er, which sets the single-particle band
structure and tunneling amplitude ¢, and the microwave
Rabi frequency €2, which determines the shielded two-
body interaction and the resulting dimer properties.

To identify the experimentally accessible operating
regime of the proposed Hubbard model, we analyze the
relevant parameter space (Fig. 2(a)). We adopt a conser-



vative threshold of T'/t = 0.1 (dotted red contour), below
which the field-linked dimer is sufficiently long-lived to
participate coherently in the lattice dynamics. Strong
monomer-dimer hybridization is expected in the vicin-
ity of the resonance condition U(s, ) = 0 (solid purple
curve), where the field-linked dimer crosses the lowest
two-monomer threshold. Crucially, a broad region of pa-
rameter space satisfies both I'/t < 0.1 and proximity to
the U = 0 line, showing that resonant monomer-dimer
physics can be accessed under experimentally realizable
conditions. Figure 2(b) compares the tunneling ¢ in z, y-
direction with ¢, in z-direction at A = 2. The condition
of t, <« t reflects the quasi-2D nature of the dynamics.
Here we provide two values of the tunneling parameter: ¢
extracted from the exact Wannier calculation [86] and tq
stemming from a Gaussian approximation as a reference
for the following discussion [81].

Along a representative cut through the accessible pa-
rameter space (horizontal dashed line in Fig. 2(a)), we
examine how the Hubbard parameters evolve with the
microwave coupling 2 in Fig. 2(c). The tunneling ampli-
tude t, set by the lattice depth alone, is constant along
this trajectory, whereas the other parameters are pre-
sented as dimensionless ratios with respect to it. Since
the Hubbard parameters are extracted from monomer
and dimer states within the Gaussian approximation, we
self-consistently normalize them with respect to tg in-
stead of t, see also [81]. This is indicated by adding a tilde
to the corresponding symbol, e.g. U = U/te. We found
that the on-site dimer energy U is strongly sensitive to
the microwave dressing, where it decreases with increas-
ing 2 and crosses zero. The monomer-dimer 7" and inter-
site dimer T” conversion amplitudes vary weakly with Q,
reflecting the robust spatial overlap between the dimer
wavefunction and the monomer orbitals on neighboring
sites.

The long-range character of the dressed dipolar in-
teraction generates sizable extended couplings. The
nearest neighbor monomer-monomer (V,;%,), monomer-
dimer (V75), and dimer-dimer (V) density interac-
tions, together with their diagonal counterparts, shown in
Fig. 2(c), are negative and typically larger than T across
all Q explored. The diagonal nearest-neighbor interac-
tions are generally weaker than the nearest-neighbor in-
teractions owing to the larger particle separation. These
off-site interactions originate from the long-range dipo-
lar interaction tail of Vg, and are largely insensitive to
the short-range dimer structure [81]. The off-site inter-
action terms analyzed above compete with the tunneling
and dimer—monomer(-pair) coupling processes and thus
can impose charge density orders of different flavor [87].
Nevertheless, we will show below that a high degree of
tunability allows the interaction coefficients to become
comparable to ¢, T and T”, and even to cross zero.

Taken together, Fig. 2 demonstrates that a broad
and experimentally accessible region of parameter space
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simultaneously satisfies three key conditions: (a) the
dimer lifetime exceeds the lattice tunneling timescale
(T'/t < 1), (b) the detuning U can be tuned continuously
through zero, and (c¢) U can be tuned to compete and in-
terplay with the tunneling dynamics characterized by t,
T, and T”, as well as, the off-site interactions. Within this
regime, the system realizes a stable, strongly interacting
SU(N)-symmetric lattice gas in which monomer tunnel-
ing, coherent dimer formation, and long-range dipolar
couplings are simultaneously relevant.

An additional experimental knob arises from the orien-
tation of the microwave polarization axis relative to the
lattice. Because the dressed dipole-dipole interaction is
inherently anisotropic, rotating the field with respect to
the lattice frame modifies the off-site couplings and the
on-site dimer properties while preserving the underlying
SU(N) symmetry. We parametrize this rotation by the
Euler angles (a, 8,7) that connect the two frames. We
fix @« = 7/4 and v = —x /4, while scanning the tilt angle
B, see Fig. 3.

The nearest-neighbor V,;¥, and diagonal nearest-
neighbor V]m'\j’ interactions both vary strongly with the
orientation angle 3, sweeping through zero, as shown in
Fig. 3(a). Notably, V;;¥, crosses zero near /7 ~ 0.3,
while the diagonal coupling V¥ remains sizable and
positive at the same angle. In contrast, the anti-diagonal
nearest-neighbor V7 interaction depends only weakly
on . Nevertheless, the behaviors of V7% and VitV
is well captured by a sinusoidal curve within the point-
particle approximation [84, 88]. We find that the dimer-
monomer and dimer-dimer interactions share a similar
angular dependence to the monomer-monomer interac-
tion [81]. This demonstrates that the nearest-neighbor
interaction can be selectively switched off by geometric
tuning alone, while tunneling, on-site fluctuations and
other long-range couplings remain active. Such selective
suppression opens access to regimes of the extended Hub-
bard model in which diagonal or further-neighbor inter-
actions dominate over nearest-neighbor ones, a situation
difficult to achieve in other settings.

Figure 3(b) confirms that this tunability is fully com-
patible with dimer stability. It displays the Rabi fre-
quency Q|y—o at which the dimer resonance condition
U = 0 is met, together with the corresponding decay
linewidth T", both as functions of 3. The resonance fre-
quency varies smoothly between roughly 6 and 13 MHz,
confirming that the dimer can be brought into resonance
independently of orientation. The decay linewidth re-
mains ~ 8-18 Hzx h throughout, well below the tunneling
parameter t = 177 Hzx h at the chosen lattice parameters
(@ass = 550 nm, V5 /Er = 5.1, Vp , = 4Vp 4y), ensur-
ing '/t <« 1 for all angles. The system therefore remains
deep in the coherent regime across the full orientational
scan, including the angles where V7%, vanishes.

Geometric rotation thus complements the Rabi fre-
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FIG. 3.
interactions obtained by rotating the microwave field with the Euler angles of (o« = w/4, 8, v = —m/4) relative to the lattice

(a) The dimensionless hopping parameter and monomer-monomer nearest-neighbor and diagonal-nearest-neighbor

frame. (b) The Rabi frequency at which the on-site energy crosses the energy of the non-interacting monomer pair and
corresponding dimer linewidth versus the rotation angle 5. The horizontal dashed line indicates the value of 0.1t on the right
y-scale. The lattice parameters are chosen as aiate = 550 nm with Vg oy/Er = 5.1 and Vo,. = 4Vp 2. The dashed lines close to
the numerical results (solid lines) of V7%, Virt¥ and Vi, ¢ display the prediction from the point-particle approximation [84, 88].

quency as a practical tuning knob, providing independent
control over the magnitude, sign, and spatial structure of
the off-site interactions. In particular, the ability to con-
tinuously suppress the nearest-neighbor coupling while
maintaining stable dimer formation and finite diagonal
interactions makes it possible to navigate between quali-
tatively distinct regimes of the SU(N)-symmetric lattice
model within a single experimental platform.

We have derived an SU(N)-symmetric extended Hub-
bard model for microwave-shielded fermionic molecules in
an optical lattice, where on-site interaction can be syn-
thesized by coupling to a long-lived field-linked lattice
dimer state. We demonstrate the experimental tunabil-
ity of this Hamiltonian in terms of the on-site and off-site
interactions, tunable via the microwave Rabi frequency
and field orientation, respectively. Our approach can be
generalized to bosonic SU(N)-symmetric Hubbard mod-
els, for instance, for 2Na3?K [10, 89], opening up oppor-
tunities to explore a broader class of Hubbard physics
than are accessible with atomic platforms.

Possible applications include dimer superfluidity, res-
onant pairing mechanisms, and lattice models with tun-
able anisotropic interactions. The dimer lifetime is al-
ready compatible with coherent lattice dynamics, but
improvements might be possible using double microwave
shielding [46, 47] or a combination of circular microwave
dressing and static electric fields [90-92]. A parallel
study shows, for double-shielded molecules, flexible tun-
ing of on-site and off-site interactions for various dipolar
molecules and how these interactions can serve as a tool
to characterize effective hole-hole and other inter-dopant
interactions [93]. The present work demonstrates how
coupling to a lattice dimer enables an SU(NV)-symmetric
extended Hubbard model with independently tunable on-
site and off-site interactions.
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SUPPLEMENTAL MATERIAL

Two-body problem in a lattice site

Under the harmonic approximation, the two-molecule
problem within a single lattice site is described by

H’ o h2 2 h2 v2 1 2/..2 2 V
2= Ty Vit 5 2T 5w (11 +73) + Ven(r2 — 71),
(4)
where Vg, (r) is the microwave-dressed interaction po-
tential between two molecules in the repulsive shielding
channel. We consider in this work an anisotropic trap

with w = (Who, Who, 2who) in (,y, z) direction.
Introducing center-of-mass and relative coordinates,
R = %, r = ry — r1, the Hamiltonian separates as

IA{2 = Hcm + I:Irela with

o =~ 122 4 L o2 (5)
om am B9 ’

H. = fh—QV2 + 1m(,uQrQ + Van (7). (6)
m "4 ®

The spectrum of the relative Hamiltonian ﬁrel contains
both scattering states and bound or quasi-bound states.
The field-linked dimer states of interest correspond to
bound solutions of the relative Hamiltonian H’re]w[) (r) =
Epyp(r), whose wavefunctions are localized at inter-
molecular separations set by the characteristic length
scale of the dressed dipolar potential. The total poten-
tial in relative coordinates is shown in Fig. 4. To get the
wavefunction, we solve the equation of relative motion
using the DVR method [94]. We note that a more accu-
rate description of the on-site two-body problem requires
going beyond the harmonic approximation, thereby cou-
pling the center-of-mass motion to the relative degree of
freedom, as is implemented in Ref. [95].

As the microwave Rabi frequency €) is varied, the
energy of a field-linked state can be tuned relative to
the trap spectrum. Figure 1(b) illustrates this mecha-
nism where we show that the dimer energy Ep(f2) ap-
proaches the energy of the lowest trap state Ey = 2fuwy,,
and eventually crosses it. Near this crossing the two-
body spectrum exhibits a well-isolated resonance result-
ing from hybridization between the scattering channel of
two shielded molecules and the field-linked dimer state
(see Fig. 1), and we can define the on-site detuning pa-
rameter as U = Ep — FEj.

The lifetime of the resonance can be characterized
by the Wigner time delay associated with the scatter-
ing matrix S, which encodes both the elastic phase shift
(setting the resonance position) and the decay probabil-
ity (determining the width). We extract the S-matrix
from the solution of the two-body Schrodinger equation
of fIrel, with additional low-lying microwave-dressed po-
tentials included and absorbing boundary conditions im-
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FIG. 4. Total potential energy in the relative frame imw27’2+
Ven(r). The dashed lines in the zF and yFE planes indicate
the harmonic-oscillator potential in comparison to the full
potential (solid line) in the corresponding planes. We consider
BNa'K with Vo uy/Er = 5.1, Vo,» = 4Vo 2y, Glae = 550 nm,
Q =2m x 6 MHz and § = 0.

posed [10]. Due to the non-unitarity of the S in the
presence of the absorbing boundary condition, the time
delay is calculated from a more general formula [96]:

7(E) = —ihTr (sT jg) . (7)

Near a resonance, the time delay follows a Lorentzian
profile

A’
(E—Ep)*+(I'/2)*

T(E) = (8)
The width I' determines the decay rate of the metastable
dimer state and thus its lifetime 7/T.

SU(N) matrix elements

Hamiltonian definitions

The effective Hubbard Hamiltonian is derived by pro-
jecting the ab initio Hamiltonian to the low energy sec-
tor corresponding to monomers and dimers. To evaluate,
the possible terms that can appear in this projection we
have to consider that the ab initio Hamiltonian, ﬁ, is
composed of a single particle Hamiltonian, flh corre-
sponding to the kinetic energy of the molecules and their
potential and a two-body Hamiltonian, H,, correspond-
ing to the interaction among the particles. With respect
to the spin degree-of-freedom we assume that H, and H,
are spin-independent.



Number-state basis

The first step in the projection is to consider the most
generic state on the lattice composed solely of monomers
and dimers. This can be written in terms of the num-
ber states characterized by a given occupation of each
site. For NN spin states there are 1 + w possible
states on each lattice site, the first and reference state
is the vacuum, |n; = 0) = |0), where the site is not
occupied. Beyond this, there are N further states cor-
responding to monomer occupation |n; = o) = é;{;a\0>
and w states corresponding to dimer occupation
In; = {a,8}) = (Zj;aﬁm). In order to avoid double
counting we have enforced a < [ for the spin indices
of the dimer states. Then any number state can be
written as |7) = |nq,ng,...,na), where M is the num-
ber of sites and n; € {0,1,...,N} U {{a, 5} : o, 8 €
{1,...,N} and a < g}.

Single-body Hamiltonian, f[l, matrix elements

Let us now consider the matrix elements of the Hamil-
tonian H in this number state basis, provided the prop-
erties of Hy and H,. Since Hj is a single particle opera-
tor, it is required that it only allows for non-zero matrix
elements between states differing by the position of at
most one particle. Given also that this term is spin-
independent, the moved particle should have the same
spin as before it moves. This is possible in four cases:
(a) one monomer moved to an unoccupied site, (b) a
monomer moved to a site occupied by another monomer
with different spin and formed a dimer or (¢) vice versa,
finally, (d) a particle from a dimer state moved to an-
other site occupied by a monomer, thus creating a new
dimer and leaving behind a monomer in its original site.
These imply that the action of H, on a number state can
be written as

Hy|ii) = [Z e (n;)

i
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Notice that due to the single particle nature of the Hamil-
tonian term, its diagonal matrix elements are only al-
lowed to depend in a linear fashion to the occupation
of each site, since the state in different sites is related
by a tensor product within the number state basis. No-
tice that while the additional constraint ez(»l)({mﬁ}) =
egl)(a) + 62(1) (B) is tempting, it is not enforced here since
we consider that the dimer state is not necessarily a ten-

sor product of monomer states. Since the Hamiltonian
is spin-independent, it is allowed to act only on one of
the spin-indices, here a. Other involved spin-indices, ap-
pearing when dimers are involved, are constrained to be
different than « in order for the dimer state to exist.
In addition, recall that the indices appearing in dimer
operators have to be ordered, we have not implemented
this in Eq. (9) to make it less cumbersome. However, in
applications ordering should be enforced.

By wusing the ab-initio Hamiltonian, the couplings
651)(711‘), tiJ, T;’j and TZJ
the matrix elements

can be calculated in terms of

ei(n; =0) =0,

ei(n; = ) = (0[¢z1 Hyél,110),
ei(ni = {a, B}) = (0ldss1 2l ,]0),
(0]és,1 Hy ety 10),
(Oldia, el 1 el 0),
(

tij =
Ti; =
T} ; = (0ldi1 2652 Hrdl, 560510,

where we used the spin-independence of H, to reduce
the involved spin-states to the minimal set, o € {1,2}.
In applications, the remaining spin indices can be used
to verify the correctness of the calculation.

Two-body Hamiltonian, Hy: term definitions

For the two-body interaction the considerations be-
come more complicated. In this case in order for a
matrix element to be non-zero there can be a dif-
ference in the particle occupation at most four dif-
ferent sites. This results to 31 different classes of
interaction terms summarized in the Tables IV, V,
VI, and VII. Each class is given a label X : y —
Z, where X € {D,MM,DM,DD}, with the sym-
bol descriptions in Table I, y € {@,d,d?, mm,dm,dd},
with the symbol descriptions in Table II, Z €
{9,E,M,0,EE,E?> EM,MM?}, with the symbol de-
scriptions in Table III. The class X : y — Z corresponds
to desc(X) interacting, resulting in desc(y) moving into
desc(Z), where desc(x) means substitute the symbol z
by its description in the corresponding table. The Tables
IV, V, VI, and VII are separated in terms of different X.

TABLE I. Interacting particle class symbols, X, and their
descriptions, desc(X).

X desc(X)
D the particles of a single dimer

MM one monomer and a different monomer
DM a particle of a dimer and a monomer
DD two particles of different dimers



TABLE II. Particle moved due to interaction class symbols,
y, and their descriptions, desc(y).

y desc(y)
& mno particle

d  one particle of a dimer

d?> both particles of a dimer

mm two different monomers

dm a particle of a dimer and a monomer
dd two particles of different dimers

TABLE III. Sites particles moved into due to interaction class
symbols, Z, and their descriptions, desc(Z).

Z  desc(2)

1%/ no other sites
E an empty site
M a site hosting a monomer
o the site of the particle that interacted
with the particle that moved
EFE two different empty sites
E?  the same empty site
EM an empty site and a site hosting a monomer
MM two distinct sites hosting monomers

Two-body Hamiltonian, Hy: Operators and symmetry
tensors

Each class is associated with an operator
Okl"”’kNS;Bl"”’ﬁN"7 with N, < 4 site and N, < 6

Tl 1IN G500, AN
spin indices, composed of products of monomer and
dimer creation and annihilation operators. To enforce
the Hermiticity of the Hamiltonian, the two-body

character and the SU(N) invariance of the term this

operator is contracted with a spin tensor Mﬁ};;;;;ﬁﬁ;.

BNo

To preserve the SU(N) symmetry the tensor Mﬁ;;:;_wﬁ
contains factors of

N,! N
TN, =Y e [1 ok s (11)
i=1  j=1

with ¢; € C expansion coefficients, P;(j) the j-th element
of the i-th permutation of the set {1,2,...,N,} and 6?
the Kronecker delta, ensuring that the spin of the parti-
cles does not change due to the interaction. Notice that
the tensor Tgi’gi:jjjjg%‘; contains all coupling constants,
¢;, which determine the strength of each interaction that

are different for each class. In principle there are N,!

such parameters, but their number decreases by incorpo-
rating the additional symmetries characterizing the term.
To enforce s-wave dimers composed of two fermions we
need to antisymmetrize the indices of Tfj:gﬁjjjjjgk . This

we indicate by placing the antisymmetrized indices in

parenthesis. E.g. T(Vofﬂ) =1 (T;’g - Tgi)
that the interactions are two-body we further ensure that
the spin of spectator particles, required for describing the
dimer when a particle moves into an occupied site after
interaction, does not change. For the case that a dimer
transforms to monomers and vice-versa this is achieved
via the tensor

To ensure

A§1752 _ 6§1 (1 _ 5@2) + 5(22 (1 — 6§1) . (12)

For dimers that remain dimers after the interaction while
one of their particles is considered spectator, e.g. within
interactions the DM : m — FE class, we define

A = 1= (1= AL - A%™).  (13)
Finally, for self-adjoint classes we need to ensure that the
total operator is equal to its conjugate and thus we need
to symmetrize the corresponding ]\nglljffj,’glj\v"; , since this
need to be done on a case by case basis we schematically
indicate this process by the C' function in Tables IV, V,
VI, and VII.

Two-body Hamiltonian, Hs,: Hubbard form

In principle, an exact projection of the ab initio Hamil-
tonian on the monomer-dimer space generates all of the
terms in the Tables IV, V, VI, and VII. However, to pro-
ceed we make the Hubbard approximation by dropping
all terms corresponding to the motion of particles among
the sites as a result of the interaction. This is justi-
fied in the case that the lattice is deep enough, since
we consider density-density interactions and the Wan-
nier functions are well-localized in their corresponding
sites. The density-density character of interactions ex-
cludes particle-transfer terms at the level of the contin-
uum model, while the localization of the Wannier func-
tions ensures that density overlap integrals result to neg-
ligible off-diagonal contributions in the site basis. With
this assumption only the interaction classes D : & — &,
MM :2 — @, DM : @ — @ and DD : & — @& need to
be considered. By explicitly calculating the correspond-
ing spin-terms we obtain the Hubbard form of the inter-
action Hamiltonian



TABLE IV. Dimer classes

class operator adjoint class Spin term
: g (7,9)
D:g—2 d_sdias self c (1)
. N . ,0 o,
D:d—E & _cldiags MM :m — O T(L)ﬁ)(A(;
. 7 A 7 - d,€),¢ e AL
D:dsM  d, e diasés, self C (TS Adeag?)
.72 2 5t 7. (v,9)
D:d?—E 4 diags self c (1)
. AT oAt g . ,0
D:d> - EE C};;gcj];wdi;a,ﬁ MM : mm — E? T(:%’ﬁ))c
. o 7 7 A . s€)s d,€
D:d> - EM cA,;;Cdj;gr’Edi;?’Bcjﬂ DM :dm — E? T((Oé,?))?Ag)7 )
. ~ ~ . €6),(n, €, ’
D:d*>— MM Aty 0%.e ¢ disa 885y Cris DD 2 dd — E? T by s A,YCAZ
TABLE V. Monomer-monomer classes
class operator adjoint class Spin term
T AT A - 0
MM:2 — o c;[wc;f;éci;acj;g self C(T)s
R 6
MM :m — E clwc;&ci;acj;g self C(T)s
_ St A _ (0,6).C Adie
MM :m — M d}; 5,00k CisaCiplhs DM :d— E T%Bﬂ A?
MM :m — O dz;,y’(;éi;aéj;ﬂ D:d—FE Ta(jé )A'OY/‘S
oAt A A 6
MM : mm — EE clT;(;chci;acj;lg self C (T;,B)
MM :mm — E?  dl_ séiatjp D:&—EE T
, At 4 A , 51(e.0) Ae
MM :mm — EM df,_ ¢} séiatiply, DM :dm— EE Ty A

MM :mm — MM d},, 4d}.. Eaéjpérnéns DD :dd — BEE T80 P9 ACAD

TABLE VI. Monomer-dimer classes

class operator adjoint class Spin term
. ATt g A d,(e,¢) NS
DM .2 — o .50 ¢ disor,5Chiy self C T(a,;MA;’ﬁ
DM :m — E éz;éd;’r;e,cdiéaﬁéﬁ’}’ self C Tf{;ﬁ;i{yA;’fB
st st 5 a4 0
DM :m—M  dj,.di, ,diaséiots DD:d—E TN Az Ay,
DM :d— E & seh el dia gty MM :m—M  To5s AL’
7 Afoat g Aoa )0 A€, ,
DM :d—M  df .l elodiaptinées  self C (Tf;,%,i b ASCAg B)
. NI A . d,€,¢ B
DM :dm — EE C}{eck;ﬂci;gdi;aﬁcjw MM :mm — EM T((%f%)?A? ,
A I s€)s «,
DM : dm — E? d,{c;(;’fci;gdi;Oé,fgcj;,y D:d>—-EM T(a,ﬁ),’yAC
DM :dm — EM ¢l df. el ydiapéjncre self C (Tfé’,%))’,Z’Z ING Aguﬁ)

DM

sdm — MM djg df. el diaptintuséie DDz dd— EM T "0 A AT AL

(a,B),7,0,€

TABLE VII. dimer-dimer classes

class operator adjoint class Spin term

DD:g—o  d _dl diasdias self C (1350 arh,ass)
DD:d—E & &l dl ,diasdins DM :m—M T SAT ALY

pD:d—M  dl & dl, diasde st self C (TG as Ay ALy,

DD :dd — EE & ¢l ét clydiapdjs MM :mm — MM TGS o AGPAGS

DD:dd — B> df_ el él,diasdin.s D:d*— MM T{é:?g}j VNG

DD :dd— EM ¢fydl . & &, dia pdji s DM dm — MM TS0008 AxBATSAS

DD :dd — MM df,  df. oct el dia pdinstretnc self C (ﬂffg’,ﬁ%ﬁ’ifﬁ’ﬁAl’m?’mé’“)
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i#] a<pB,y<é
Lisal (o o .

PG Y e (1)

i#] a<fB,y<d,e<(,n<o

where o2 Sy, = G, — 0200 — 0% 0% with

[
R I oNo range « € {1,...,N} are understood to annihilate the
brrf o g8 5512% state and thus make the irrelevant for this N terms equal
yeesBNg 2 2 . . .

5ai,...,a§\§a = det . . . . (15) to zero. We found that the interaction coefficients as-
: : ﬂ: sociated with spin-exchange processes (exc superscript)
55}\, 533\,6 .o Oan? are typically much smaller than those of the correspond-

exc

Notice that the term proportional to V555 (4, j) also con-
tains dimer operators with inverted order of spin-indices,
in this case the use of di;ﬁya = fdmﬁ is implied to cast
the spin-indices in ascending order. The interaction cou-
plings can be evaluated as

Vp =(0ldi1 2 Hadl,y 510),
Vi (6, 5) =(01¢j.aci1 Hacly é1,]0),
Vi (i) = (015140 Haél 2 [0)
— (0l¢j:26i Haely &5 5]0),
(0ldi1,285:3 Hal 5l 5]0),
(0ldi1 2650 Hal y ]y 5]0)
— (Oldi1 2658 Haé] 5d] ; 5]0), (16)
Vi (i, 5) =(0ld;:3.adis1 2 Hadly 5dl 4 4]0),
Vb (i, 5) =(0ld;:3 adis1 2 Hadly 5l 4 4]0)

— (0]dji2,3dis1 2 Hadl,y odl, 5]0)

Vi (i, 5)
exc

Vi (4, 7)

ing spin-independent interactions (dir superscript). For
example, numerical tests yield Vs, /Vit — ~ 2% and
VES VAL < 0.1%. We therefore retain only the “dir”
terms in our model presented in the main text.

Monomer Gaussian basis

To simplify our derivations we develop a Gaussian
model for the projection of the ab initio Hamiltonian
in the lowest band of the optical lattice. The idea is
that for deep lattices the potential a particle experiences
is akin to a harmonic oscillator and thus we can sim-
Plify Viatiu(ru) = Vousin®kur, = Vokirs + O(ry),
w € {z,y,z}. This allows us to approximate the states
at each lattice site with the corresponding ground-state
solution of the harmonic oscillator. We fix the fre-

1 N R . . — 2Br [VYou 1 h scal =
2(<0|dj;3,4d¢;1,2H2d3;1,2d;;3,4|0> AR, Shon h1/4 o md Jonefh sesle, Ohow
mw’i =1 (VEOR ) , according to the Taylor expan-
o, 1 M

- <0d*;l7231‘;1721?2621;1,2@;1,2|0>>,

where operators with spin indices outside the relevant

sion of Viagt;u(ry). The monomer solution is therefore a
Gaussian.

Notice that this basis is not orthonormal since the



states at different sites have overlap

SJ}J'-H = / dru 77[}5(7% - Ry, u)wo( lalatt)
I 1 1?72
=0D|————1|0)=exp| 55—,
< | (\/EkLaho’“> | > < 4 k%a}%o,u>
(17)

where D(-) denotes the displacement operator which is
discussed in more detail later in this Supplementary Ma-
terial. The matrix elements of the single-particle Hamil-
tonian read

Hjjv = /Z dry, 3 (ry — Rj) Hotvo(ry — Ry — latase)
L%o,p
y [HE ) (1 . ER1>
2 kﬁa‘ﬁo,p Voiu Voiu k%afm’#
+ (=1)texp (—k%aﬁo7u) ]
(18)

Using these matrix elements, one can obtain the tun-
nelling parameter tq:

tG _ 1674‘157 (2 + )\) . 7T2
8 ma?, mkiat,
122
+ 4V, (2 T )} (19)

in the Gaussian model.

The value of tunneling parameter ¢ can be extracted
from the exact-bandwidth obtained by the exact di-
agonalization of Virap,,(ry,) in terms of Mathieu func-

tions [97]
B () (Y
~ 4 | M \4ER AFR
4 (Vo' E
N —— 0 e ? 1-—- T JER +
V7 \ Er 16 V Vo
where a,—1(q), bn(q), withn =1,2,...,
characteristic numbers.

) (20)

are the Mathieu

We find that the hopping amplitude ¢ obtained from
the bare Gaussian model agrees well with ¢t calculated
from Eq. (20), particularly when s is small, as shown in
Fig. 2(b) of the main text. We use t¢ to renormalize the
other Hubbard parameters, as they are computed within
the same level of approximation.
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Numerical method for off-site interactions and
tunnelling parameters

To numerically obtain the tunnelling parameters and
the off-site interaction coefficients, we incorporate the
displacement operator

Dj(a) = exp (a&; - oz*&j) (21)

into the framework of harmonic oscillator brackets [98,
99]. Here, the a; and d} denote the annihilation and
creation operators of the harmonic-oscillator mode asso-
ciated with particle j:

. L r Piane .+ 1 [P Piane
a]\/§<aho+l h>’aj\/§(aho ' h>’

(22)
respectively, where ap, = +/h/mwn, is the single-
monomer oscﬂlator length. They should not be con-
fused with ¢ cj .o and ¢&j.o, which create and annihilate a
monomer at site j and spin « in the Fock-space repre-
sentation. One can rewrite the D;(«a) as

Dj(a) =exp (i\@lma i

Gho

—iv2Rea h;p;) (23)

and as

Dj(a) =exp (zflma Rea ahoP”) (24)

(ho \/§ h

Ima sz . ahoﬁij)
Xexp|i— — ivV2Rea , 25
p ( N & (25)

in the representation of the centre of mass (]A%” =
err] P AoAL L
Tiy, Dijg =
motion. The displacement operators DR and Dy
in the center of mass and relative frames, respectlvely,
are defined by substituting the coordinate, momentum,
and oscillator length appearing in Eq. (22) by their cor-
respondences in each frame. Such a definition gives

@ @
Di(a)=DE(— DI | — |, 26
J( ) 17 <\/§> 17 <\/§> ( )
connecting the displacement operator in the single-

monomer representation to that in center of mass and
the relative representation.

= p; + p;) and relative (7;; = 7; —
u)
2

The transformation of the harmonic oscillator basis
between the single-particle representation and the two-
particle center-of-mass and relative-coordinate represen-
tation is carried out via

= Z[U]thﬂf”|hi>|h3‘>, (27)

hih]'

|Hij)|hij)



11hih;
hi)|h;) = > [U et [ Hig)hig), (28)
where |h; = nilimg), |hiyj = np;le,;me;) and |Hyj; =

nR,,;lr,;Mr,;) denote the harmonic oscillator basis of a
single monomer, and that of a pair of monomers in center
of mass and relative motion, respectively. The transfor-
mation matrix is given by

[U]thZJ = <nil i njl i1 |nRij lRij MR Moy lTw My, >

A, M
11m]7ll7mj Z Olhmi;lj?mj

mq,m;j

L+l

ZZ

A=|l;—1;| M=

<)

{ni,n;,li,l;}€A

(nili;ngly; AMnpg, LR, e ey s M) as
(29)
where the set of allowed indices satisfies the equations

.A - {(ni,nj,li,lj) S N4 .
2n; +1; + 2'flj =+ lj = QHRU + ZR” =+ 27’7/”3. + l”j,
(_1)li+lj — (_1)l1?,ij+lri]-}’

(30)
and C {\%J Lm, is  the Clebsch-Gordan  co-
efficient. The harmonic oscillator  bracket
(nils;njlys Ang, IR, ;s np, 0,3 A)a  can be  calculated

by publicly available codes [99] at d = 1, which
parametrizes the rotation from the lab to the relative
frame

The off-site interactions

By neglecting the interaction terms associated with
spin-exchanging processes, only three types of off-site in-
teraction parameters Vit (i,7) — Vi, VAY(i,5) —
V5 and VAR (i j) — V§p remain in our Hubbard
model. The superscript ¢ = nx + my, n € Z indicates
relative displacement of the two involved sites in integer
units 1, m of sites. Following Eq. (16), these parame-
ters correspond to the matrix elements of the two-body
interaction Hamiltonian

I:IZ 7ZHO£Q+ZHOLIB7

a<f
Ig[a[-} = /d37“1d37“2 @L(Tl)\ifg(’!‘g)

< Van(ra — 71)Wa(ra) W (r1),

(32)
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where \ifa(r) is the spin-« field operator. The ma-
trix elements involve the monomer-monomer |Ypp) =
éj;lé;;2|0>, monomer-dimer |Ypr) = d3;1,2é;;3|0> and
dimer-dimer |¢)pp) = 623;172(1A;;374|0> states. The monomer
and dimer creation operators are defined as

é;r:,a = /dgr Ym(r — RZ)@L(T)
Czj;aﬁ = /dBTldBTZ YoM <T1 J2r1°2 — Ri) (33)
(s — )L () (),

where R; is the site position relative to the site i = 0
with Ry = 0 and ¥, (7), YoM (7), a(r) correspond to
the monomer, dimer center-of-mass and dimer relative
wavefunctions respectively.

Since the spin-algebra is already accounted for in
Eq. (16), we simplify our description by henceforth eval-
uating the involved spatial matrix elements within the
first-quantization picture. After imposing the proper
(anti)symmetrization required by the spin state, we con-
sider particle-labeled coordinate operators #,, with p =
{1,2,3,4} the particle index. The corresponding ket
states are defined via their wavefunctions, such that
(rplthp) = Ym(ry) for monomers and (ry, vy |ty ) =
z/)CM(ﬁ)wd (rp —mp) for dimers. Within this descrip-
tion, states localized in different sites are represented by
the action of the displacement operator that moves the
particle p to the desired site j. For instance, if p corre-
sponds to the spin-a particle in c |0, its correspond-

A R
= Dp(\/gTJhO)W)p%
similarly for a dimer composed of p, p’ the cor-
responding first- quantization state reads |¢pp—j)

Do) Doy () ).

This enables a general approach to calculate the off-
site interaction parameters: expand the corresponding
wavefunction in the product state of single-monomer har-
monic oscillator basis II}Y.; ® |h;) and then transfer the
subspace of interacting pair (4, j) into two-monomer cen-
tre of mass and relative representation to evaluate the
interaction matrix element. For instance, the monomer-
monomer interaction Vy;,, is given by

ing first-quantization state is |1/),H]>

Vi = (@12 D () Ven (r2 — 71) Da (o) [t1902)
= (192] DiS (a0 /V2) Var (712) Do (0 /V/2) 91902

_ E E Hizhi2

* *
Ch,ChyChi Chly [U]h1h2
hihoshihly Hiahia;H{ hY,

X U5 Oy, (2l VE (112; 00 V)| ,),

(34)

where V.2 (r12;0,) = Di(as)Vin(r12)Diy() denote
the displaced interaction and ¢, = (h;|¢);) is the com-



TABLE VIII. The parameters of displacement with & =

alatt/(\/iaho) .

oz y

Tty
a’ Gé, aé, a(é, + é,) a(é,

r—y

—&y)

ponent of single-monomer wavefunction in harmonic os-
cillator mode |h; = n;l;m;). The single monomer state
|th;) is the ground state of the anisotropic harmonic trap.
Here, 0 = x,y,z + y or © — y describes the displace-
ment in x,y,r + y or x — y direction, respectively. The
corresponding o are listed in Table VIII. Similarly, the
dimer-monomer V5,, and dimer-dimer V7, interactions
are given by

= (P1293] DY (00g) [Van (713) + Van (r23)] D (o ) [9h12¢03)
= 2(¢p1203| D} (0t /V/2) Var (723) D3 (0t /V/2) [1h12003)

=2 > > D > D it

H12h12h3 H{thghé f7,1,]'l,2;]'l,/1h/2 H237h23 HéSh/23

o
VDM

11h1h2

_ H/ h/
X CZSCH/ Ch’ Chg[U ]H12h12 [U} 12 12[U]H23h23

hihl hahs

]thh' Shytt Otrys 11y, (M3 |V (1235 00 /V/2) | i)

(35)

x [U™

and

VBp = ($12934| DY (o) DY (o) [Ven (T13) + Ven (723)
+ Vin(r14) + Ven(124)]Da (o) D3(cts ) |112034)
= 4(19034] Db (0t /V/2) Vi (r23) Doz (0t /V/2) [1h120034)

=4 D, D 2

Hiohi2Hzahsa H{ b, H) bl hi,hohghy;h ) hohGR)

* * * *
X § : E : CH15Ch12CH3y Chya CHY, Ry, CHY, ChY,
Hag,has H)yghlg
—17h1h2 Hiyh'grpr—11hsha Hjyhiy
X [U ]lehlz[U]h’ hi [U ]H34h34 [U]hf Lhl
Hashas 17hohy
x Ul U™ ]H/ hy Onyh! Onyn, OHys HY,

% (has ViR (Pa; g /v/2) [ Bis), (36)

where the factors of 2 and 4 reflect the number of inter-
acting monomer—monomer pairs. By symmetry, all pairs
related by monomer exchange within a dimer contribute
equally to V3, or V3, The coefficient cp,, = (Hi;[¥]})
and cp,; = (hij|)];) denotes the |H;;) and |h;;) compo-
nent of dimer wavefunction [i;;) = |w£)|wfj> in center-
of-mass and relative degree of freedom, respectively. The
center-of-mass dimer state |’(/J£> is the ground mode of
the anisotropic harmonic trap, while the relative dimer
state |¢];) is obtained from the DVR method introduced
in the last section, taking the actual shielding potential
into account.

It remains to evaluate the matrix element of
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FIG. 5. Comparison of [1/3},}888 calculated from actual numer-
ical shielding potential (symbols) and from long-range tail
approximation, i.e., Vin(r) =~ Cs(3cos’> 0 — 1)/r®. The lat-
tice parameters are chosen as ajatt = 550 nm, s = 5.1 with
VO,z - 4%,xy~

the displaced interaction operator VP (r;a,) =
D" (ay)Van(r) D" (), where we have dropped the par-
ticle indices for notational simplicity, as the matrix el-
ements do not depend on the particular monomer pair
considered. This can be done by calculating the matrix
elements of the displacement operator and the shielding
interaction separately:

’ "o
nl

D n n,n,
Vin (O‘J 1
Nplrmy n My
1" 1" 1" ///l//I nr
n"‘n'l‘n'l‘ nT‘ T ke
//Illll 1"’ /l/ ’
n m n'l'm
s ks T T T
X [‘/éh} "o [D(ag)] auaewie (37)
TLT TLT TLT n,r " m

Here, the superscript 'r’ in the displacement operator
matrix is further omitted because [D(«, )] are the same
at given «,, for both single particle motion and center of
mass and relative motions of the dimer. We then transfer
into the Cartesian representation to obtain [D(a,)]:

l/ €T z l
[Dleo)lim™ = Y2 Y (O™ (O,
MMy Nz nrnynz
Dn n’( )Dn n’ (ay)Dn nlo (38)
where o = €, - a, for p = z,y,2z. The transforma-

tion matrix between the Cartesian and spherical bases
Cﬁi’,’fym = (ngnyn.|nlm) can be derived using the SO(3)
algebra and the one-dimensional displacement operator
matrix D}l‘i% (ak) is given analytically [100].

We calculate the shielding interaction matrix [Viy]
by numerical integration. We found that Vi, (r) =~
C3(3cos?§ — 1)/r3 is a very good approximation in this
calculation, see Fig. 5 for the comparison for the ele-
ment [Ven]999. The approximation slightly overestimates



the magnitude of the interaction matrix element, with
a deviation of less than 3%, for instance, for the tested
[Van]999. This result indicates that the off-site interac-
tion is predominantly determined by the long-range tail
of the shielding potential. Therefore, throughout this
work, we evaluate the off-site interaction parameters us-
ing the above approximation, which provides improved
numerical stability.

In the above analysis of [V.P], we assume that the prop-
agation direction of the microwave field is fixed along the
z-axis of the lattice frame (z,y,z). In the proposed ro-
tation scheme, however, we introduce a microwave-field-
fixed reference frame, (a/,y’, z’), which is related to the
lattice frame by the Euler rotation (7/4, 8, —7/4). The
[V.P] will then be calculated in this reference frame and
transferred back to the lattice frame via the Wigner D
matrix. In such an approach, one should note that the
argument o, of the displacement operator also needs to
take the value in the new frame. For the subsequent
analysis of the tunneling parameters, however, no frame
rotation is required, and «, is always taken in the lattice
frame, i.e., according to the values listed in Table VIII.

The tunneling parameters

We calculate the tunneling parameters T and T by
expanding the wavefunctions in the Cartesian harmonic
basis, |h? = nac1ny1nz1>|h;j = nﬂ?2ny2n22> and |h? -
nz1ny1 n21>|h2c = nw2ny2nz2>|h’§j = nzsny3n23>7 respec-
tively. Here, |n.) is considered to be the harmonic oscil-
lation mode in the z-direction associated with the same
oscillation frequency wy, as those in x and y directions.
For tunneling along x, T is given by:

= (Y12[[Hm(71) + Hin (r2)] D2 (o) [¢1902)

* *
z : § : : z z CH120h120h16h2

Hizhia hiha BihG hCRS B RS’

C C ’ ’
“lhe (oot Ce ()0 (O]

c/ c’/
hy h3

x (WS |(hS |[Hun (71) + Hun(2)] Da(c )RSV RS, (39)

x [U

Here the single monomer Hamiltonian reads

h2
Hy(r)= Y —%Vi—&-vw sin?(ku)

H=Z,Y,z
1 1 1d/ .~
= D KutVou |5 = 7D Dui(sdy)
U=T,y,z s==+
(40)
with &, = iV2mane /arate, giving the matrix element

(hE IS [[Hin (1) + Hin(r2)] Da(c0) |BS")|S) as

(RS |(AS [ Hun(r1) + Hin (r2)] Da(0) [RE") 1S
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where D'4(a,) = D&, + D'(—q,) and
) denote the Kronecker delta

hlchg\nuian,h?/hQC/\nLinzé
over all indices except n,, and n,,. The one dimensional
kinetic matrix is given analytically by

(K] = (nlg? ) /2m = 2 (20 1 1)5,,,

— VI + 1) +2)0nn 42 — /T n—lénn_]

(42)

Similarly, T in z-direction is given by

3
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with
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Alternative approach for T

Alternatively, the tunneling parameter 7' can be ex-
pressed as

T= /drd9r2 sin 0y (r,8) f(r,0) (45)

where the function f(r, ) is obtained by analytically in-
tegrating over the center-of-mass coordinate R and the
azimuthal angle ¢ of the relative motion:

f('f}@) E/d/RIQ\/%/O Trdgp'(/}R(Ru)
X > Hu(r)dn(r)ia(ry —d). (46)

i=1,2

Here, d describes the displacement and ;(r;) and
1T (Ry2) denote the ground free harmonic oscillator state
of a single monomer, and of a dimer in the center of mass
degree of freedom, respectively.

In the case of tunneling in the = direction d = ajatt€,,

we get

fa(r,0)
_ 7*2(>\ cos 02 +sin 92)
=V2rA,e dafly
: 2 4 2 2
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FIG. 6. Comparison of T" obtained from harmonic oscillator
bracket approach of Eq. 39 (symbols) to that obtained from
numerical integration according to Eq. 45. The lattice param-
eters are chosen as ajatt = 550 nm, s = 5.1 with Vo . = 4V 4y

with
)\1/4 _ 3a2 ¢ _ ad (14+2)x2
A, = 11/27@ 8aio 201,662 , (48)
8ay,/“(2m)3/4

a? (1412

2
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Figure 6 shows that the values of T obtained from the
two approaches are in good agreement. Near 8 = —7/2,
however, small numerical deviations cause the results ob-
tained from Eq. 39 in the previous section to exhibit
a slight asymmetry. In contrast, the approach intro-
duced in this section provides improved numerical per-
formance and yields results that are more symmetric
about 8 = —7/2. Although extending this formalism
to the three-monomer case required for evaluating 7" is
not straightforward, the present calculations provide an
important benchmark for validating the more general nu-
merical method presented in the previous section.
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FIG. 7. Comparison of dimer-dimer and dimer-monomer to
monomer-monomer interactions when rotating the microwave
field frame (a = w/4, B, v = —n/4) relative to the lattice
frame. In all cases nearest-neighbor (z,y) and diagonal next-
nearest-neighbor (z £ y) interactions are considered.

Dimer-monomer and dimer-dimer off-site
interactions under rotation

We find that the dimer—-monomer and dimer—dimer
off-site interactions, V3,, and V3, display essentially
the same dependence on the rotation angle § as the
monomer—monomer interaction Vy;,, for all displace-
ment configurations o = x, y, and x + y, as illustrated in
Fig. 7. After scaling by the number of off-site monomer
pairs, i.e., 2 for V}3,, and 4 for V3, the resulting quan-
tities V5,,/2 and V5 /4 closely match Vi,, over the
entire range of 8. Discernible deviations occur only for
the ¢ = x and y configurations when § < —0.87 or
8> —0.27.

* jinglun.liQ@ist.ac.at
t ragheed.alhyder@ist.ac.at
 georgios.koutentakis@ist.ac.at

[1] 1. Bloch, Nature Physics 1, 23 (2005).

[2] M. Greiner, O. Mandel, T. Esslinger, T. W. Hansch,
and I. Bloch, Nature 415, 39 (2002).

[3] R. A. Hart, P. M. Duarte, T.-L. Yang, X. Liu, T. Paiva,
E. Khatami, R. T. Scalettar, N. Trivedi, D. A. Huse,
and R. G. Hulet, Nature 519, 211 (2015).

[4] A. Mazurenko, C. S. Chiu, G. Ji, M. F. Parsons,
M. Kanasz-Nagy, R. Schmidt, F. Grusdt, E. Demler,
D. Greif, and M. Greiner, Nature 545, 462 (2017).

[5] C.S. Chiu, G. Ji, A. Bohrdt, M. Xu, M. Knap, E. Dem-
ler, F. Grusdt, M. Greiner, and D. Greif, Science 365,
251 (2019).

16

[6] J. Koepsell, J. Vijayan, P. Sompet, F. Grusdt, T. A.
Hilker, E. Demler, G. Salomon, I. Bloch, and C. Gross,
Nature 572, 358 (2019).

[7] J. L. Bohn, A. M. Rey, and J. Ye, Science 357,
1002-1010 (2017).

[8] T. Langen, G. Valtolina, D. Wang, and J. Ye, Nature
Physics 20, 702-712 (2024).

9] T. Karman, M. Tomza, and J. Pérez-Rios, Nature
Physics 20, 722-729 (2024).

[10] J.-L. Li, G. M. Koutentakis, M. Hrast, M. Lemeshko,
A. Schindewolf, and R. Alhyder, Communications
Physics 9, 201 (2026).

[11] M. A. Baranov, M. Dalmonte, G. Pupillo, and P. Zoller,
Chemical Reviews 112, 5012-5061 (2012).

[12] M. L. Wall, K. R. A. Hazzard, and A. M. Rey, Quantum
magnetism with ultracold molecules, in From Atomic to
Mesoscale (WORLD SCIENTIFIC, 2015) p. 3-37.

[13] D. DeMille, N. R. Hutzler, A. M. Rey, and T. Zelevinsky,
Nature Physics 20, 741-749 (2024).

[14] S. L. Cornish, M. R. Tarbutt, and K. R. A. Hazzard,
Nature Physics 20, 730-740 (2024).

[15] L. Anderegg, L. W. Cheuk, Y. Bao, S. Burchesky,
W. Ketterle, K.-K. Ni, and J. M. Doyle, Science 365,
1156 (2019).

[16] J. M. Mortlock, A. P. Raghuram, B. P. Maddox, P. D.
Gregory, and S. L. Cornish, Nature Communications 17,
518 (2026).

[17] B. Capogrosso-Sansone, C. Trefzger, M. Lewenstein,
P. Zoller, and G. Pupillo, Phys. Rev. Lett. 104, 125301
(2010).

[18] S. Ospelkaus, K.-K. Ni, D. Wang, M. H. G. de Miranda,
B. Neyenhuis, G. Quéméner, P. S. Julienne, J. L. Bohn,
D. S. Jin, and J. Ye, Science 327, 853-857 (2010).

[19] K.-K. Ni, S. Ospelkaus, D. Wang, G. Quéméner,
B. Neyenhuis, M. H. G. de Miranda, J. L. Bohn, J. Ye,
and D. S. Jin, Nature 464, 1324-1328 (2010).

[20] R. Bause, A. Christianen, A. Schindewolf, I. Bloch, and
X.-Y. Luo, The Journal of Physical Chemistry A 127,
729 (2023).

[21] A. V. Avdeenkov, M. Kajita, and J. L. Bohn, Phys. Rev.
A 73, 022707 (2006).

[22] G. Wang and G. Quéméner, New J. Phys. 17, 035015
(2015).

[23] M. L. Gonzélez-Martinez, J. L. Bohn, and G. Quéméner,
Phys. Rev. A 96, 032718 (2017).

[24] B. Mukherjee, M. D. Frye, C. R. Le Sueur, M. R. Tar-
butt, and J. M. Hutson, Phys. Rev. Res. 5, 033097
(2023).

[25] B. Mukherjee and J. M. Hutson, Phys. Rev. Res. 6,
013145 (2024).

[26] K. Matsuda, L. De Marco, J.-R. Li, W. G. Tobias,
G. Valtolina, G. Quéméner, and J. Ye, Science 370,
1324 (2020), publisher: American Association for the
Advancement of Science.

[27] G. Valtolina, K. Matsuda, W. G. Tobias, J.-R. Li,
L. De Marco, and J. Ye, Nature 588, 10.1038/s41586-
020-2980-7 (2020).

[28] J.-R. Li, W. G. Tobias, K. Matsuda, C. Miller, G. Val-
tolina, L. De Marco, R. R. W. Wang, L. Lassabliére,
G. Quéméner, J. L. Bohn, and J. Ye, Nature Physics
17, 1144-1148 (2021).

[29] T. Karman and J. M. Hutson, Phys. Rev. Lett. 121,
163401 (2018).


mailto:jinglun.li@ist.ac.at
mailto:ragheed.alhyder@ist.ac.at
mailto:georgios.koutentakis@ist.ac.at
https://doi.org/10.1038/415039a
https://doi.org/10.1038/nature14223
https://doi.org/10.1038/nature22362
https://doi.org/10.1126/science.aav3587
https://doi.org/10.1126/science.aav3587
https://doi.org/10.1038/s41586-019-1463-1
https://doi.org/10.1126/science.aam6299
https://doi.org/10.1126/science.aam6299
https://doi.org/10.1038/s41567-024-02423-1
https://doi.org/10.1038/s41567-024-02423-1
https://doi.org/10.1038/s41567-024-02467-3
https://doi.org/10.1038/s41567-024-02467-3
https://doi.org/10.1038/s42005-026-02578-8
https://doi.org/10.1038/s42005-026-02578-8
https://doi.org/10.1021/cr2003568
https://doi.org/10.1142/9789814678704_0001
https://doi.org/10.1142/9789814678704_0001
https://doi.org/10.1038/s41567-024-02499-9
https://doi.org/10.1038/s41567-024-02453-9
https://doi.org/10.1126/science.aax1265
https://doi.org/10.1126/science.aax1265
https://doi.org/10.1038/s41467-025-67212-7
https://doi.org/10.1038/s41467-025-67212-7
https://doi.org/10.1103/PhysRevLett.104.125301
https://doi.org/10.1103/PhysRevLett.104.125301
https://doi.org/10.1126/science.1184121
https://doi.org/10.1038/nature08953
https://doi.org/10.1021/acs.jpca.2c08095
https://doi.org/10.1021/acs.jpca.2c08095
https://doi.org/10.1103/PhysRevA.73.022707
https://doi.org/10.1103/PhysRevA.73.022707
https://doi.org/10.1088/1367-2630/17/3/035015
https://doi.org/10.1088/1367-2630/17/3/035015
https://doi.org/10.1103/PhysRevA.96.032718
https://doi.org/10.1103/PhysRevResearch.5.033097
https://doi.org/10.1103/PhysRevResearch.5.033097
https://doi.org/10.1103/PhysRevResearch.6.013145
https://doi.org/10.1103/PhysRevResearch.6.013145
https://doi.org/10.1126/science.abe7370
https://doi.org/10.1126/science.abe7370
https://doi.org/10.1038/s41586-020-2980-7
https://doi.org/10.1038/s41586-020-2980-7
https://doi.org/10.1038/s41567-021-01329-6
https://doi.org/10.1038/s41567-021-01329-6
https://doi.org/10.1103/PhysRevLett.121.163401
https://doi.org/10.1103/PhysRevLett.121.163401

[30] L. Lassabliere and G. Quéméner, Phys. Rev. Lett. 121,
163402 (2018).

[31] L. Anderegg, S. Burchesky, Y. Bao, S. S. Yu, T. Kar-
man, E. Chae, K.-K. Ni, W. Ketterle, and J. M. Doyle,
Science 373, 779 (2021).

[32] H. P. Biichler, E. Demler, M. Lukin, A. Micheli,
N. Prokof’ev, G. Pupillo, and P. Zoller, Phys. Rev. Lett.
98, 060404 (2007).

[33] N. R. Cooper and G. V. Shlyapnikov, Phys. Rev. Lett.
103, 155302 (2009).

[34] A. Schindewolf, J. Hertkorn, I. Stevenson, M. Ciardi,
P. Gross, D. Wang, T. Karman, G. Quemener, S. Will,
T. Pohl, and T. Langen, From few- to many-body
physics: Strongly dipolar molecular Bose-Einstein con-
densates and quantum fluids (2026), arXiv:2512.14511
[cond-mat.quant-gas].

[35] X.-Y. Chen, A. Schindewolf, S. Eppelt, R. Bause,
M. Duda, S. Biswas, T. Karman, T. Hilker, I. Bloch,
and X.-Y. Luo, Nature 614, 59 (2023).

[36] A. Schindewolf, R. Bause, X.-Y. Chen, M. Duda,
T. Karman, I. Bloch, and X.-Y. Luo, Nature 607, 677
(2022).

[37] N. Bigagli, C. Warner, W. Yuan, S. Zhang, I. Steven-
son, T. Karman, and S. Will, Nature Physics 19, 1579
(2023).

38] J. Lin, G. Chen, M. Jin, Z. Shi, F. Deng, W. Zhang,
G. Quéméner, T. Shi, S. Yi, and D. Wang, Phys. Rev.
X 13, 031032 (2023).

[39] N. Bigagli, W. Yuan, S. Zhang, B. Bulatovic, T. Kar-
man, I. Stevenson, and S. Will, Nature 631, 289 (2024).

[40] Z. Shi, Z. Huang, F. Deng, W.-J. Jin, S. Yi, T. Shi, and
D. Wang, Nature Physics 10.1038/s41567-026-03362-9
(2026).

[41] S. Zhang, W. Yuan, N. Bigagli, H. Kwak, T. Karman,
I. Stevenson, and S. Will, Nature 651, 601-606 (2026).

[42] S. Biswas, S. Eppelt, W. Tian, W. Zhang, F. Deng,
C. Frank, T. Shi, I. Bloch, and X.-Y. Luo, Con-
trolled symmetry breaking of the Fermi surface in ul-
tracold polar molecules (2026), arXiv:2602.22447 [cond-
mat.quant-gas].

[43] B. Mukherjee, J. M. Hutson, and K. R. A. Hazzard,
New Journal of Physics 27, 013013 (2025).

[44] S. A. Will, J. W. Park, Z. Z. Yan, H. Loh, and M. W.
Zwierlein, Phys. Rev. Lett. 116, 225306 (2016).

[45] T. Karman and J. M. Hutson, Phys. Rev. A 100, 052704
(2019).

[46] T. Karman, N. Bigagli, W. Yuan, S. Zhang, I. Steven-
son, and S. Will, PRX Quantum 6, 020358 (2025).

[47] F. Deng, X. Hu, W.-J. Jin, S. Yi, and T. Shi, Nature
Communications 16, 11219 (2025).

[48] B. Mukherjee and J. M. Hutson, Phys. Rev. Res. 7,
013099 (2025).

[49] C. Wu, J.-p. Hu, and S.-c. Zhang, Phys. Rev. Lett. 91,
186402 (2003).

[50] A. V. Gorshkov, M. Hermele, V. Gurarie, C. Xu, P. S.
Julienne, J. Ye, P. Zoller, E. Demler, M. D. Lukin, and
A. M. Rey, Nature Physics 6, 289-295 (2010).

[51] M. A. Cazalilla and A. M. Rey, Reports on Progress in
Physics 77, 124401 (2014).

[52] E. Ibarra-Garcia-Padilla and S. Choudhury, Journal of
Physics: Condensed Matter 37, 083003 (2024).

[53] J. Polo, W. J. Chetcuti, A. Minguzzi, A. Osterloh, and
L. Amico, Phys. Rev. Res. 8, L022015 (2026).

17

[64] K. Enomoto, K. Kasa, M. Kitagawa, and Y. Takahashi,
Phys. Rev. Lett. 101, 203201 (2008).

[65] C. Honerkamp and W. Hofstetter, Phys. Rev. Lett. 92,
170403 (2004).

[56] M. Hermele, V. Gurarie, and A. M. Rey, Phys. Rev.
Lett. 103, 135301 (2009).

[57] S. Taie, R. Yamazaki, S. Sugawa, and Y. Takahashi,
Nature Physics 8, 825-830 (2012).

[58] S. Taie, E. Ibarra-Garcia-Padilla, N. Nishizawa,
Y. Takasu, Y. Kuno, H.-T. Wei, R. T. Scalettar,
K. R. A. Hazzard, and Y. Takahashi, Nature Physics
18, 1356-1361 (2022).

[59] G. Pasqualetti, O. Bettermann, N. Darkwah Oppong,
E. Ibarra-Garcia-Padilla, S. Dasgupta, R. T. Scalettar,
K. R. A. Hazzard, 1. Bloch, and S. Félling, Phys. Rev.
Lett. 132, 083401 (2024).

[60] G. V. Chen and C. Wu, npj Quantum Materials 9, 1
(2024).

[61] A. Rapp, G. Zardnd, C. Honerkamp, and W. Hofstetter,
Phys. Rev. Lett. 98, 160405 (2007).

[62] S. Baier, M. J. Mark, D. Petter, K. Aikawa, L. Chomaz,
Z. Cai, M. Baranov, P. Zoller, and F. Ferlaino, Science
352, 201 (2016).

[63] K. P. Schmidt, J. Dorier, A. M. Lauchli, and F. Mila,
Phys. Rev. Lett. 100, 090401 (2008).

[64] H. Schlémer, F. Grusdt, U. Schollwock, K. R. A. Haz-
zard, and A. Bohrdt, Phys. Rev. B 110, 125134 (2024).

[65] A. Bohler, F. Grusdt, and A. Bohrdt, Magnetic correla-
tions in the SU(3) triangular-lattice t-J model at finite
doping (2025), arXiv:2506.01915 [cond-mat.quant-gas].

[66] A. Camjayi, K. Haule, V. Dobrosavljevic, and
G. Kotliar, Nature Physics 4, 932 (2008).

[67] E. G. Dalla Torre, E. Berg, and E. Altman, Phys. Rev.
Lett. 97, 260401 (2006).

[68] K. Biedroni, M. Lacki, and J. Zakrzewski, Phys. Rev. B
97, 245102 (2018).

[69] N. Syassen, D. M. Bauer, M. Lettner, T. Volz, D. Dietze,
J. J. Garcia-Ripoll, J. I. Cirac, G. Rempe, and S. Durr,
Science 320, 1329 (2008).

[70] B. Yan, S. A. Moses, B. Gadway, J. P. Covey, K. R. A.
Hazzard, A. M. Rey, D. S. Jin, and J. Ye, Nature 501,
521 (2013).

[71] K. Géral, L. Santos, and M. Lewenstein, Phys. Rev.
Lett. 88, 170406 (2002).

[72] T. Lahaye, C. Menotti, L. Santos, M. Lewenstein, and
T. Pfau, Reports on Progress in Physics 72, 126401
(2009).

[73] D. Yamamoto, A. Masaki, and I. Danshita, Phys. Rev.
B 86, 054516 (2012).

[74] J. A. Koziol, G. Morigi, and K. P. Schmidt, SciPost
Phys. 17, 111 (2024).

[75] A. V. Gorshkov, S. R. Manmana, G. Chen, J. Ye,
E. Demler, M. D. Lukin, and A. M. Rey, Phys. Rev.
Lett. 107, 115301 (2011).

[76] A. V. Gorshkov, S. R. Manmana, G. Chen, E. Demler,
M. D. Lukin, and A. M. Rey, Phys. Rev. A 84, 033619
(2011).

[77] A. N. Carroll, H. Hirzler, C. Miller, D. Wellnitz, S. R.
Muleady, J. Lin, K. P. Zamarski, R. R. W. Wang, J. L.
Bohn, A. M. Rey, and J. Ye, Science 388, 381-386
(2025).

[78] In this work, we use the term field-linked dimer to refer
more generally to a trapped two-molecule state stabi-
lized from loss by the shielding barrier and tunable via


https://doi.org/10.1103/PhysRevLett.121.163402
https://doi.org/10.1103/PhysRevLett.121.163402
https://doi.org/10.1126/science.abg9502
https://doi.org/10.1103/PhysRevLett.98.060404
https://doi.org/10.1103/PhysRevLett.98.060404
https://doi.org/10.1103/PhysRevLett.103.155302
https://doi.org/10.1103/PhysRevLett.103.155302
https://arxiv.org/abs/2512.14511
https://arxiv.org/abs/2512.14511
https://arxiv.org/abs/2512.14511
https://arxiv.org/abs/2512.14511
https://arxiv.org/abs/2512.14511
https://doi.org/10.1038/s41586-022-05651-8
https://doi.org/10.1038/s41586-022-04900-0
https://doi.org/10.1038/s41586-022-04900-0
https://doi.org/10.1038/s41567-023-02200-6
https://doi.org/10.1038/s41567-023-02200-6
https://doi.org/10.1103/PhysRevX.13.031032
https://doi.org/10.1103/PhysRevX.13.031032
https://doi.org/10.1038/s41586-024-07492-z
https://doi.org/10.1038/s41567-026-03362-9
https://doi.org/10.1038/s41586-026-10245-9
https://arxiv.org/abs/2602.22447
https://arxiv.org/abs/2602.22447
https://arxiv.org/abs/2602.22447
https://arxiv.org/abs/2602.22447
https://arxiv.org/abs/2602.22447
https://doi.org/10.1088/1367-2630/ad89f2
https://doi.org/10.1103/PhysRevLett.116.225306
https://doi.org/10.1103/PhysRevA.100.052704
https://doi.org/10.1103/PhysRevA.100.052704
https://doi.org/10.1103/b8pm-3prn
https://doi.org/10.1038/s41467-025-66067-2
https://doi.org/10.1038/s41467-025-66067-2
https://doi.org/10.1103/PhysRevResearch.7.013099
https://doi.org/10.1103/PhysRevResearch.7.013099
https://doi.org/10.1103/PhysRevLett.91.186402
https://doi.org/10.1103/PhysRevLett.91.186402
https://doi.org/10.1038/nphys1535
https://doi.org/10.1088/0034-4885/77/12/124401
https://doi.org/10.1088/0034-4885/77/12/124401
https://doi.org/10.1088/1361-648x/ad9658
https://doi.org/10.1088/1361-648x/ad9658
https://doi.org/10.1103/tcmp-nf52
https://doi.org/10.1103/PhysRevLett.101.203201
https://doi.org/10.1103/PhysRevLett.92.170403
https://doi.org/10.1103/PhysRevLett.92.170403
https://doi.org/10.1103/PhysRevLett.103.135301
https://doi.org/10.1103/PhysRevLett.103.135301
https://doi.org/10.1038/nphys2430
https://doi.org/10.1038/s41567-022-01725-6
https://doi.org/10.1038/s41567-022-01725-6
https://doi.org/10.1103/PhysRevLett.132.083401
https://doi.org/10.1103/PhysRevLett.132.083401
https://doi.org/10.1038/s41535-023-00614-2
https://doi.org/10.1038/s41535-023-00614-2
https://doi.org/10.1103/PhysRevLett.98.160405
https://doi.org/10.1126/science.aac9812
https://doi.org/10.1126/science.aac9812
https://doi.org/10.1103/PhysRevLett.100.090401
https://doi.org/10.1103/PhysRevB.110.125134
https://doi.org/10.48550/arXiv.2506.01915
https://doi.org/10.48550/arXiv.2506.01915
https://doi.org/10.48550/arXiv.2506.01915
https://arxiv.org/abs/2506.01915
https://doi.org/10.1038/nphys1106
https://doi.org/10.1103/PhysRevLett.97.260401
https://doi.org/10.1103/PhysRevLett.97.260401
https://doi.org/10.1103/PhysRevB.97.245102
https://doi.org/10.1103/PhysRevB.97.245102
https://doi.org/10.1126/science.1155309
https://doi.org/10.1038/nature12483
https://doi.org/10.1038/nature12483
https://doi.org/10.1103/PhysRevLett.88.170406
https://doi.org/10.1103/PhysRevLett.88.170406
https://doi.org/10.1088/0034-4885/72/12/126401
https://doi.org/10.1088/0034-4885/72/12/126401
https://doi.org/10.1103/PhysRevB.86.054516
https://doi.org/10.1103/PhysRevB.86.054516
https://doi.org/10.21468/SciPostPhys.17.4.111
https://doi.org/10.21468/SciPostPhys.17.4.111
https://doi.org/10.1103/PhysRevLett.107.115301
https://doi.org/10.1103/PhysRevLett.107.115301
https://doi.org/10.1103/PhysRevA.84.033619
https://doi.org/10.1103/PhysRevA.84.033619
https://doi.org/10.1126/science.adq0911
https://doi.org/10.1126/science.adq0911

the microwave-field parameters. Unlike the free-space
case, where a field-linked dimer is truly bound by the
microwave shielding potential, the binding in our system
arises primarily from the external confinement. This is
anologous to the well-known confinement induced reso-
nance in atomic systems [101].

[79] X.-Y. Chen, S. Biswas, S. Eppelt, A. Schindewolf,
F. Deng, T. Shi, S. Yi, T. A. Hilker, I. Bloch, and X.-Y.
Luo, Nature 626, 283 (2024).

[80] F. Deng, X.-Y. Chen, X.-Y. Luo, W. Zhang, S. Yi, and
T. Shi, Phys. Rev. Lett. 130, 183001 (2023).

[81] See Supplemental Material for additional details.

[82] K. A. Chao, J. Spalek, and A. M. Oles, Phys. Rev. B
18, 3453 (1978).

[83] O. Jirgensen, F. Meinert, M. J. Mark, H.-C. Nagerl, and
D.-S. Lihmann, Phys. Rev. Lett. 113, 193003 (2014).

[84] O. Dutta, M. Gajda, P. Hauke, M. Lewenstein, D.-S.
Lihmann, B. A. Malomed, T. Sowinski, and J. Za-
krzewski, Reports on Progress in Physics 78, 066001
(2015).

[85] T. Chanda, L. Barbiero, M. Lewenstein, M. J. Mark,
and J. Zakrzewski, Reports on Progress in Physics 88,
044501 (2025).

[86] N. Marzari and D. Vanderbilt, Phys. Rev. B 56, 12847
(1997).

[87] L. Su, A. Douglas, M. Szurek, R. Groth, S. F. Ozturk,
A. Krahn, A. H. Hébert, G. A. Phelps, S. Ebadi, S. Dick-
erson, F. Ferlaino, O. Markovi¢, and M. Greiner, Nature
622, 724 (2023).

[88] J. Zhang, C. Zhang, J. Yang, and B. Capogrosso-
Sansone, Phys. Rev. A 105, 063302 (2022).

[89] K. K. Voges, P. Gersema, M. Meyer zum Alten Borgloh,
T. A. Schulze, T. Hartmann, A. Zenesini, and S. Os-

18

pelkaus, Phys. Rev. Lett. 125, 083401 (2020).

[90] A. V. Gorshkov, P. Rabl, G. Pupillo, A. Micheli,
P. Zoller, M. D. Lukin, and H. P. Biichler, Phys. Rev.
Lett. 101, 073201 (2008).

[91] C. J. Ho, J. Dutta, B. Mukherjee, J. M. Hutson, and
M. R. Tarbutt, Phys. Rev. Res. 8, 023087 (2026).

[92] R. R. W. Wang, Bound-state-free forster resonant
shielding of strongly dipolar ultracold molecules (2026),
arXiv:2601.21928 [cond-mat.quant-gas].

[93] K. Pérez, J. W. Desroches, K. R. A. Hazzard, and
T. Karman (2026), Hubbard Models with Ultracold
Shielded Molecules in Optical Lattices.

[94] K. Willner, O. Dulieu, and F. Masnou-Seeuws, The
Journal of Chemical Physics 120, 548 (2004).

[95] T. Karman, S. Will, and Z. Yan, Low-entropy arrays of
microwave-shielded molecules prepared by interaction
blockade (2026), arXiv:2603.00400 [quant-ph].

[96] L. Chen, S. M. Anlage, and Y. V. Fyodorov, Phys. Rev.
E 103, L050203 (2021).

[97] W. Zwerger, Journal of Optics B: Quantum and Semi-
classical Optics 5, S9 (2003).

[98] G. Kamuntavicius, R. Kalinauskas, B. Barrett, S. Mick-
evicius, and D. Germanas, Nuclear Physics A 695, 191
(2001).

[99] D. Germanas, R. Kalinauskas, and S. Mickevicius, Com-
puter Physics Communications 181, 420 (2010).

[100] A. Becker, G. M. Koutentakis, and P. Schmelcher, Phys.
Rev. Res. 8, 013297 (2026).
[101] M. Olshanii, Phys. Rev. Lett. 81, 938 (1998).


https://doi.org/10.1038/s41586-023-06986-6
https://doi.org/10.1103/PhysRevLett.130.183001
https://doi.org/10.1103/PhysRevB.18.3453
https://doi.org/10.1103/PhysRevB.18.3453
https://doi.org/10.1103/PhysRevLett.113.193003
https://doi.org/10.1088/0034-4885/78/6/066001
https://doi.org/10.1088/0034-4885/78/6/066001
https://doi.org/10.1088/1361-6633/adc3a7
https://doi.org/10.1088/1361-6633/adc3a7
https://doi.org/10.1103/PhysRevB.56.12847
https://doi.org/10.1103/PhysRevB.56.12847
https://doi.org/10.1038/s41586-023-06614-3
https://doi.org/10.1038/s41586-023-06614-3
https://doi.org/10.1103/PhysRevA.105.063302
https://doi.org/10.1103/PhysRevLett.125.083401
https://doi.org/10.1103/PhysRevLett.101.073201
https://doi.org/10.1103/PhysRevLett.101.073201
https://doi.org/10.1103/2td6-pcvk
https://arxiv.org/abs/2601.21928
https://arxiv.org/abs/2601.21928
https://arxiv.org/abs/2601.21928
https://doi.org/10.1063/1.1630031
https://doi.org/10.1063/1.1630031
https://arxiv.org/abs/2603.00400
https://arxiv.org/abs/2603.00400
https://arxiv.org/abs/2603.00400
https://arxiv.org/abs/2603.00400
https://doi.org/10.1103/PhysRevE.103.L050203
https://doi.org/10.1103/PhysRevE.103.L050203
https://doi.org/10.1088/1464-4266/5/2/352
https://doi.org/10.1088/1464-4266/5/2/352
https://doi.org/https://doi.org/10.1016/S0375-9474(01)01101-0
https://doi.org/https://doi.org/10.1016/S0375-9474(01)01101-0
https://doi.org/https://doi.org/10.1016/j.cpc.2009.10.012
https://doi.org/https://doi.org/10.1016/j.cpc.2009.10.012
https://doi.org/10.1103/rdsn-stlq
https://doi.org/10.1103/rdsn-stlq
https://doi.org/10.1103/PhysRevLett.81.938

	Engineering SU(N)-Symmetric Hubbard Models with Microwave-Shielded  Dipolar Molecules
	Abstract
	Acknowledgments
	Supplemental Material
	Two-body problem in a lattice site
	SU(N) matrix elements
	Hamiltonian definitions
	Number-state basis
	Single-body Hamiltonian, 1, matrix elements
	Two-body Hamiltonian, 2: term definitions
	Two-body Hamiltonian, 2: Operators and symmetry tensors
	Two-body Hamiltonian, 2: Hubbard form

	Monomer Gaussian basis
	Numerical method for off-site interactions and tunnelling parameters
	The off-site interactions
	The tunneling parameters

	Alternative approach for T
	Dimer-monomer and dimer-dimer off-site interactions under rotation

	References


