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Ultracold polar molecules provide strong, long-range interactions that microwave shielding make
tunable and nearly nuclear-spin independent, giving an emergent SU(N) symmetry. However, ex-
tended Hubbard models of polar molecules in optical lattices lack, so far, controllable finite on-site
interactions, a key ingredient of strong correlated physics. We show that tuning the Rabi fre-
quency of the microwave coupling can bring two individual molecules (monomers) on neighboring
lattice sites into resonance with a field-linked dimer (doublon) on one of the sites, enabling coherent
doublon–monomer-pair conversion. In this model, we characterize the key Hubbard parameters and
the dimer lifetime, demonstrating that the on-site and off-site interactions can be tuned nearly in-
dependently through the microwave amplitude and orientation, respectively. Our results provide a
roadmap for implementing SU(N)-symmetric extended Hubbard models with controllable doublon
fluctuations, providing access to quantum-simulation in the strongly dipolar regime.

Optical lattices have transformed ultracold gases into
highly controllable artificial crystals [1], enabling numer-
ous landmark studies of Hubbard-model physics [2–6].
Ultracold polar molecules extend this platform through
large electric dipole moments, rich internal structures,
and long-range interactions [7–10]. They enable quan-
tum simulation of strongly correlated matter [11, 12],
precision tests of fundamental symmetries [13], and quan-
tum information processing [14]. In optical lattices,
molecules can be trapped, addressed, and detected in
programmable arrays [15, 16], while anisotropic dipolar
interactions realize extended Hubbard models, dipolar
magnets, and competing crystalline, supersolid, and su-
perfluid orders [11, 17].

Historically, short-range loss long prevented stable,
strongly interacting molecular quantum gases [18–20].
Collisional shielding overcomes this limitation by engi-
neering a repulsive intermolecular barrier that blocks ac-
cess to the lossy short-range regime. Such a barrier can
be created with static electric fields [21–25], that enabled
supression of reactive losses in potassium-rubidium mix-
tures [26], and dipolar evaporation to below the Fermi
temperature in quasi-two-dimensional [27], and three-
dimensional [28] geometries, or with microwave dress-
ing [29–34]. In the latter case, coupling a slightly blue-
detuned microwave field to the lowest rotational tran-
sition dresses the molecular state inducing a lab-frame
dipole moment and thereby providing control over the
interaction strength [10, 34, 35]. These advances enable
evaporative cooling of both fermionic [36] and bosonic
molecules [37, 38], as well as, the realization of degen-
erate Fermi gases [36], molecular Bose-Einstein conden-
sates [39, 40], dipolar self-bound droplets [41] and Fermi-
surface deformation [42].

Weak coupling between nuclear spins and dressed ro-
tation [10, 43–47] yields nearly identical shielded poten-
tials across nuclear-spin configurations and thus SU(N)
symmetric interactions [43, 48]. Compared with alkaline-
earth atoms, which offer only fermionic isotopes with
non-trivial SU(N) symmetry [49–53], shielded molecules
offer a broader parameter space: bosonic or fermionic
statistics, tunable long-range anisotropic interactions,
and large internal-state manifolds [43, 48]. In contrast,
tuning interactions of alkaline-earth atoms through opti-
cal Feshbach resonances can induce dissipation and break
SU(N) symmetry [51, 54]. Loading microwave-shielded
molecules into optical lattices therefore opens a route to
realizing the broader class of SU(N)-symmetric extended
Hubbard models than those available with alkaline-earth
atoms [55–59]. Such models support rich correlated
phases, including chiral spin liquids [56], flavor-selective
Mott states [60], generalized magnetic orders [58], and
unconventional pairing mechanisms [61].

Yet for molecules, lattice models still lack a key in-
gredient of atomic Hubbard physics: tunable on-site in-
teractions comparable to the tunneling energy scale [62].
This term controls virtual doublon-hole processes, such
as superexchange [3, 4], pair motion, correlated hopping
[63], and soft-core density fluctuations, thereby setting
magnetic energy scales and underpinning doped Hubbard
[5, 6] and SU(N) t-J systems [64, 65]. The interplay of
on-site and off-site interactions can drive Wigner-Mott
physics [66], hidden-order insulating phases [67], and
pair-correlated supersolids in extended Hubbard models
[63, 68]. In molecular systems, however, double occupa-
tion is often suppressed due to strong on-site repulsion or
dynamically projected out by two-body loss, producing
an effective hard-core constraint [69, 70]. While useful,
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this widely explored hard-core limit [71–74], including in
dipolar t−J models [75–77], removes the doublon fluctu-
ations needed for the broader class of Hubbard processes.

In this Letter, we show how to synthesize the miss-
ing on-site interaction with microwave-shielded molecules
in an optical lattice while preserving SU(N) symmetry.
Varying the shielding Rabi frequency and microwave de-
tuning brings a field-linked molecular dimer [78] occu-
pying one lattice site into resonance with two molecular
monomers on adjacent sites. This crossing enables coher-
ent interconversion between monomer pairs and a field-
linked dimer [10, 35, 79], so that the dimer acts as an
effective doublon with an on-site energy controlled by mi-
crowave parameters. The Rabi frequency and detuning
mainly tune the on-site energy, whereas the microwave-
field orientation adjusts long-range interactions, allowing
nearly independent control. We derive the Hubbard pa-
rameters and dimer lifetime as functions of these control
parameters, providing a guide for molecular lattice ex-
periments.

We consider microwave-shielded fermionic polar
molecules (23Na40K) of mass m interacting via the
dressed potential Vsh(r) [10, 80]. Under a circularly
polarized microwave field in the (xy) plane, the shield-
ing potential Vsh(r) consists of a repulsive barrier at
∼ 1000 a0 and an anti-dipolar long-range interaction tail
that is attractive in the plane but repulsive along z [81].
It is tuned by the microwave Rabi frequency Ω and de-
tuning ∆. Increasing Ω at fixed ∆/Ω shifts the barrier
inward while preserving its long-range interaction tail,
thus deepening the in-plane attractive well, which can
support bound states. We fix ∆/Ω = 0 in this work.
The molecules are confined in a quasi-two-dimensional
optical lattice Vlatt(r) =

∑
µ∈{x,y,z} V0,µ sin2(πrµ/alatt),

with V0,x = V0,y = V0, V0,z = λ2V0, and λ > 1 [81].
Here alatt denotes the lattice spacing. The microscopic
many-body Hamiltonian is Ĥ = Ĥ0 + Ĥint, with Ĥ0 =∑NM

i=1

[
− ℏ2

2m∇2
i + Vlatt(ri)

]
and Ĥint =

∑
i<j Vsh(rj−ri),

where Nm is the number of molecular monomers. In
deep lattices, the single-particle low-energy sector is
spanned by Wannier states wi(r) = w(r − Ri) local-
ized at each site Ri, with a single-particle band gap
≈ ℏωho = 2

√
sER, where s = V0/ER is the dimension-

less in-plane lattice depth and ER = ℏ2π2/(2ma2latt) the
recoil energy. The tighter z confinement yields a larger
gap λ ℏωho, justifying the quasi-2D reduction.

The conventional single-band Hubbard re-
duction assigns an on-site interaction energy
Ubare = ⟨wiwi|Vsh(r1 − r2)|wiwi⟩ to each doubly
occupied site. However, the strong repulsive core of
the microwave-shielded potential pushes this energy
to the MHz scale, far above ℏωho ∼ h × 10 kHz.
Double occupancies therefore lie outside the low-energy
manifold, and the bare Hubbard description breaks
down. Although the bare double occupation is excluded,

FIG. 1. (a) In a 2D lattice, dipolar molecules tunnel, form on-
site dimers, and interact off site. (b) Energy spectrum of two
dipolar molecules in a single lattice site for even (solid lines)
and odd (dashed lines) parities. The inset shows the typical
Lorentzian time-delay profile of the finite-lifetime dimer. The
solid line fits the numerical result (circles). (c) Comparison
of the on-site dimer-state wavefunction in terms of partial-
wave angular momentum l, with (solid lines) and without
(dashed lines) interaction. The dotted and dashed vertical
lines indicate the aho and alatt, respectively. (b), (c) employ
alatt = 550 nm, V0,xy/ER = 5.1, and V0,z = 4V0,xy, (c) uses
Ω = 2π × 6 MHz.

an s-wave field-linked lattice-dimer state formed by an
inter-spin pair with energy ED and even parity [78]
can enter into the lowest-band lattice model as it is
tuned to cross the two-monomer asymptotic energy,
E0 = 2ℏωho (given ωz = 2ωx,y = 2ωho), via increasing Ω,
see Fig. 1(b). The lattice dimer acquires linewidth ℏΓ,
that we calculate by solving the harmonically confined
two-body system (see inset of Fig. 1(b)), through inelas-
tic decay into lower-lying microwave-dressed scattering
channels [79], see the Supplemental Material [81]. In
this regime, a monomer can resonantly tunnel onto an
adjacent occupied site to form a dimer, at the cost of
the on-site energy U = ED − E0, depending on the
dimer energy, ED. The minimal energetic separation
from other dimer and higher-body (not shown) states is
∆E ∼ h × 10 kHz (for the lowest odd-parity state), see
Fig. 1(b); thus they are energetically prohibited.

The low-energy Hilbert space contains configurations
where each site is empty or hosts either a monomer ĉ†j;α
(with spin index α), or a dimer d̂†j;α,β (with α ̸= β, as
required by fermionic statistics and even parity of the
lattice-dimer state). The dimer wavefunction contains
several even partial waves, dominated by the s wave com-
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ponent, as shown in Fig. 1(c).

Because the shielded interaction is nuclear-spin in-
dependent, the effective lattice model commutes with
the SU(N) generators [81]. The most general SU(N)-
symmetric Hamiltonian neglecting interaction-induced
tunneling effects in this projected basis reads

Ĥeff = Ĥt + ĤU + ĤT + ĤV , (1)

where Ĥt = −t
∑

⟨i,j⟩,α

(
ĉ†i;α

∏
β(1 − n̂i;β) ĉj;α + h.c.

)
describes projected monomer tunneling with amplitude
t. The Spa lek projector

∏
β(1 − n̂i;β) [82] is added

to remove bare doublons. The second term, ĤU =
U
∑

i

∑
α̸=β d̂

†
i;α,β d̂i;α,β , assigns the on-site energy U to

each on-site dimer [81], thereby playing the role of the
Hubbard interaction. The third term,

ĤT = − T
∑
⟨i,j⟩

∑
α̸=β

(
d̂†i;α,β ĉi;α ĉj;β + h.c.

)
− T ′

∑
⟨i,j⟩

∑
β ̸=α,γ ̸=α

(
d̂†i;α,β ĉ

†
j;γ ĉi;β d̂j;α,γ + h.c.

)
,

(2)

contains two tunneling terms. The T term converts
two monomers on different sites into an on-site dimer
and vice versa. The T ′ term transfers one molecule
from a dimer to a neighboring monomer site, forming a
new dimer. Here, we consider only the nearest-neighbor
(⟨i, j⟩) processes and neglect the dimer tunneling term
(see Refs. [83–85] for discussions of dimer tunneling). Fi-
nally,

ĤV =
∑

σ=x,y,x±y

V σ
MM

2

∑
⟨i,j⟩σ

∑
α,β

ĉ†j;β ĉ
†
i;αĉi;αĉj;β

+ V σ
DM

∑
⟨i,j⟩σ

∑
α<β,γ

ĉ†j;γ d̂
†
i;α,β d̂i;α,β ĉj;γ

+
V σ
DD

2

∑
⟨i,j⟩σ

∑
α<β,γ<δ

d̂†j;γ,δd̂
†
i;α,β d̂i;α,β d̂j;γ,δ

 (3)

collects off-site monomer-monomer, monomer-dimer, and
dimer-dimer density couplings from the long-range
dressed dipolar potential. Their strength and anisotropy
depend on lattice geometry and dipole orientation rela-
tive to the lattice. In the above expression, we restrict the
off-site interaction to be spin-independent and between
nearest-neighbor (⟨i, j⟩x,y) or diagonal nearest-neighbor
(⟨i, j⟩x±y) pairs. Spin-exchange and other off-site inter-
actions are negligible, see [81].

The extended-Hubbard parameters are extracted from
microscopic monomer and dimer physics. The dimer–
monomer-pair and dimer–monomer exchange couplings
are given by the matrix elements of the ab initio

FIG. 2. (a) The ratio of the linewidth of the dimer Γ to
the hopping parameter t; the lattice parameters are alatt =
550 nm with V0,z = 4V0,xy. (b) Hopping parameter t in x, y di-
rection and tz in z direction versus s. The dotted line displays
the hopping parameter tG in x, y direction within the Gaus-
sian approximation. (c) Dimensionless Hubbard parameters,
defined as the ratio of the corresponding Hubbard parameter
to tG, versus the microwave Rabi frequency. The horizontal
dashed lines in (a) and (b) indicates s = 5.1, at which the
results of (c) are calculated.

single-molecule Hamiltonian. The remaining ĤV terms
arise from the long-range dipolar interaction tail over-
laps. Together, t, U , T , T ′, V σ

MM , V σ
DM and V σ

DD

fully parametrize the extended SU(N)-symmetric lattice
Hamiltonian [81]. In the following, we discuss the two ex-
perimental knobs controlling these parameters: the lat-
tice depth s = V0/ER, which sets the single-particle band
structure and tunneling amplitude t, and the microwave
Rabi frequency Ω, which determines the shielded two-
body interaction and the resulting dimer properties.

To identify the experimentally accessible operating
regime of the proposed Hubbard model, we analyze the
relevant parameter space (Fig. 2(a)). We adopt a conser-
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vative threshold of Γ/t = 0.1 (dotted red contour), below
which the field-linked dimer is sufficiently long-lived to
participate coherently in the lattice dynamics. Strong
monomer-dimer hybridization is expected in the vicin-
ity of the resonance condition U(s,Ω) = 0 (solid purple
curve), where the field-linked dimer crosses the lowest
two-monomer threshold. Crucially, a broad region of pa-
rameter space satisfies both Γ/t < 0.1 and proximity to
the U = 0 line, showing that resonant monomer-dimer
physics can be accessed under experimentally realizable
conditions. Figure 2(b) compares the tunneling t in x, y-
direction with tz in z-direction at λ = 2. The condition
of tz ≪ t reflects the quasi-2D nature of the dynamics.
Here we provide two values of the tunneling parameter: t
extracted from the exact Wannier calculation [86] and tG
stemming from a Gaussian approximation as a reference
for the following discussion [81].

Along a representative cut through the accessible pa-
rameter space (horizontal dashed line in Fig. 2(a)), we
examine how the Hubbard parameters evolve with the
microwave coupling Ω in Fig. 2(c). The tunneling ampli-
tude t, set by the lattice depth alone, is constant along
this trajectory, whereas the other parameters are pre-
sented as dimensionless ratios with respect to it. Since
the Hubbard parameters are extracted from monomer
and dimer states within the Gaussian approximation, we
self-consistently normalize them with respect to tG in-
stead of t, see also [81]. This is indicated by adding a tilde
to the corresponding symbol, e.g. Ũ = U/tG. We found
that the on-site dimer energy U is strongly sensitive to
the microwave dressing, where it decreases with increas-
ing Ω and crosses zero. The monomer-dimer T and inter-
site dimer T ′ conversion amplitudes vary weakly with Ω,
reflecting the robust spatial overlap between the dimer
wavefunction and the monomer orbitals on neighboring
sites.

The long-range character of the dressed dipolar in-
teraction generates sizable extended couplings. The
nearest neighbor monomer-monomer (V x,y

MM ), monomer-
dimer (V x,y

DM ), and dimer-dimer (V x,y
DD) density interac-

tions, together with their diagonal counterparts, shown in
Fig. 2(c), are negative and typically larger than T across
all Ω explored. The diagonal nearest-neighbor interac-
tions are generally weaker than the nearest-neighbor in-
teractions owing to the larger particle separation. These
off-site interactions originate from the long-range dipo-
lar interaction tail of Vsh and are largely insensitive to
the short-range dimer structure [81]. The off-site inter-
action terms analyzed above compete with the tunneling
and dimer–monomer(-pair) coupling processes and thus
can impose charge density orders of different flavor [87].
Nevertheless, we will show below that a high degree of
tunability allows the interaction coefficients to become
comparable to t, T and T ′, and even to cross zero.

Taken together, Fig. 2 demonstrates that a broad
and experimentally accessible region of parameter space

simultaneously satisfies three key conditions: (a) the
dimer lifetime exceeds the lattice tunneling timescale
(Γ/t≪ 1), (b) the detuning U can be tuned continuously
through zero, and (c) U can be tuned to compete and in-
terplay with the tunneling dynamics characterized by t,
T , and T ′, as well as, the off-site interactions. Within this
regime, the system realizes a stable, strongly interacting
SU(N)-symmetric lattice gas in which monomer tunnel-
ing, coherent dimer formation, and long-range dipolar
couplings are simultaneously relevant.

An additional experimental knob arises from the orien-
tation of the microwave polarization axis relative to the
lattice. Because the dressed dipole-dipole interaction is
inherently anisotropic, rotating the field with respect to
the lattice frame modifies the off-site couplings and the
on-site dimer properties while preserving the underlying
SU(N) symmetry. We parametrize this rotation by the
Euler angles (α, β, γ) that connect the two frames. We
fix α = π/4 and γ = −π/4, while scanning the tilt angle
β, see Fig. 3.

The nearest-neighbor V x,y
MM and diagonal nearest-

neighbor V x+y
MM interactions both vary strongly with the

orientation angle β, sweeping through zero, as shown in
Fig. 3(a). Notably, V x,y

MM crosses zero near β/π ≈ 0.3,

while the diagonal coupling V x+y
MM remains sizable and

positive at the same angle. In contrast, the anti-diagonal
nearest-neighbor V x−y

MM interaction depends only weakly

on β. Nevertheless, the behaviors of V x,y
MM and V x±y

MM

is well captured by a sinusoidal curve within the point-
particle approximation [84, 88]. We find that the dimer-
monomer and dimer-dimer interactions share a similar
angular dependence to the monomer-monomer interac-
tion [81]. This demonstrates that the nearest-neighbor
interaction can be selectively switched off by geometric
tuning alone, while tunneling, on-site fluctuations and
other long-range couplings remain active. Such selective
suppression opens access to regimes of the extended Hub-
bard model in which diagonal or further-neighbor inter-
actions dominate over nearest-neighbor ones, a situation
difficult to achieve in other settings.

Figure 3(b) confirms that this tunability is fully com-
patible with dimer stability. It displays the Rabi fre-
quency Ω|U=0 at which the dimer resonance condition
U = 0 is met, together with the corresponding decay
linewidth Γ, both as functions of β. The resonance fre-
quency varies smoothly between roughly 6 and 13 MHz,
confirming that the dimer can be brought into resonance
independently of orientation. The decay linewidth re-
mains ∼ 8-18 Hz×h throughout, well below the tunneling
parameter t = 177 Hz×h at the chosen lattice parameters
(alatt = 550 nm, V0,xy/ER = 5.1, V0,z = 4V0,xy), ensur-
ing Γ/t≪ 1 for all angles. The system therefore remains
deep in the coherent regime across the full orientational
scan, including the angles where V x,y

MM vanishes.

Geometric rotation thus complements the Rabi fre-
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FIG. 3. (a) The dimensionless hopping parameter and monomer-monomer nearest-neighbor and diagonal-nearest-neighbor
interactions obtained by rotating the microwave field with the Euler angles of (α = π/4, β, γ = −π/4) relative to the lattice
frame. (b) The Rabi frequency at which the on-site energy crosses the energy of the non-interacting monomer pair and
corresponding dimer linewidth versus the rotation angle β. The horizontal dashed line indicates the value of 0.1t on the right
y-scale. The lattice parameters are chosen as alatt = 550 nm with V0,xy/ER = 5.1 and V0,z = 4V0,xy. The dashed lines close to

the numerical results (solid lines) of Ṽ x,y
MM ,Ṽ x+y

MM and Ṽ x−y
MM display the prediction from the point-particle approximation [84, 88].

quency as a practical tuning knob, providing independent
control over the magnitude, sign, and spatial structure of
the off-site interactions. In particular, the ability to con-
tinuously suppress the nearest-neighbor coupling while
maintaining stable dimer formation and finite diagonal
interactions makes it possible to navigate between quali-
tatively distinct regimes of the SU(N)-symmetric lattice
model within a single experimental platform.

We have derived an SU(N)-symmetric extended Hub-
bard model for microwave-shielded fermionic molecules in
an optical lattice, where on-site interaction can be syn-
thesized by coupling to a long-lived field-linked lattice
dimer state. We demonstrate the experimental tunabil-
ity of this Hamiltonian in terms of the on-site and off-site
interactions, tunable via the microwave Rabi frequency
and field orientation, respectively. Our approach can be
generalized to bosonic SU(N)-symmetric Hubbard mod-
els, for instance, for 23Na39K [10, 89], opening up oppor-
tunities to explore a broader class of Hubbard physics
than are accessible with atomic platforms.

Possible applications include dimer superfluidity, res-
onant pairing mechanisms, and lattice models with tun-
able anisotropic interactions. The dimer lifetime is al-
ready compatible with coherent lattice dynamics, but
improvements might be possible using double microwave
shielding [46, 47] or a combination of circular microwave
dressing and static electric fields [90–92]. A parallel
study shows, for double-shielded molecules, flexible tun-
ing of on-site and off-site interactions for various dipolar
molecules and how these interactions can serve as a tool
to characterize effective hole-hole and other inter-dopant
interactions [93]. The present work demonstrates how
coupling to a lattice dimer enables an SU(N)-symmetric
extended Hubbard model with independently tunable on-
site and off-site interactions.

J.-L. L. and G. M. K. were funded by the Austrian
Science Fund (FWF) [10.55776/F1004]. R. A. received
funding from the Austrian Academy of Science ÖAW
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SUPPLEMENTAL MATERIAL

Two-body problem in a lattice site

Under the harmonic approximation, the two-molecule
problem within a single lattice site is described by

Ĥ2 = − ℏ2

2m
∇2

1−
ℏ2

2m
∇2

2 +
1

2
mω2(r21 + r22) +Vsh(r2− r1),

(4)
where Vsh(r) is the microwave-dressed interaction po-
tential between two molecules in the repulsive shielding
channel. We consider in this work an anisotropic trap
with ω = (ωho, ωho, 2ωho) in (x, y, z) direction.

Introducing center-of-mass and relative coordinates,
R = r2+r1

2 , r = r2 − r1, the Hamiltonian separates as

Ĥ2 = Ĥcm + Ĥrel, with

Ĥcm = − ℏ2

4m
∇2

R +
1

2
(2m)ω2R2, (5)

Ĥrel = −ℏ2

m
∇2

r +
1

4
mω2r2 + Vsh(r). (6)

The spectrum of the relative Hamiltonian Ĥrel contains
both scattering states and bound or quasi-bound states.
The field-linked dimer states of interest correspond to
bound solutions of the relative Hamiltonian ĤrelψD(r) =
EDψD(r), whose wavefunctions are localized at inter-
molecular separations set by the characteristic length
scale of the dressed dipolar potential. The total poten-
tial in relative coordinates is shown in Fig. 4. To get the
wavefunction, we solve the equation of relative motion
using the DVR method [94]. We note that a more accu-
rate description of the on-site two-body problem requires
going beyond the harmonic approximation, thereby cou-
pling the center-of-mass motion to the relative degree of
freedom, as is implemented in Ref. [95].

As the microwave Rabi frequency Ω is varied, the
energy of a field-linked state can be tuned relative to
the trap spectrum. Figure 1(b) illustrates this mecha-
nism where we show that the dimer energy ED(Ω) ap-
proaches the energy of the lowest trap state E0 = 2ℏωho,
and eventually crosses it. Near this crossing the two-
body spectrum exhibits a well-isolated resonance result-
ing from hybridization between the scattering channel of
two shielded molecules and the field-linked dimer state
(see Fig. 1), and we can define the on-site detuning pa-
rameter as U = ED − E0.

The lifetime of the resonance can be characterized
by the Wigner time delay associated with the scatter-
ing matrix S, which encodes both the elastic phase shift
(setting the resonance position) and the decay probabil-
ity (determining the width). We extract the S-matrix
from the solution of the two-body Schrödinger equation
of Ĥrel, with additional low-lying microwave-dressed po-
tentials included and absorbing boundary conditions im-

FIG. 4. Total potential energy in the relative frame 1
4
mω2r2+

Vsh(r). The dashed lines in the zE and yE planes indicate
the harmonic-oscillator potential in comparison to the full
potential (solid line) in the corresponding planes. We consider
23Na40K with V0,xy/ER = 5.1, V0,z = 4V0,xy, alatt = 550 nm,
Ω = 2π × 6 MHz and δ = 0.

posed [10]. Due to the non-unitarity of the S in the
presence of the absorbing boundary condition, the time
delay is calculated from a more general formula [96]:

τ(E) = −iℏTr

(
S† dS

dE

)
. (7)

Near a resonance, the time delay follows a Lorentzian
profile

τ(E) =
ℏΓ

(E − ED)2 + (Γ/2)2
. (8)

The width Γ determines the decay rate of the metastable
dimer state and thus its lifetime ℏ/Γ.

SU(N) matrix elements

Hamiltonian definitions

The effective Hubbard Hamiltonian is derived by pro-
jecting the ab initio Hamiltonian to the low energy sec-
tor corresponding to monomers and dimers. To evaluate,
the possible terms that can appear in this projection we
have to consider that the ab initio Hamiltonian, Ĥ, is
composed of a single particle Hamiltonian, Ĥ1, corre-
sponding to the kinetic energy of the molecules and their
potential and a two-body Hamiltonian, Ĥ2, correspond-
ing to the interaction among the particles. With respect
to the spin degree-of-freedom we assume that Ĥ1 and Ĥ2

are spin-independent.
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Number-state basis

The first step in the projection is to consider the most
generic state on the lattice composed solely of monomers
and dimers. This can be written in terms of the num-
ber states characterized by a given occupation of each

site. For N spin states there are 1 + N(N+1)
2 possible

states on each lattice site, the first and reference state
is the vacuum, |nj = 0⟩ ≡ |0⟩, where the site is not
occupied. Beyond this, there are N further states cor-
responding to monomer occupation |nj = α⟩ ≡ ĉ†j;α|0⟩
and N(N−1)

2 states corresponding to dimer occupation

|nj = {α, β}⟩ ≡ d̂†j;α,β |0⟩. In order to avoid double
counting we have enforced α < β for the spin indices
of the dimer states. Then any number state can be
written as |n⃗⟩ = |n1, n2, . . . , nM ⟩, where M is the num-
ber of sites and nj ∈ {0, 1, . . . , N} ∪ {{α, β} : α, β ∈
{1, . . . , N} and α < β}.

Single-body Hamiltonian, Ĥ1, matrix elements

Let us now consider the matrix elements of the Hamil-
tonian Ĥ in this number state basis, provided the prop-
erties of Ĥ1 and Ĥ2. Since Ĥ1 is a single particle opera-
tor, it is required that it only allows for non-zero matrix
elements between states differing by the position of at
most one particle. Given also that this term is spin-
independent, the moved particle should have the same
spin as before it moves. This is possible in four cases:
(a) one monomer moved to an unoccupied site, (b) a
monomer moved to a site occupied by another monomer
with different spin and formed a dimer or (c) vice versa,
finally, (d) a particle from a dimer state moved to an-
other site occupied by a monomer, thus creating a new
dimer and leaving behind a monomer in its original site.
These imply that the action of Ĥ1 on a number state can
be written as

Ĥ1|n⃗⟩ =

[∑
i

ϵ
(1)
i (ni)

]
|n⃗⟩ +

∑
i̸=j

∑
α

ti,j ĉ
†
i;αĉj;α|n⃗⟩

+
∑
i̸=j

∑
α

∑
β ̸=α

(
Ti,j d̂

†
i;α,β ĉi;β ĉj;α + h.c.

)
|n⃗⟩

+
∑
i̸=j

∑
α

∑
β ̸=α

∑
γ ̸=α

T ′
i,j d̂

†
i;α,β ĉ

†
j;γ d̂j;α,γ ĉi;β |n⃗⟩.

(9)

Notice that due to the single particle nature of the Hamil-
tonian term, its diagonal matrix elements are only al-
lowed to depend in a linear fashion to the occupation
of each site, since the state in different sites is related
by a tensor product within the number state basis. No-

tice that while the additional constraint ϵ
(1)
i ({α, β}) =

ϵ
(1)
i (α) + ϵ

(1)
i (β) is tempting, it is not enforced here since

we consider that the dimer state is not necessarily a ten-

sor product of monomer states. Since the Hamiltonian
is spin-independent, it is allowed to act only on one of
the spin-indices, here α. Other involved spin-indices, ap-
pearing when dimers are involved, are constrained to be
different than α in order for the dimer state to exist.
In addition, recall that the indices appearing in dimer
operators have to be ordered, we have not implemented
this in Eq. (9) to make it less cumbersome. However, in
applications ordering should be enforced.

By using the ab-initio Hamiltonian, the couplings

ϵ
(1)
i (ni), ti,j , Ti,j and T ′

i,j can be calculated in terms of
the matrix elements

ϵi(ni = 0) = 0,

ϵi(ni = α) = ⟨0|ĉi;1Ĥ1ĉ
†
i;1|0⟩,

ϵi(ni = {α, β}) = ⟨0|d̂i;1,2Ĥ1d̂
†
i;1,2|0⟩,

ti,j = ⟨0|ĉi;1Ĥ1ĉ
†
j;1|0⟩,

Ti,j = ⟨0|d̂i;1,2Ĥ1ĉ
†
j;1ĉ

†
i;2|0⟩,

T ′
i,j = ⟨0|d̂i;1,2ĉj,2Ĥ1d̂

†
j;1,2ĉ

†
i;2|0⟩,

(10)

where we used the spin-independence of Ĥ1 to reduce
the involved spin-states to the minimal set, α ∈ {1, 2}.
In applications, the remaining spin indices can be used
to verify the correctness of the calculation.

Two-body Hamiltonian, Ĥ2: term definitions

For the two-body interaction the considerations be-
come more complicated. In this case in order for a
matrix element to be non-zero there can be a dif-
ference in the particle occupation at most four dif-
ferent sites. This results to 31 different classes of
interaction terms summarized in the Tables IV, V,
VI, and VII. Each class is given a label X : y →
Z, where X ∈ {D,MM,DM,DD}, with the sym-
bol descriptions in Table I, y ∈ {∅, d, d2,mm, dm, dd},
with the symbol descriptions in Table II, Z ∈
{∅, E,M,O,EE,E2, EM,MM}, with the symbol de-
scriptions in Table III. The class X : y → Z corresponds
to desc(X) interacting, resulting in desc(y) moving into
desc(Z), where desc(x) means substitute the symbol x
by its description in the corresponding table. The Tables
IV, V, VI, and VII are separated in terms of different X.

TABLE I. Interacting particle class symbols, X, and their
descriptions, desc(X).

X desc(X)

D the particles of a single dimer

MM one monomer and a different monomer

DM a particle of a dimer and a monomer

DD two particles of different dimers
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TABLE II. Particle moved due to interaction class symbols,
y, and their descriptions, desc(y).

y desc(y)

∅ no particle

d one particle of a dimer

d2 both particles of a dimer

mm two different monomers

dm a particle of a dimer and a monomer

dd two particles of different dimers

TABLE III. Sites particles moved into due to interaction class
symbols, Z, and their descriptions, desc(Z).

Z desc(Z)

∅ no other sites

E an empty site

M a site hosting a monomer

O the site of the particle that interacted

with the particle that moved

EE two different empty sites

E2 the same empty site

EM an empty site and a site hosting a monomer

MM two distinct sites hosting monomers

Two-body Hamiltonian, Ĥ2: Operators and symmetry
tensors

Each class is associated with an operator

Ô
k1,...,kNs ;β1,...,βNσ
j1,...,jNs ;α1,...,αNσ

, with Ns ≤ 4 site and Nσ ≤ 6
spin indices, composed of products of monomer and
dimer creation and annihilation operators. To enforce
the Hermiticity of the Hamiltonian, the two-body
character and the SU(N) invariance of the term this

operator is contracted with a spin tensor M̂
β1,...,βNσ
α1,...,αNσ

.

To preserve the SU(N) symmetry the tensor M̂
β1,...,βNσ
α1,...,αNσ

contains factors of

T
β1,β2,...,βNσ
α1,α2,...,αNσ

=

Nσ!∑
i=1

ci

Nσ∏
j=1

δβj
αPi(j)

, (11)

with ci ∈ C expansion coefficients, Pi(j) the j-th element
of the i-th permutation of the set {1, 2, . . . , Nσ} and δβα
the Kronecker delta, ensuring that the spin of the parti-
cles does not change due to the interaction. Notice that

the tensor T
β1,β2,...,βNσ
α1,α2,...,αNσ

contains all coupling constants,
ci, which determine the strength of each interaction that
are different for each class. In principle there are Nσ!

such parameters, but their number decreases by incorpo-
rating the additional symmetries characterizing the term.
To enforce s-wave dimers composed of two fermions we

need to antisymmetrize the indices of T
β1,β2,...,βNσ
α1,α2,...,αNσ

. This
we indicate by placing the antisymmetrized indices in

parenthesis. E.g. T γ,δ
(α,β) = 1

2

(
T γ,δ
α,β − T γ,δ

β,α

)
. To ensure

that the interactions are two-body we further ensure that
the spin of spectator particles, required for describing the
dimer when a particle moves into an occupied site after
interaction, does not change. For the case that a dimer
transforms to monomers and vice-versa this is achieved
via the tensor

∆β1,β2
α = δβ1

α

(
1 − δβ2

α

)
+ δβ2

α

(
1 − δβ1

α

)
. (12)

For dimers that remain dimers after the interaction while
one of their particles is considered spectator, e.g. within
interactions the DM : m→ E class, we define

∆β1,β2
α1,α2

= 1 − (1 − ∆β1,β2
α1

)(1 − ∆β1,β2
α2

). (13)

Finally, for self-adjoint classes we need to ensure that the
total operator is equal to its conjugate and thus we need

to symmetrize the corresponding M̂
β1,...,βNσ
α1,...,αNσ

, since this
need to be done on a case by case basis we schematically
indicate this process by the C function in Tables IV, V,
VI, and VII.

Two-body Hamiltonian, Ĥ2: Hubbard form

In principle, an exact projection of the ab initio Hamil-
tonian on the monomer-dimer space generates all of the
terms in the Tables IV, V, VI, and VII. However, to pro-
ceed we make the Hubbard approximation by dropping
all terms corresponding to the motion of particles among
the sites as a result of the interaction. This is justi-
fied in the case that the lattice is deep enough, since
we consider density-density interactions and the Wan-
nier functions are well-localized in their corresponding
sites. The density-density character of interactions ex-
cludes particle-transfer terms at the level of the contin-
uum model, while the localization of the Wannier func-
tions ensures that density overlap integrals result to neg-
ligible off-diagonal contributions in the site basis. With
this assumption only the interaction classes D : ∅ → ∅,
MM : ∅ → ∅, DM : ∅ → ∅ and DD : ∅ → ∅ need to
be considered. By explicitly calculating the correspond-
ing spin-terms we obtain the Hubbard form of the inter-
action Hamiltonian
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TABLE IV. Dimer classes

class operator adjoint class Spin term

D : ∅ → ∅ d̂†i;γ,δd̂i;α,β self C
(
T

(γ,δ)
(α,β)

)
D : d→ E ĉ†j;γ ĉ

†
i;δd̂i;α,β MM : m→ O T γ,δ

(α,β)∆
α,β
δ

D : d→M d̂†j;δ,ϵĉ
†
i;ζ d̂i;α,β ĉj;γ self C

(
T

(δ,ϵ),ζ
(α,β),γ∆δ,ϵ

γ ∆α,β
ζ

)
D : d2 → E2 d̂†j;γ,δd̂i;α,β self C

(
T

(γ,δ)
(α,β)

)
D : d2 → EE ĉ†k;δ ĉ

†
j;γ d̂i;α,β MM : mm→ E2 T γ,δ

(α,β)

D : d2 → EM ĉ†k;ζ d̂
†
j;δ,ϵd̂i;α,β ĉj,γ DM : dm→ E2 T

(δ,ϵ),ζ
(α,β),γ∆δ,ϵ

γ

D : d2 →MM d̂†k;η,θd̂
†
j;ϵ,ζ d̂i;α,β ĉj;γ ĉk;δ DD : dd→ E2 T

(ϵ,ζ),(η,θ)
(α,β),γ,δ ∆ϵ,ζ

γ ∆η,θ
δ

TABLE V. Monomer-monomer classes

class operator adjoint class Spin term

MM : ∅ → ∅ ĉ†j;γ ĉ
†
i;δ ĉi;αĉj;β self C

(
T γ,δ
α,β

)
MM : m→ E ĉ†k;γ ĉ

†
i;δ ĉi;αĉj;β self C

(
T γ,δ
α,β

)
MM : m→M d̂†k;δ,ϵĉ

†
i;ζ ĉi;αĉj;β ĉk;γ DM : d→ E T

(δ,ϵ),ζ
α,β,γ ∆δ,ϵ

γ

MM : m→ O d̂†i;γ,δ ĉi;αĉj;β D : d→ E T
(γ,δ)
α,β ∆γ,δ

α

MM : mm→ EE ĉ†l;δ ĉ
†
k;γ ĉi;αĉj;β self C

(
T γ,δ
α,β

)
MM : mm→ E2 d̂†k;γ,δ ĉi;αĉj;β D : d2 → EE T

(γ,δ)
α,β

MM : mm→ EM d̂†l;ϵ,ζ ĉ
†
k;δ ĉi;αĉj;β ĉl;γ DM : dm→ EE T

δ,(ϵ,ζ)
α,β,γ ∆ϵ,ζ

γ

MM : mm→MM d̂†l;η,θd̂
†
k;ϵ,ζ ĉi;αĉj;β ĉk;γ ĉl;δ DD : dd→ EE T

(ϵ,ζ),(η,θ)
α,β,γ,δ ∆ϵ,ζ

γ ∆η,θ
δ

TABLE VI. Monomer-dimer classes

class operator adjoint class Spin term

DM : ∅ → ∅ ĉ†j;δd̂
†
i;ϵ,ζ d̂i;α,β ĉj;γ self C

(
T

δ,(ϵ,ζ)
(α,β),γ∆ϵ,ζ

α,β

)
DM : m→ E ĉ†k;δd̂

†
i;ϵ,ζ d̂i;α,β ĉj;γ self C

(
T

δ,(ϵ,ζ)
(α,β),γ∆ϵ,ζ

α,β

)
DM : m→M d̂†k;ϵ,ζ d̂

†
i;η,θd̂i;α,β ĉj;γ ĉk;δ DD : d→ E T

(ϵ,ζ),(η,θ)
(α,β),γ,δ ∆ϵ,ζ

δ ∆η,θ
α,β

DM : d→ E ĉ†k;δ ĉ
†
j;ϵĉ

†
i;ζ d̂i;α,β ĉj;γ MM : m→M T δ,ϵ,ζ

(α,β),γ∆α,β
ζ

DM : d→M d̂†k;ϵ,ζ ĉ
†
j;η ĉ

†
i;θd̂i;α,β ĉj;γ ĉk;δ self C

(
T

(ϵ,ζ),η,θ
(α,β),γ,δ∆ϵ,ζ

δ ∆α,β
θ

)
DM : dm→ EE ĉ†l;ϵĉ

†
k;δ ĉ

†
i;ζ d̂i;α,β ĉj;γ MM : mm→ EM T δ,ϵ,ζ

(α,β),γ∆α,β
ζ

DM : dm→ E2 d̂†k;δ,ϵĉ
†
i;ζ d̂i;α,β ĉj;γ D : d2 → EM T

(δ,ϵ),ζ
(α,β),γ∆α,β

ζ

DM : dm→ EM ĉ†l;ηd̂
†
k;ϵ,ζ ĉ

†
i;θd̂i;α,β ĉj;γ ĉk;δ self C

(
T

(ϵ,ζ),η,θ
(α,β),γ,δ∆ϵ,ζ

δ ∆α,β
θ

)
DM : dm→MM d̂†l;θ,ιd̂

†
k;ζ,η ĉ

†
i;κd̂i;α,β ĉj;γ ĉk;δ ĉl;ϵ DD : dd→ EM T

(ζ,η),(θ,ι),κ
(α,β),γ,δ,ϵ ∆α,β

κ ∆ζ,η
δ ∆θ,ι

ϵ

TABLE VII. dimer-dimer classes

class operator adjoint class Spin term

DD : ∅ → ∅ d̂†j;ϵ,ζ d̂
†
i;η,θd̂i;α,β d̂j;γ,δ self C

(
T

(ϵ,ζ),(η,θ)
(α,β),(γ,δ)∆

η,θ
α,β∆ϵ,ζ

γ,δ

)
DD : d→ E ĉ†k,ϵĉ

†
j;ζ d̂

†
i;η,θd̂i;α,β d̂j;γ,δ DM : m→M T

ϵ,ζ,(η,θ)
(α,β),(γ,δ)∆

γ,δ
ζ ∆η,θ

α,β

DD : d→M d̂†k;ζ,η ĉ
†
j,θd̂

†
i;ι,κd̂i;α,β d̂j;γ,δ ĉk;ϵ self C

(
T

(ζ,η),θ,(ι,κ)
(α,β),(γ,δ),ϵ∆

ζ,η
ϵ ∆γ,δ

θ ∆ι,κ
α,β

)
DD : dd→ EE ĉ†l;ζ ĉ

†
k;ϵĉ

†
j;η ĉ

†
i;θd̂i;α,β d̂j;γ,δ MM : mm→MM T ϵ,ζ,η,θ

(α,β),(γ,δ)∆
α,β
θ ∆γ,δ

η

DD : dd→ E2 d̂†k;ϵ,ζ ĉ
†
j;η ĉ

†
i;θd̂i;α,β d̂j;γ,δ D : d2 →MM T

(ϵ,ζ),η,θ
(α,β),(γ,δ)∆

α,β
θ ∆γ,δ

η

DD : dd→ EM ĉ†l;θd̂
†
k;ζ,η ĉ

†
j;ιĉ

†
i;κd̂i;α,β d̂j;γ,δ ĉk;ϵ DM : dm→MM T

(ζ,η),θ,ι,κ
(α,β),(γ,δ),ϵ∆

α,β
κ ∆γ,δ

ι ∆ζ,η
ϵ

DD : dd→MM d̂†l;ι,κd̂
†
k;η,θ ĉ

†
j;µĉ

†
i;λd̂i;α,β d̂j;γ,δ ĉk;ϵĉl;ζ self C

(
T

(η,θ),(ι,κ),λ,µ
(α,β),(γ,δ),ϵ,ζ ∆α,β

λ ∆γ,δ
µ ∆η,θ

ϵ ∆ι,κ
ζ

)
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ĤHubbard
2 =VD

∑
i

∑
α<β

d̂†i;α,β d̂i;α,β

+
∑
i̸=j

1

2
V dir
MM (i, j)

∑
α,β

ĉ†j;β ĉ
†
i;αĉi;αĉj;β

+
∑
i̸=j

1

2
V exc
MM (i, j)

∑
α,β

ĉ†j;αĉ
†
i;β ĉi;αĉj;β

+
∑
i̸=j

V dir
DM (i, j)

∑
α<β,γ

ĉ†j;γ d̂
†
i;α,β d̂i;α,β ĉj;γ

+
∑
i̸=j

V exc
DM (i, j)

∑
α<β,γ

(
ĉ†j;β d̂

†
i;α,γ + ĉ†j;αd̂

†
i;γ,β

)
d̂i;α,β ĉj;γ

+
∑
i̸=j

1

2
V dir
DD(i, j)

∑
α<β,γ<δ

d̂†j;γ,δd̂
†
i;α,β d̂i;α,β d̂j;γ,δ

+
∑
i̸=j

1

2
V sgl
DD(i, j)

∑
α<β,γ<δ,ϵ<ζ,η<θ

σϵ,ζ,η,θ
α,β,γ,δd̂

†
j;η,θd̂

†
i;ϵ,ζ d̂i;α,β d̂j;γ,δ, (14)

where σβ1,β2,β3,β4
α1,α2,α3,α4

= δβ1,β2,β3,β4
α1,α2,α3,α4

− δβ1,β2
α1,α2

δβ3,β4
α3,α4

− δβ3,β4
α1,α2

δβ1,β2
α3,α4

with

δ
β1,...,βNσ
α1,...,αNσ

= det


δβ1
α1

δβ2
α1

. . . δ
βNσ
α1

δβ1
α2

δβ2
α2

. . . δ
βNσ
α2

...
...

...

δβ1
αNσ

δβ2
αNσ

. . . δ
βNσ
αNσ

 . (15)

Notice that the term proportional to V exc
DM (i, j) also con-

tains dimer operators with inverted order of spin-indices,
in this case the use of d̂i;β,α = −d̂i;α,β is implied to cast
the spin-indices in ascending order. The interaction cou-
plings can be evaluated as

VD =⟨0|d̂i;1,2Ĥ2d̂
†
i;1,2|0⟩,

V dir
MM (i, j) =⟨0|ĉj;2ĉi;1Ĥ2ĉ

†
i;1ĉ

†
j;2|0⟩,

V exc
MM (i, j) =⟨0|ĉj;1ĉi;1Ĥ2ĉ

†
i;1ĉ

†
j;1|0⟩

− ⟨0|ĉj;2ĉi;1Ĥ2ĉ
†
i;1ĉ

†
j;2|0⟩,

V dir
DM (i, j) =⟨0|d̂i;1,2ĉj;3Ĥ2ĉ

†
j;3d̂

†
i;1,2|0⟩,

V exc
DM (i, j) =⟨0|d̂i;1,2ĉj;1Ĥ2ĉ

†
j;1d̂

†
i;1,2|0⟩

− ⟨0|d̂i,1,2ĉj;3Ĥ2ĉ
†
j;3d̂

†
i;1,2|0⟩,

V dir
DD(i, j) =⟨0|d̂j;3,4d̂i;1,2Ĥ2d̂

†
i;1,2d̂

†
j;3,4|0⟩,

V sgl
DD(i, j) =⟨0|d̂j;3,4d̂i;1,2Ĥ2d̂

†
i;1,2d̂

†
j;3,4|0⟩

− ⟨0|d̂j;2,3d̂i;1,2Ĥ2d̂
†
i;1,2d̂

†
j;2,3|0⟩

=
1

2

(
⟨0|d̂j;3,4d̂i;1,2Ĥ2d̂

†
i;1,2d̂

†
j;3,4|0⟩

− ⟨0|d̂j;1,2d̂i;1,2Ĥ2d̂
†
i;1,2d̂

†
j;1,2|0⟩

)
,

(16)

where operators with spin indices outside the relevant

range α ∈ {1, . . . , N} are understood to annihilate the
state and thus make the irrelevant for this N terms equal
to zero. We found that the interaction coefficients as-
sociated with spin-exchange processes (exc superscript)
are typically much smaller than those of the correspond-
ing spin-independent interactions (dir superscript). For
example, numerical tests yield V exc

MM/V
dir
MM ≈ 2% and

V exc
DM/V

dir
DM < 0.1%. We therefore retain only the “dir”

terms in our model presented in the main text.

Monomer Gaussian basis

To simplify our derivations we develop a Gaussian
model for the projection of the ab initio Hamiltonian
in the lowest band of the optical lattice. The idea is
that for deep lattices the potential a particle experiences
is akin to a harmonic oscillator and thus we can sim-
plify Vlatt,µ(rµ) = V0,µ sin2 kLrµ = V0,µk

2
Lr

2
µ + O(r4µ),

µ ∈ {x, y, z}. This allows us to approximate the states
at each lattice site with the corresponding ground-state
solution of the harmonic oscillator. We fix the fre-

quency, ωho,µ = 2ER

ℏ

√
V0,µ

ER
, and length scale, aho,µ =√

ℏ
mωho,µ

= 1
k

(
ER

V0,µ

)1/4
, according to the Taylor expan-

sion of Vlatt;µ(rµ). The monomer solution is therefore a
Gaussian.

Notice that this basis is not orthonormal since the



11

states at different sites have overlap

Sj,j+l =

∫ ∞

−∞
drµ ψ

∗
0(rµ −Rj;µ)ψ0(rµ −Rj;µ − lalatt)

= ⟨0|D

(
lπ√

2kLaho,µ

)
|0⟩ = exp

(
−1

4

l2π2

k2La
2
ho,µ

)
,

(17)

where D(·) denotes the displacement operator which is
discussed in more detail later in this Supplementary Ma-
terial. The matrix elements of the single-particle Hamil-
tonian read

Hj,j+l =

∫ ∞

−∞
drµ ψ

∗
0(rµ −Rj;µ)Ĥ0ψ0(rµ −Rj;µ − lalatt)

= − V0;µ
2

exp

(
−1

4

l2π2

k2La
2
ho,µ

)

×
[

1

2

l2π2

k4La
4
ho,µ

ER

V0;µ
−

(
1 +

ER

V0;µ

1

k2La
2
ho,µ

)

+ (−1)l exp
(
−k2La2ho,µ

) ]
.

(18)

Using these matrix elements, one can obtain the tun-
nelling parameter tG:

tG =
1

8
e
− π2

4a2
ho

k2
L

[
2(2 + λ)

ma2ho
− π2

mk2La
4
ho

+ 4V0

(
2 + λ2 − λ2e−

k2
La2

ho
λ

)]
(19)

in the Gaussian model.

The value of tunneling parameter t can be extracted
from the exact-bandwidth obtained by the exact di-
agonalization of Vtrap;µ(rµ) in terms of Mathieu func-
tions [97]

t =
ER

4

[
b1

(
V0

4ER

)
− a0

(
V0

4ER

)]
≈ 4√

π

(
V0
ER

)3/4

e
−2

√
V0
ER

(
1 − 7

16

√
ER

V0
+ . . .

)
,

(20)

where an−1(q), bn(q), with n = 1, 2, . . . , are the Mathieu
characteristic numbers.

We find that the hopping amplitude tG obtained from
the bare Gaussian model agrees well with t calculated
from Eq. (20), particularly when s is small, as shown in
Fig. 2(b) of the main text. We use tG to renormalize the
other Hubbard parameters, as they are computed within
the same level of approximation.

Numerical method for off-site interactions and
tunnelling parameters

To numerically obtain the tunnelling parameters and
the off-site interaction coefficients, we incorporate the
displacement operator

Dj(α) = exp
(
αâ†j − α∗âj

)
(21)

into the framework of harmonic oscillator brackets [98,

99]. Here, the âj and â†j denote the annihilation and
creation operators of the harmonic-oscillator mode asso-
ciated with particle j:

âj =
1√
2

(
r̂j
aho

+ i
p̂jaho
ℏ

)
, â†j =

1√
2

(
r̂j
aho

− i
p̂jaho
ℏ

)
,

(22)
respectively, where aho =

√
ℏ/mωho is the single-

monomer oscillator length. They should not be con-
fused with ĉ†j;α and ĉj;α, which create and annihilate a
monomer at site j and spin α in the Fock-space repre-
sentation. One can rewrite the Dj(α) as

Dj(α) = exp

(
i
√

2Imα
r̂j
aho

− i
√

2Reα
ahop̂j
ℏ

)
, (23)

and as

Dj(α) = exp

(
i
√

2Imα
R̂ij

aho
− i

Reα√
2

ahoP̂ij

ℏ

)
(24)

× exp

(
i
Imα√

2

r̂ij
aho

− i
√

2Reα
ahop̂ij

ℏ

)
, (25)

in the representation of the centre of mass (R̂ij =
r̂i+r̂j

2 , P̂ij = p̂i + p̂j) and relative (r̂ij = r̂j − r̂i, p̂ij =
p̂j−p̂i

2 ) motion. The displacement operators DR
ij and Dr

ij

in the center of mass and relative frames, respectively,
are defined by substituting the coordinate, momentum,
and oscillator length appearing in Eq. (22) by their cor-
respondences in each frame. Such a definition gives

Dj(α) = DR
ij

(
α√
2

)
Dr

ij

(
α√
2

)
, (26)

connecting the displacement operator in the single-
monomer representation to that in center of mass and
the relative representation.

The transformation of the harmonic oscillator basis
between the single-particle representation and the two-
particle center-of-mass and relative-coordinate represen-
tation is carried out via

|Hij⟩|hij⟩ =
∑
hihj

[U ]
Hijhij

hihj
|hi⟩|hj⟩, (27)
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|hi⟩|hj⟩ =
∑

Hijhij

[U−1]
hihj

Hijhij
|Hij⟩|hij⟩, (28)

where |hi = nilimi⟩, |hij = nrij lrijmrij ⟩ and |Hij =
nRij lRijmRij ⟩ denote the harmonic oscillator basis of a
single monomer, and that of a pair of monomers in center
of mass and relative motion, respectively. The transfor-
mation matrix is given by

[U ]Hh
hihj

= ⟨nilimi;nj ljmj |nRij
lRij

mRij
;nrij lrijmrij ⟩

=

li+lj∑
Λ=|li−lj |

Λ∑
M=−Λ

CΛM
li,mj ;li,mj

∑
mi,mj

CΛ,M
li,mi;lj ,mj

×
∑

{ni,nj ,li,lj}∈A

⟨nili;nj lj ; Λ|nRij
lRij

;nrij lrij ; Λ⟩d,

(29)

where the set of allowed indices satisfies the equations

A = {(ni, nj , li, lj) ∈ N4 :

2ni + li + 2nj + lj = 2nRij
+ lRij

+ 2nrij + lrij ,

(−1)li+lj = (−1)lRij
+lrij },

(30)

and CΛM
li,mj ;li,mj

is the Clebsch-Gordan co-
efficient. The harmonic oscillator bracket
⟨nili;nj lj ; Λ|nRij lRij ;nrij lrij ; Λ⟩d can be calculated
by publicly available codes [99] at d = 1, which
parametrizes the rotation from the lab to the relative
frame (

Rij

rij

)
=

 √ d
1+d

√
1

1+d√
1

1+d −
√

d
1+d

( ri
rj

)
(31)

The off-site interactions

By neglecting the interaction terms associated with
spin-exchanging processes, only three types of off-site in-
teraction parameters V dir

MM (i, j) → V σ
MM , V dir

DM (i, j) →
V σ
DM and V dir

DD(i, j) → V σ
DD remain in our Hubbard

model. The superscript σ = nx + my, n ∈ Z indicates
relative displacement of the two involved sites in integer
units n,m of sites. Following Eq. (16), these parame-
ters correspond to the matrix elements of the two-body
interaction Hamiltonian

Ĥ2 =
1

2

∑
α

Ĥαα +
∑
α<β

Ĥαβ ,

Ĥαβ =

∫
d3r1d3r2 Ψ̂†

α(r1)Ψ̂†
β(r2)

× Vsh(r2 − r1)Ψ̂β(r2)Ψ̂α(r1),

(32)

where Ψ̂α(r) is the spin-α field operator. The ma-
trix elements involve the monomer-monomer |ψMM ⟩ ≡
ĉ†i;1ĉ

†
j;2|0⟩, monomer-dimer |ψDM ⟩ ≡ d̂†i;1,2ĉ

†
j;3|0⟩ and

dimer-dimer |ψDD⟩ = d̂†i;1,2d̂
†
j;3,4|0⟩ states. The monomer

and dimer creation operators are defined as

ĉ†i;α =

∫
d3r ψm(r −Ri)Ψ̂

†
α(r)

d̂†i;α,β =

∫
d3r1d3r2 ψCM

(
r1 + r2

2
−Ri

)
× ψd(r2 − r1)Ψ̂†

α(r1)Ψ̂†
β(r2),

(33)

where Ri is the site position relative to the site i = 0
with R0 = 0 and ψm(r), ψCM(r), ψd(r) correspond to
the monomer, dimer center-of-mass and dimer relative
wavefunctions respectively.

Since the spin-algebra is already accounted for in
Eq. (16), we simplify our description by henceforth eval-
uating the involved spatial matrix elements within the
first-quantization picture. After imposing the proper
(anti)symmetrization required by the spin state, we con-
sider particle-labeled coordinate operators r̂p, with p =
{1, 2, 3, 4} the particle index. The corresponding ket
states are defined via their wavefunctions, such that
⟨rp|ψp⟩ ≡ ψm(rp) for monomers and ⟨rp, rp′ |ψp,p′⟩ =

ψCM(
rp+rp′

2 )ψd(rp′−rp) for dimers. Within this descrip-
tion, states localized in different sites are represented by
the action of the displacement operator that moves the
particle p to the desired site j. For instance, if p corre-
sponds to the spin-α particle in ĉ†j;α|0⟩, its correspond-

ing first-quantization state is |ψp→j⟩ = D̂p(
Rj√
2aho

)|ψp⟩,
similarly for a dimer composed of p, p′ the cor-
responding first-quantization state reads |ψpp′→j⟩ =

D̂p(
Rj√
2aho

)D̂p′(
Rj√
2aho

)|ψpp′⟩.

This enables a general approach to calculate the off-
site interaction parameters: expand the corresponding
wavefunction in the product state of single-monomer har-
monic oscillator basis ΠN

i=1 ⊗ |hi⟩ and then transfer the
subspace of interacting pair (i, j) into two-monomer cen-
tre of mass and relative representation to evaluate the
interaction matrix element. For instance, the monomer-
monomer interaction V σ

MM is given by

V σ
MM = ⟨ψ1ψ2|D†

2(ασ)Vsh(r2 − r1)D2(ασ)|ψ1ψ2⟩

= ⟨ψ1ψ2|Dr†
12(ασ/

√
2)Vsh(r12)Dr

12(ασ/
√

2)|ψ1ψ2⟩

=
∑

h1h2;h′
1h

′
2

∑
H12h12;H′

12h
′
12

c∗h1
c∗h2

ch′
1
ch′

2
[U ]H12h12

h1h2

× [U−1]
h′
1h

′
2

H′
12h

′
12
δH12H′

12
⟨h12|V D

sh (r12;ασ/
√

2)|h′12⟩,
(34)

where V D
sh (r12;ασ) = Dr†

12(ασ)Vsh(r12)Dr
12(ασ) denote

the displaced interaction and chi
= ⟨hi|ψi⟩ is the com-
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TABLE VIII. The parameters of displacement with α̃ =
alatt/(

√
2aho).

σ x y x+ y x− y

ασ α̃êx α̃êy α̃(êx + êy) α̃(êx − êy)

ponent of single-monomer wavefunction in harmonic os-
cillator mode |hi = nilimi⟩. The single monomer state
|ψi⟩ is the ground state of the anisotropic harmonic trap.
Here, σ = x, y, x + y or x − y describes the displace-
ment in x, y, x + y or x − y direction, respectively. The
corresponding ασ are listed in Table VIII. Similarly, the
dimer-monomer V σ

DM and dimer-dimer V σ
DD interactions

are given by

V σ
DM = ⟨ψ12ψ3|D†

3(ασ)[Vsh(r13) + Vsh(r23)]D3(ασ)|ψ12ψ3⟩

= 2⟨ψ12ψ3|Dr†
23(ασ/

√
2)Vsh(r23)Dr

23(ασ/
√

2)|ψ12ψ3⟩

= 2
∑

H12h12h3

∑
H′

12h
′
12h

′
3

∑
h1,h2;h′

1h
′
2

∑
H23,h23

∑
H′

23h
′
23

c∗H12
c∗h12

× c∗h3
cH′

12
ch′

12
ch′

3
[U−1]h1h2

H12h12
[U ]

H′
12h

′
12

h′
1h

′
2

[U ]H23h23

h2h3

× [U−1]
h′
2h

′
3

H′
23h

′
23
δh1h′

1
δH23H′

23
⟨h23|V D

sh (r23;ασ/
√

2)|h′23⟩
(35)

and

V σ
DD = ⟨ψ12ψ34|D†

3(ασ)D†
4(ασ)[Vsh(r13) + Vsh(r23)

+ Vsh(r14) + Vsh(r24)]D4(ασ)D3(ασ)|ψ12ψ34⟩

= 4⟨ψ12ψ34|Dr†
23(ασ/

√
2)Vsh(r23)D23(ασ/

√
2)|ψ12ψ34⟩

= 4
∑

H12h12H34h34

∑
H′

12h
′
12H

′
34h

′
34

∑
h1,h2h3h4;h′

1h
′
2h

′
3h

′
4

×
∑

H23,h23

∑
H′

23h
′
23

c∗H12
c∗h12

c∗H34
c∗h34

cH′
12
ch′

12
cH′

34
ch′

34

× [U−1]h1h2

H12h12
[U ]

H′
12h

′
12

h′
1h

′
2

[U−1]h3h4

H34h34
[U ]

H′
34h

′
34

h′
3h

′
4

× [U ]H23h23

h2h3
[U−1]

h′
2h

′
3

H′
23h

′
23
δh1h′

1
δh4h′

4
δH23H′

23

× ⟨h23|V D
sh (r23;ασ/

√
2)|h′23⟩, (36)

where the factors of 2 and 4 reflect the number of inter-
acting monomer–monomer pairs. By symmetry, all pairs
related by monomer exchange within a dimer contribute
equally to V σ

DM or V σ
DD. The coefficient cHij

= ⟨Hij |ψR
ij⟩

and chij = ⟨hij |ψr
ij⟩ denotes the |Hij⟩ and |hij⟩ compo-

nent of dimer wavefunction |ψij⟩ = |ψR
ij⟩|ψr

ij⟩ in center-
of-mass and relative degree of freedom, respectively. The
center-of-mass dimer state |ψR

ij⟩ is the ground mode of
the anisotropic harmonic trap, while the relative dimer
state |ψr

ij⟩ is obtained from the DVR method introduced
in the last section, taking the actual shielding potential
into account.

It remains to evaluate the matrix element of

FIG. 5. Comparison of [Vsh]000000 calculated from actual numer-
ical shielding potential (symbols) and from long-range tail
approximation, i.e., Vsh(r) ≈ C3(3 cos2 θ − 1)/r3. The lat-
tice parameters are chosen as alatt = 550 nm, s = 5.1 with
V0,z = 4V0,xy.

the displaced interaction operator V D
sh (r;ασ) =

Dr†(ασ)Vsh(r)Dr(ασ), where we have dropped the par-
ticle indices for notational simplicity, as the matrix el-
ements do not depend on the particular monomer pair
considered. This can be done by calculating the matrix
elements of the displacement operator and the shielding
interaction separately:[
V D
sh (ασ)

]n′
rl

′
rm

′
r

nrlrmr
=

∑
n′′
r n′′

r n′′
r

∑
n′′′
r l′′′r m′′′

r

[D−1(ασ)]
n
′′
r n

′′
r n

′′
r

nrlrmr

× [Vsh]
n
′′′
r l

′′′
r m

′′′
r

n′′
r n′′

r n′′
r

[D(ασ)]
n′
rl

′
rm

′
r

n′′′
r l′′′r m′′′

r

. (37)

Here, the superscript ’r’ in the displacement operator
matrix is further omitted because [D(ασ)] are the same
at given αα for both single particle motion and center of
mass and relative motions of the dimer. We then transfer
into the Cartesian representation to obtain [D(ασ)]:

[D(ασ)]n
′l′m′

nlm =
∑

nxnynz

∑
n′
xn

′
yn

′
z

[C−1]
nxnynz

nlm [C]n
′lm′

n′
xn

′
yn

′
z

×D1d
nxn′

x
(αx

σ)D1d
nyn′

y
(αy

σ)D1d
nzn′

z
, (38)

where αµ
σ = êµ · ασ for µ = x, y, z. The transforma-

tion matrix between the Cartesian and spherical bases
Cnlm

nxnynz = ⟨nxnynz|nlm⟩ can be derived using the SO(3)
algebra and the one-dimensional displacement operator
matrix D1d

nµn′
µ
(αµ

σ) is given analytically [100].

We calculate the shielding interaction matrix [Vsh]
by numerical integration. We found that Vsh(r) ≈
C3(3 cos2 θ − 1)/r3 is a very good approximation in this
calculation, see Fig. 5 for the comparison for the ele-
ment [Vsh]000000. The approximation slightly overestimates



14

the magnitude of the interaction matrix element, with
a deviation of less than 3%, for instance, for the tested
[Vsh]000000. This result indicates that the off-site interac-
tion is predominantly determined by the long-range tail
of the shielding potential. Therefore, throughout this
work, we evaluate the off-site interaction parameters us-
ing the above approximation, which provides improved
numerical stability.

In the above analysis of [V D
sh ], we assume that the prop-

agation direction of the microwave field is fixed along the
z-axis of the lattice frame (x, y, z). In the proposed ro-
tation scheme, however, we introduce a microwave-field-
fixed reference frame, (x′, y′, z′), which is related to the
lattice frame by the Euler rotation (π/4, β,−π/4). The
[V D

sh ] will then be calculated in this reference frame and
transferred back to the lattice frame via the Wigner D
matrix. In such an approach, one should note that the
argument ασ of the displacement operator also needs to
take the value in the new frame. For the subsequent
analysis of the tunneling parameters, however, no frame
rotation is required, and ασ is always taken in the lattice
frame, i.e., according to the values listed in Table VIII.

The tunneling parameters

We calculate the tunneling parameters T and T ′ by
expanding the wavefunctions in the Cartesian harmonic
basis, |hC1 = nx1ny1nz1⟩|hC2 = nx2ny2nz2⟩ and |hC1 =
nx1ny1nz1⟩|hC2 = nx2ny2nz2⟩|hC3 = nx3ny3nz3⟩, respec-
tively. Here, |nz⟩ is considered to be the harmonic oscil-
lation mode in the z-direction associated with the same
oscillation frequency ωho as those in x and y directions.
For tunneling along x, T is given by:

T = ⟨ψ12|[Hm(r1) +Hm(r2)]D2(αx)|ψ1ψ2⟩

=
∑

H12h12

∑
h1h2

∑
h′
1h

′
2

∑
hC
1 hC

2

∑
hC′
1 hC′

2

c∗H12
c∗h12

ch1ch2

× [U−1]h1h2

H12h12
[C−1]

hC
1

h1
[C−1]

hC
2

h2
[C]

h′
1

hC′
1

[C]
h′
2

hC′
2

× ⟨hC1 |⟨hC2 |[Hm(r1) +Hm(r2)]D2(αx)|hC
′

1 ⟩|hC
′

2 ⟩. (39)

Here the single monomer Hamiltonian reads

Hm(r) =
∑

µ=x,y,z

− ℏ2

2m
∇2

u + V0,µ sin2(ku)

=
∑

µ=x,y,z

Kµ + V0,µ

[
1

2
− 1

4

∑
s=±

D1d
µ (sα̃p)

]
(40)

with α̃p = i
√

2πaho/alatt, giving the matrix element

⟨hC1 |⟨hC2 |[Hm(r1) +Hm(r2)]D2(αx)|hC′

1 ⟩|hC′

2 ⟩ as:

⟨hC1 |⟨hC2 |[Hm(r1) +Hm(r2)]D2(αx)|hC
′

1 ⟩|hC
′

2 ⟩

=

∑
n′′
x2

[K]nx2 ,n
′′
x2

[D1d(α̃)]n′′
x2

,n′
x2

+ (2 + λ2)V0 ∗ [D1d(α̃)]nx2
,n′

x2

− V0
4

∑
n′′
x2

[D̄1d(α̃p)]nx2
,n′′

x2
[D1d(α̃)]n′′

x2
,n′

x2


× δhC

1 hC
2 \nx2

,hC′
1 hC′

2 \nx′
2

+
∑

µ=x,y,i=1,2\x2

(
[K]nµi

,n′
µi

− V0
4

[D̄1d(α̃p)]nµi
,n′

µi

)
× [D1d(α̃)]nx2

,n′
x2
δhC

1 hC
2 \nµi

nx2 ,h
C′
1 hC′

2 \n′
µi

nx′
2

+
∑
i=1,2

(
[K]nzi

,n′
zi
− V0λ

2

4
[D̄1d(α̃p)]nzi

,n′
zi

)
× [D1d(α̃)]nx2

,n′
x2
δhC

1 hC
2 \nzi

nx2
,hC′

1 hC′
2 \n′

zi
nx′

2

, (41)

where D̄1d(α̃p) = D1d(α̃p) + D1d(−̃αp) and
δhC

1 hC
2 \nµi

nx2 ,h
C′
1 hC′

2 \n′
µi

nx′
2

denote the Kronecker delta

over all indices except nµi and nx2 . The one dimensional
kinetic matrix is given analytically by

[K]n,n′ = ⟨n|p̂2|n′⟩/2m =
ℏωho

4
[(2n′ + 1)δnn′

−
√

(n′ + 1)(n′ + 2)δn,n′+2 −
√
n′(n′ − 1)δn,n′−2

]
(42)

Similarly, T ′ in x-direction is given by

T ′ = ⟨ψ12ψ3|D†
3(αx)

3∑
i=1

Hm(ri)D2(αx)D3(αx)|ψ1ψ23⟩

= ⟨ψ12ψ3|
3∑

i=1

Hm(ri)D2(αx)|ψ1ψ23⟩

=
∑

H12h12

∑
H′

23h
′
23

∑
h1h2h3

∑
h′
1h

′
2h

′
3

∑
hC
1 hC

2 hC
3

∑
hC′
1 hC′

2 hC′
3

× c∗H12
c∗h12

c∗3ch1
ch23

cH23
[U−1]h1h2

H12h12
[U ]

H′
23h

′
23

h′
2h

′
3

× [C−1]
hC
1

h1
[C−1]

hC
2

h2
[C−1]

hC
3

h3
[C]

h′
1

hC′
1

[C]
h′
2

hC′
2

[C]
h′
3

hC′
3

× ⟨hC1 |⟨hC2 |⟨hC3 |
3∑

i=1

Hm(ri)D2(αx)|hC
′

1 ⟩|hC
′

2 ⟩|hC
′

3 ⟩

(43)

with

⟨hC1 |⟨hC2 |⟨hC3 |
3∑

i=1

Hm(ri)D2(αx)|hC
′

1 ⟩|hC
′

2 ⟩|hC
′

3 ⟩

=

∑
n′′
x2

[K]nx2
,n′′

x2
[D1d(α̃)]n′′

x2
,n′

x2
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+ (3 +
3λ2

2
)V0 ∗ [D1d(α̃)]nx2 ,n

′
x2

− V0
4

∑
n′′
x2

[D̄1d(α̃p)]nx2
,n′′

x2
[D1d(α̃)]n′′

x2
,n′

x2


× δhC

1 hC
2 \nx2

,hC′
1 hC′

2 \nx′
2

+
∑

µ=x,y,i=1,2\x2

(
[K]nµi

,n′
µi

− V0
4

[D̄1d(α̃p)]nµi
,n′

µi

)
× [D1d(α̃)]nx2

,n′
x2
δhC

1 hC
2 \nµi

nx2
,hC′

1 hC′
2 \n′

µi
nx′

2

+
∑
i=1,2

(
[K]nzi

,n′
zi
− V0λ

2

4
[D̄1d(α̃p)]nzi

,n′
zi

)
× [D1d(α̃)]nx2

,n′
x2
δhC

1 hC
2 \nzi

nx2
,hC′

1 hC′
2 \n′

zi
nx′

2

, (44)

Alternative approach for T

Alternatively, the tunneling parameter T can be ex-
pressed as

T =

∫
drdθr2 sin θψr(r, θ)f(r, θ) (45)

where the function f(r, θ) is obtained by analytically in-
tegrating over the center-of-mass coordinate R and the
azimuthal angle φ of the relative motion:

f(r, θ) ≡
∫
dR12

1√
2π

∫ 2π

0

dφψR(R12)

×
∑
i=1,2

Hm(ri)ψ1(r1)ψ2(r2 − d). (46)

Here, d describes the displacement and ψi(ri) and
ψR(R12) denote the ground free harmonic oscillator state
of a single monomer, and of a dimer in the center of mass
degree of freedom, respectively.

In the case of tunneling in the x direction d = alattêx,
we get

fx(r, θ)

=
√

2πAxe
− r2(λ cos θ2+sin θ2)

4a2
ho

×

{
Fx · I0

(
r sin θ

√
a2latt − 4a4hoπ

2/a2latt
2a2ho

)

+ Cxr sin θ · I1
(
alattr sin θ

2a2ho

)
+ I0

(
alattr sin θ

2a2ho

)
×
[
Bx +Gx cos

(
πr cos(θ)

alatt

)
+Dxr

2(λ2 cos θ2 + sin θ2)

]}
(47)

FIG. 6. Comparison of T obtained from harmonic oscillator
bracket approach of Eq. 39 (symbols) to that obtained from
numerical integration according to Eq. 45. The lattice param-
eters are chosen as alatt = 550 nm, s = 5.1 with V0,z = 4V0,xy.

with

Ax =
λ1/4

8a
11/2
ho (2π)3/4

e
− 3a2

latt
8a2

ho

− a2
ho(1+λ)π2

2a2
latt

λ , (48)

Bx = e
a2
ho(1+λ)π2

2a2
latt

λ

×
[
−ℏ25a2latt

2m
+

ℏ212a2ho(2 + λ)

2m
+ 8a4ho(2 + λ2)V0

]
,

(49)

Cx =
ℏ28alatt

2m
e

a2
ho(1+λ)π2

2a2
latt

λ , Dx = − Cx

2alatt
, (50)

Fx = −8V0a
4
hoe

a2
hoπ2

2a2
latt

λ , Gx = −8V0a
4
hoλ

2e
a2
hoπ2

2a2
latt . (51)

Figure 6 shows that the values of T obtained from the
two approaches are in good agreement. Near β = −π/2,
however, small numerical deviations cause the results ob-
tained from Eq. 39 in the previous section to exhibit
a slight asymmetry. In contrast, the approach intro-
duced in this section provides improved numerical per-
formance and yields results that are more symmetric
about β = −π/2. Although extending this formalism
to the three-monomer case required for evaluating T ′ is
not straightforward, the present calculations provide an
important benchmark for validating the more general nu-
merical method presented in the previous section.
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FIG. 7. Comparison of dimer-dimer and dimer-monomer to
monomer-monomer interactions when rotating the microwave
field frame (α = π/4, β, γ = −π/4) relative to the lattice
frame. In all cases nearest-neighbor (x, y) and diagonal next-
nearest-neighbor (x± y) interactions are considered.

Dimer-monomer and dimer-dimer off-site
interactions under rotation

We find that the dimer–monomer and dimer–dimer
off-site interactions, V σ

DM and V σ
DD, display essentially

the same dependence on the rotation angle β as the
monomer–monomer interaction V σ

MM for all displace-
ment configurations σ = x, y, and x± y, as illustrated in
Fig. 7. After scaling by the number of off-site monomer
pairs, i.e., 2 for V σ

DM and 4 for V σ
DD, the resulting quan-

tities V σ
DM/2 and V σ

DD/4 closely match V σ
MM over the

entire range of β. Discernible deviations occur only for
the σ = x and y configurations when β < −0.8π or
β > −0.2π.
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[98] G. Kamuntavičius, R. Kalinauskas, B. Barrett, S. Mick-
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