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We present a universal framework to harness fermionic ultracold atom platforms for quantum
simulation, showing how variational algorithms on existing hardware can simulate many-body sys-
tems well beyond the hardware’s native Hamiltonian. Our analysis provides evidence that one can
quantum simulate the ground-state properties of a broad class of gapless target Hamiltonians of lo-
cal observables in a quantum evolution time that grows polynomially with the inverse relative error,
T ~ O(poly(1/¢€)) up to logarithmic corrections, offering an exponential speedup over naive classical
algorithms such as exact diagonalization. We provide numerical evidence and theoretical argument
that this holds for energy density, density-density, and spin-spin correlations in three qualitatively
distinct models — the repulsive Hubbard model; a Hubbard model augmented with nearest-neighbor
attractive interactions, which introduces the phenomenon of pairing; and the Hofstadter-Hubbard
model, which introduces a gauge field and fractional quantum Hall physics. This work demonstrates
quantum simulation using current fermionic platforms far beyond the models natively implemented

in the hardware.

I. INTRODUCTION

Programmable quantum simulators that realize mod-
els of quantum systems with highly controllable quantum
matter [1, 2] have emerged as a powerful complement to
classical computational methods, which generally suffer
exponential cost with system size or uncontrolled approx-
imations. Ultracold fermions in optical lattices [1, 3—
12], especially quantum gas microscopes [13, 14], tunnel-
coupled optical tweezer arrays [7, 15-22], and the combi-
nation of lattices and tweezers [23-26] have become flex-
ible analog quantum simulation platforms that natively
realize the Fermi-Hubbard model (FHM) [27, 28]. These
experiments are of broad interest because the FHM is
a minimal model, yet which has resisted solution, that
captures the essential interplay of interactions and ki-
netic energy, one of the most important ingredients of
the electronic structure problem at the center of quan-
tum chemistry and condensed matter physics [3, 29-35].

While analog neutral-atom simulators have had nu-
merous successes, their potential to address a broader
range of fermionic many-body systems remains in its in-
fancy. Many protocols to extend the range of native
Hamiltonians that can be experimentally realized have
been proposed, such as using Rydberg-dressed atoms for
long-range interactions [36-38] or Floquet techniques for
synthetic gauge fields [39-43], but their reach extends to
just a few select families of models. Recent proposals and
experimental demonstrations have described how to add
ingredients to fermionic quantum simulation platforms
to make them digital and fully universal. For example
Ref. [44] proposes to supplement the fermionic Hamilto-
nian with Rydberg gates to access the universal Bravyi-
Kitaev gate set [45], and experiments have demonstrated
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both spin- and pair-exchange gates with 99.75% fidelity
using double-well optical superlattices [46]. The exciting
benefits of these gate-based architectures come at the
cost of significant additional experimental developments,
and impose strong requirements on hardware fidelity and
algorithm efficiency for implementation.

A promising approach to increase the flexibility of
quantum simulators while retaining the simplicity and
efficiency of analog fermionic quantum hardware is
to use variational quantum eigensolver (VQE) tech-
niques [7, 47-55]. This method can create ground states
of non-native Hamiltonians by relying on the variational
principle, and generalizes to the preparation of finite-
temperature states and quantum dynamics [50, 52]. The
VQE is a hybrid quantum-classical algorithm that itera-
tively uses an analog quantum simulator to prepare pa-
rameterized quantum states, and optimizes its parame-
ters by a classical algorithm whose input is observables
experimentally measured in the prepared quantum state.
The set of observables measured forms a basis for Hamil-
tonians that can be studied by the VQE method, and
since the set of these is much larger than those appearing
in the native interaction terms of the analog hardware,
this allows quantum simulations to access the physics
of models that cannot be realized natively. Despite the
increased flexibility and the intuitive potential of being
able to prepare classically-hard-to-simulate variational
quantum states, we still lack a clear demonstration that
fermionic VQE quantum simulators can be more effi-
cient than classical algorithms in a strong and precise
sense, such as scaling with system size or desired ac-
curacy. Ref. [56] proposes VQE using the aforemen-
tioned approach of augmenting fermions with Rydberg
gates [44] to find the ground state of a spinless FHM
with density-density interaction between nearest neigh-
bors. Refs. [57] and [58] propose and demonstrate the
capabilities of fermionic gate-based circuit designs with-
out relying on Rydberg interactions, the former focusing
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FIG. 1. Programmable fermionic quantum simulator framework. (a) Experimental implementation of the fermionic quantum
simulator. Neutral atoms are trapped in an optical superlattice or tweezer array, whose effective dynamics are described by
the FHM. The superlattice depth tunes staggered tunnelings, the atom-atom interaction provides an on-site repulsion, and

lattice parameters —

or, for more flexibility, site-resolved tweezers — control the on-site potentials. (b) The feedback loop of the

variational quantum eigensolver (VQE). The quantum device measures terms of a potentially non-native target Hamiltonian
after executing parameterized Hubbard evolution and feeds the results to a classical computer, where an optimizer uses this
data to propose updated parameters for the next round of time evolution. This is iterated to convergence.

on a a gate fabric numerically suggested to be universal,
and the latter on the application of hybrid variational-
adiabatic (HyVA) and variational quantum imaginary
time-evolution (VarQITE) protocols to prepare ground
states. While these digital-analog frameworks are pow-
erful, a systematic understanding of this framework’s ef-
ficiency to reach target accuracies (accounting for finite-
size and variational error) remains an open question.
Additionally, the considered models have not included
cases with qualitatively different physics from either the
FHM or very small molecules, and little attention has
been given to physically important observables beyond
ground-state energy and fidelity, such as other local ob-
servables and correlations.

In this work, we introduce an experiment-friendly
protocol for implementing VQE on fermionic neutral-
atom quantum simulators (fVQE), thereby realizing a
universal framework for fermionic hardware that simu-
lates a broad range of many-body systems beyond those
enabled by the native interactions. Based on exact-
diagonalization simulations of the protocol for systems
with up to 14 particles, we numerically demonstrate that
this approach can efficiently calculate ground-state prop-
erties — energy densities and other local observables — for
finite-range interacting gapless models. We numerically
observe that the total experimental time T grows poly-
nomially with inverse algorithm error 7' ~ O(poly(1/e))
up to logarithmic corrections. This achieves an expo-
nential speedup over classical methods such as exact di-
agonalization (ED) and matrix product states (MPS)
in dimensions greater than 1. Rather remarkably, the
fVQE seems to offer a polynomial advantage over classi-
cal MPS methods even in one dimension. We note that
the number of variational parameters for a given circuit
depth does not grow with the system size. We benchmark
our approach across three physically significant models,
with distinct and sometimes exotic physics: the repul-
sive FHM, the extended FHM (EFHM) with nearest-
neighbor attraction, and the Hofstadter-Hubbard model
(HHM, in the hard-core boson limit for tractability of

the simulations). These not only have distinct Hamil-
tonians, but each feature qualitatively different physics:
the EFHM introduces pair formation and the HHM fea-
tures fractional quantum Hall physics. We demonstrate
the effectiveness of the approach for observables beyond
the energy, including two-point and string correlations.
Finally, we provide a theoretical understanding of the
observed numerical convergence, tying it to locality and
finite-size scaling,and we compare evolution-time scaling
to classical baselines under explicit assumptions about
the dominant error sources.

The rest of the paper is organized as follows. Sec. 11
outlines the proposed fermionic quantum simulation ex-
perimental platform and major VQE steps to realize our
protocol. Sec. III introduces the fVQE ansatz design
and demonstrates the rapid convergence of the energy
by numerical simulation of three representative models:
the FHM in Sec. III A, the EFHM with nearest-neighbor
attraction in Sec. IIIB, and the HHM with a uniform
gauge flux in Sec. IITC. Sec. IV moves beyond energies
to evaluate various correlation functions, showing that
the VQE final states capture the essential physical sig-
natures of each target state: magnetism in the FHM,
binding of pairs in the EFHM, and edge currents and
string-correlations characteristic of fractional quantum
Hall physics in the HHM. In Sec. V, we consider the
methods’ computational complexity, arguing that our re-
sults suggest the VQE yields a speedup, exponential in
the targeted accuracy of local observables, over classi-
cal algorithms such as ED and MPS, and understands
this via analytic considerations. Finally, Sec. VI summa-
rizes the main findings, discusses practical considerations
for near-term implementations, and outlines future direc-
tions.

II. FRAMEWORK

We begin by introducing the fVQE framework, de-
scribing both the required experimental hardware and
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FIG. 2. VQE relative energy error e¢g as a function of total evolution time T for various system sizes L for the (a) even-L
FHM, (b) odd-L FHM, (c) even-L EFHM, and (d) L, = 5 square lattice bosonic HHM. The total evolution time T is defined
in App. D. Note the plot axes are logarithmic and square-root scales, so straight lines indicate Ae™" VT behavior of € for some
constants A, B. The upper-left and lower-right cartoons show the initial states and the target final states, respectively. The
insets show the total simulation error € (variational error plus finite-size error) evaluated at the optimal VQE time T (star
markers, defined in Sec. V) together with the exact-diagonalization (ED) scaling € ~ 1/ log?’ P T (gray dashed curve), with T’
the classical computation time. The ED computation time is exponentially longer in the target accuracy e than the optimal

VQE time T™.

the hybrid digital-analog VQE algorithm. We envision
hardware as shown in Fig. la, a quantum gas microscope
with a two-site periodic optical superlattice obtained by
interfering laser beams with a 2 : 1 wavelength ratio.
This suffices for nearly all results in the paper, but fur-
ther flexibility can be provided by superimposed optical
tweezers to extend the programmability of site-resolved
potential energies, or even further by realizing the lattice
with programmable tunnel-coupled optical tweezer ar-
rays [19, 35, 59]. One then uses the hardware to perform
a series of time evolutions of spinful fermionic atoms,
each of which is governed by the dynamics of the FHM,

HOY = S (18] e, , +he.)
(i)o

+utm Z 4N — Z ,uz(-m)ni (1)
i i

with ¢; , (CZU) fermionic annihilation (creation) opera-
tors on lattice site ¢ and spin flavor o, n;, = cg)aci)a,
and n; = n; 4 + n;, and Z<ij> runs over all nearest-
neighbor edges of the square lattice. Other lattice geome-
tries could be used, but we focus(or; the square lattice for
m
ij

simplicity. The tunneling rates ¢.. "’ follow a strong-weak

Su-Schrieffer-Heeger (SSH) modulation in the x direc-
tion and are uniform in the y-direction, and can be arbi-
trarily set at each evolution step m. The native on-site
Hubbard interaction denoted by Uy is not treated as a
layer-dependent variational control parameter. Instead,
we use U™ = U, as the energy (or angular-frequency
by setting i = 1) scale, so the optimized parameters
are the dimensionless quantities tg;n) /U, ugm)/ Uy, and
T [,. Keeping constant U avoids layer-by-layer tuning
of the atom-atom interaction, which can be challenging
on the required experiment time scales. While the site-

resolved potential u(m)

,  is in principle arbitrarily tunable
with tweezer beams, in this work we utilize only param-
eterizations whose number of parameters per layer are
L-independent — in some schemes requiring ,ul(.m) imple-
mentable with only the superlattice itself — making the
experiment implementation and optimization of the vari-
ational ansatz easier and more scalable.

The hybrid classical-quantum digital-analog VQE tog-
gles between quantum dynamics and classical optimiza-
tion, as shown in Fig. 1b. To create the ground state of
the target Hamiltonian Hrp, it iterates through the fol-

lowing steps:



1. State Preparation: Initialize a high-fidelity prod-
uct state |¢g). Choices of |1)g) are straightforward
and discussed later in the main text and App. A.

Apply time-sliced
_iH(m)p(m)

2. Parameterized Evolution:
dynamics UVQE = HZ’Zl (setting
h = 1 throughout) generated by N; parameter-
iz?d)H(m)’s defined in Eq. (1) with time parameter
Tm),

3. Energy Measurement: Estimate (Hp) =
>, (h;) by measuring all local terms (h;) on the
final state |¢p) = UVQE [y)).

4. Classical Optimization: Update parameters to
minimize (Hp) and repeat the whole loop until con-
vergence.

This algorithm is highly flexible and independent of the
specific quantum hardware and the classical optimization
method [60]. The target Hamiltonian Hp can be either
native as H(™) or non-native, i.e. containing terms h;
that are not directly implemented on the quantum hard-
ware. Rather, any Hp whose all terms h; can be mea-
sured on the quantum device can be simulated, because
the value (Hp) = >, (h;) is available to the classical op-
timizer. This enables the study of a wide range of Hamil-
tonians that are not natively available in analog quantum
simulators. In App. F, we discuss the full range of Hamil-
tonians that can be simulated and the measuring tech-
niques. In this work for simplicity, we use the gradient-
based Sequential Least Squares Programming (SLSQP)
method for classical optimization [61], with techniques
introduced in App. C that accelerate optimization and
analysis of convergence.

III. ANSATZ DESIGNS & ENERGY
CONVERGENCE

We demonstrate this fVQE’s versatility and efficiency
by adapting and using it to find ground states of various
target Hamiltonians Hp on lattices with open boundary
conditions, simulating the protocol on a classical com-
puter. Fig. 2 summarizes results for three representative
models. A key quantity is the VQE error in the energy
density relative to the exact finite-size ground state en-
ergy density FEy,
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where E, denotes the thermodynamic-limit energy den-
sity (estimated by finite-size extrapolation of Ey(L) to
1/LP — 0, where p is obtained by fitting Ey(L)). We
observe that as the total evolution time 7' = Y T(™)
is increased (see App. D for the dimensionless form of
T used in each model), eg decreases exponentially with

4

VT. Importantly, €q is not the only source of algorith-
mic error: there is also a finite-size error
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The full relative error of the finite-size, finite-layer VQE
to the true thermodynamic limit result is

| e
Esx
by the triangle inequality.

As analyzed in Sec. V, for each desired accuracy e,
there is an “optimal T*” such that eg(T™) = er(Nj).
Using much larger 7" would improve e negligibly since
the error would be dominated by finite-size effects, while
using much smaller T would not take advantage of the
rapid fVQE convergence. This choice of T ensures a
rapid convergence with target error, shown in Fig. 2,
at least as rapidly as a power law with increasing T
there. This scaling emphasizes the quantum hardware’s
exponential advantage over classical methods like ED,
which have an error scaling as e ~ 1/log?”’ P T for D-
dimensional gapless systems for p a constant, as we will
show and discuss in Sec. V. Two of the models shown
(EFHM, HHM) are non-native to the hardware, with
each introducing qualitatively new physics not present
in the native Hamiltonian.

A. Fermi-Hubbard model

We first study the simple case where the target Hamil-
tonian Hyp is the uniform on-site-repulsive FHM, the
same the hardware realizes natively,

Hpyg = —t Z (cjﬂcj,a + h.c.) + UZ“LT”Z',M (5)
(i7) i

We consider t = 0.2U at half-filling in a one-dimensional
(1ID) chain. Its thermodynamic-limit ground state is a
Mott insulator with a vanishing spin gap [62].

Our ansatz initial state is arrays of dimers, each in
a one-particle-per-site SU(2) singlet, which then evolves
under piecewise time-dependent two-site unit cell SSH

tunnelings tgm) and tém). This ansatz has 3N; param-
eters, independent of L. This initial state can be pre-
pared with high fidelity by several methods: in App. A,
we briefly propose one preparation method starting from
a band insulator state, a low-entropy state that the ex-
periment can prepare with > 99% fidelity [12].

This choice follows principles that guide the design of
ansatzes for each of our target Hamiltonians, and can be
applied generally. First, our initial state should have the
same symmetry as the desired final state. Here, this is
an SU(2) symmetry. This is crucial, since we included
no magnetic field terms to change the SU(2) quantum
numbers and local magnetic field terms are difficult to



engineer. We note that convenient SU(2)-symmetric ini-
tial states in the correct particle number sector required
breaking the translation symmetry. However, this causes
no issue because spatially varying tunnelings during the
time evolution can create states that restore the transla-
tion invariance if beneficial to the VQE energy. There-
fore, we choose the simplest product states compatible
with the SU(2) symmetry [63].

To use this ansatz, in addition to implementing the
Hamiltonian dynamics, experiments must be able to mea-
sure (Hpy). This can be done by measuring each term in
the Hamiltonian individually. Here these are the on-site
density correlations (n;4+n; |), which follow immediately
from quantum gas microscopy, and the nearest-neighbor
coherence <CI,ng7g>7 which can be measured by isolating
pairs of adjacent wells using the superlattice and mea-
suring the amplitude of tunneling oscillations [64, 65], as
discussed in App. F.

Fig. 2a and b show the exponential decay of the VQE
relative energy error e with VT for the even-L and odd-
L FHM, respectively. It further shows the power law (or
faster) convergence of the total (VQE plus finite-size)
error € of both models for an appropriately chosen time
T* [66]. This error decay is exponentially faster than
the classical € ~ 1/log? T scaling (see Sec. V). In real
experiments, € ~ 1% would require a total evolution time
T ~ 15/U ~ 3/t, which is 2ms for tunneling ¢t = 27 x
200Hz (taking h = 1). This evolution time is well below
the coherence time, which is usually longer than 100ms
for optical lattices [10, 12].

We also observe that for L = 3 and 4, the VQE energy
error decreases much faster than exponentially in /7,
reaching machine precision after only a few layers. We
interpret this as a small-system over-parameterization ef-
fect: in such small Hilbert spaces, the ansatz has suffi-
ciently many continuously tunable parameters that at
low depth any state in the Hilbert space can be repre-
sented exactly — note that the depth grows exponentially
in Ng. Similar behavior has been observed in previous
ansatz constructions and described as “numerical univer-
sality” [67]. As we will see, the same small-L behavior
appears in all three examples for our ansatzes.

B. Extended Fermi-Hubbard model
(nearest-neighbor attractions)

With our framework’s success in simulating the ana-
log simulator’s native Hamiltonian, we now study its ap-
plication to non-native Hamiltonians. First, we apply
our framework to Hy being an extended Fermi-Hubbard
model (EFHM) in the itinerant regime. This is the FHM
of a 1D chain at half-filling, augmented with a nearest-

neighbor attraction,

Hgpum = — 1 Z (czdcjya + h.c.)
(ig)

+U Z g4, — Vv Z nin; (6)
i (i)

with t = U =V > 0. Its thermodynamic-limit ground
state features unconventional triplet-pairing [68] with a
spin gap (the one-dimensional analog of a spin-triplet
superconductor), in stark contrast with the original FHM
ground state.

It is challenging for neutral-atom analog quantum sim-
ulations to simulate this model due to its unusual combi-
nation of on-site repulsion and nearest-neighbor attrac-
tion. Our fVQE framework, however, is able to simu-
late the target ground state without needing to natively
realize such interactions. Our framework evolves the
state under the native time-dependent FHM Hamiltonian
while minimizing the variational energy determined by
summing the measured expectation values of the EFHM
terms. The kinetic energy and on-site interactions are
measured as they were for the usual FHM discussed in
the last subsection, while the nearest-neighbor interac-
tion is obtained by measuring density-density correla-
tions (n;n;41), which are measured directly in a quantum
gas microscope.

Following the same guiding principle as in the FHM
case, we design our EFHM’s ansatz starting from an ini-
tial state that respects the symmetry of our target Hamil-
tonian, again choosing the one-particle-per-site SU(2)
singlet product state. We also use the same staggered
tunnelings as in the FHM scenario. However, we now
allow spatially varying on-site potential, expanded in the
lowest 2 reflection-symmetric, long-wavelength modes,

i = [LF,r COS (QW(Z_D> ; (7)

L—-1
r=1,2

with ¢ = 1,..., L the site indices, to capture the spa-
tial redistribution that arises from the attractive density-
density interaction. Intuitively, the 7 = 1 component pe-
nalizes particle occupation near the open boundary sites.
This encourages particles to cluster in the lattice center,
which is energetically favored by the attractive interac-
tion. The r = 2 component then supplies finer control to
the density distribution.

Fig. 2c demonstrates the relative energy error’s rapid
decay and weak dependence of L. This highlights our
framework’s potential for non-native quantum simula-
tion.

C. Hubbard model with a gauge field
(Hofstadter-Hubbard model)

Now we show that our framework extends straightfor-
wardly to a higher-dimensional system, with qualitatively



new terms in the Hamiltonian and exotic new physics,
namely the HHM on a two-dimensional (2D) number of
sites Ny = L, x L, square lattice with a gauge field,

Hpp = _tz (eicﬁia‘ajaj + h.c.) + UZni(ni -1), (8)
(i4) i

with N, = Sivr‘ft particles and a flux ¢ = 27/4 through
each of the Ng = (L, — 1) x (L, — 1) square plaquettes.
Its thermodynamic-limit ground state is expected to be
the 1/m fractional quantum Hall (FQH) state [43, 69—
75] (also see App. H for evidence). Given the classical
computing constraints, we focus on the hardcore boson
version of this model, replacing fermionic operators with
bosonic ones and setting U — oo; this allows m = 2 to
realize FQH behavior (instead of the m > 3 required by
fermions) and thus requires fewer sites than the fermionic
model. We emphasize that in real experiments, our
framework applies equally to fermions and bosons, and
this choice is made for classical computational simulabil-
ity.

Quantum simulation of this model has been a long-
standing challenge for neutral atom analog quantum sim-
ulators. Existing methods to engineer gauge fields [39-
43, 76, 77) show significant heating in the strongly inter-
acting regime, and have limited ability to spatially vary
the magnetic flux to create more general models. Our
framework circumvents these difficulties by avoiding en-
gineering the gauge field. Instead, it approximates the
target state’s properties by minimizing the variational
energy of its final state evolved by an ansatz without com-
plex tunnelings. As elaborated in App. F, the local gauge
flux can be encoded through the classical post-processing
that obtains the variational energy by multiplying the
measured nearest-neighbor coherence expectation value
(ala;) with the complex phase e,

To achieve the right filling for the m = 2 Laughlin
state, we consider L, x L, = (1 4+ 4ng) x (1 + 2n,) site
lattices (ng, n, integers), resulting in No = 8n,n, pla-
quettes. Accordingly, in our variational ansatz, we use
an initial state that is a product state with one particle
localized at a single site in each 4 x 2 cell, as illustrated in
Fig. A2. For the ansatz’s Hamiltonian, the primary fac-
tor to consider is that the HHM breaks time-reversal sym-
metry. A naive uniform hardcore Bose-Hubbard Hamil-
tonian containing only real-valued tunnelings lacks the
phase structure needed to generate the ground state of
a time-reversal-breaking target Hamiltonian. A non-
uniform on-site potential varying with the layer of the
ansatz (“time-dependent”), however, can create states
with broken time-reversal symmetry. Inspired by the
stroboscopic proposal to implement synthetic gauge fields
in Ref. [73], we introduce a layer-dependent quadrupolar
potential p; = pgw;y;, where ¢ = (x;,y;) is the coordi-
nate vector of the i-th site with the origin defined at the
lattice center. This quadrupolar potential, controlled by
a single parameter g, can be implemented in the ex-
periment in several ways, for example using two pairs

of wide, equal-waist Gaussian laser beams or an SLM
to imprint the desired potential. We also apply a stag-
gered single-parameter potential (—1)%*T¥% g on top of
the quadrupolar potential. Since in the hardcore limit
U — oo, U is no longer a useful reference energy, we
absorb the time parameter into the drive Hamiltonian

parameters tgf')T(m), t;ZL)T(m), t,(/"l)T(m), ug"‘)T(M) and

,u,fgm)T(m), making the ansatz five parameters per layer.
Similar to the results for the models above, Fig. 2d
shows the variational energy error’s exponential decay
with /T [78] for every system size N, and depends
weakly on L,. This shows that our quadrupolar poten-
tial ansatz can efficiently generate time-reversal symme-
try broken states arising from models with gauge fields.

IV. CORRELATIONS

The previous section demonstrated the efficiency and
expressiveness of the fVQE through the convergence of
the energy. While this is commonly used to characterize
VQE convergence to the ground state, it does not directly
characterize other physically important observables, such
as spin correlations, particle number densities, or local
order parameters. Although it is difficult to establish
scalings as cleanly as for the case of the energy, here we
show that such local observables of VQE final states in
all three models converge rapidly, similar to the energy,
and obtain the correct qualitative structure.

We start with the charge and spin correlations of the
FHM. As mentioned in Sec. III, in the thermodynamic
limit the FHM’s ground state has a finite charge gap
but a vanishing spin gap, so the density-density corre-
lations Cy,(r) = (n;niyr) — (n;) (ni4,) decay exponen-
tially and the absolute values of spin-spin correlations
|Cs=(r)| = | (S7S7,,)| decay as a power law with sepa-
ration r, where S7 = (n; + — n;,)/2. These observables
are directly measurable in quantum gas microscope or
tweezer experiments. Figs. 3a and b show the L = 14
FHM’s VQE final state and confirm that C,(r) and
|Cs=(r)| match the true ground state behaviors. Here,
we set ¢ = L/2 (the center site) to reduce the bound-
ary effects. Significant quantitative improvement from
N; = 3 to N; = 10 (corresponding to increasing T') can
be seen as well. Generally, the range of correlations cap-
tured by the VQE increases with increasing 7.

In contrast to the FHM ground state, the EFHM
ground state in the thermodynamic limit is gapped in
the spin sector but remains gapless in the charge sec-
tor. Figs. 3c and d illustrate how C, and Cg- ap-
proach their expected decay laws as we increase IV; from
3 to 10. We also consider the triplet pairing correla-
tion Cp(r) = <ATT,1‘AT,¢ +r) and singlet pairing correla-
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FIG. 3. Correlations as a function of separation r for N; = 3
and N; = 10 VQE final states (solid markers) and ED re-
sults (open gray markers). For the L = 14 half-filled FHM,
the (a) density-density and (b) absolute spin-spin correlations
show that the N; = 10 VQE captures the expected exponen-
tial and power-law decay, respectively, reflecting the FHM
ground state’s finite charge gap and the vanishing spin gap.
Similarly, for the L = 14 EFHM, the (c) density-density and
(d) absolute spin-spin correlations show that N; = 10 VQE
captures the expected behavior of the EFHM ground state,
with gapless charge and gapped spin sectors. (e) Finally, for
the L = 14 EFHM, the N; = 10 VQE reproduces the dom-
inance of triplet over singlet pairing correlations at large r.
The splitting between the triplet and singlet pairing corre-
lations is a qualitatively new effect of the attractive interac-
tions, as shown by contrast with the ED results for the V =0,
t = |U| FHM ground state.

tion Cg(r) = <ATS,iAS,i+T>7 where

1

ATT,i = E(C%CLW - CZT+1,TCI,¢)’ 9)
1

AL, = E(CI,TCLM +elacly)- (10)

To measure the pairing correlations in the experiment, in
App. I we propose a strategy that uses local two-site ba-
sis rotations similar to the basis rotation protocol used for
measuring the two-site coherence (c:»r’gcjﬁ), which could
be combined with atom shuttling by optical tweezers to
measure longer-range correlations. In the true ground
state, the triplet pairing dominates, which Fig. 3e shows
is reproduced by the fVQE. This is in notable contrast to
the initial singlet product state — which has nonzero sin-
glet pairing only at » = 0, and a vanishing triplet pairing
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FIG. 4. The particle current of an Ny = L, Xx Ly, = 5 x 7
square lattice for the (a) ground state, (b) N; = 3 VQE final
state, and (c¢) N; = 10 VQE final state. The bond color and
arrow size indicate the current strength, and the vertex radius
is proportional to the local particle density. The reduced bulk
density-density correlations in the same 5 x 7 square lattice
for the (d) ground state, (e) N; = 3 VQE final state, and (f)
N; = 10 VQE final state. (g) The ED, N; = 3, and N; =
10 fVQE results for the Girvin-MacDonald order parameter
CiGjMD and bare two-point correlator Cll-’;”e of the 5 x 7 lattice
as functions of y where 2 = (0, —2) and j = i+(0, y) where the
origin is the lattice center. For all quantities, the VQE final
state reasonably reproduces features of the ED ground state,
with increasing accuracy as the ansatz depth N; (evolution
time T) increases.

everywhere — as well as the V' = 0 FHM ground state,
which has an identical singlet and triplet pairing at large
r [79].

Finally, the HHM ground state displays qualita-
tively new features connected to the targeted Hamil-
tonian’s nontrivial topological order, and the fVQE
framework still captures key observables as illustrated



in Fig. 4. Figs. 4a—c illustrate the particle currents
Jij = i€ (ala;) + h.c., which can be measured by a
method similar to measuring the nearest-neighbor co-
herence detailed in App. F. The key feature observed
is the presence of chiral edge currents. Figs. 4d—f plot
the reduced density-density correlations summing over
site pairs (¢,% + 7) such that either ¢ or 2 + 7 is in the
Npuk = (Lg — 2) x (Ly — 2) bulk sites, defined as in
Ref. [43],

<a1:a1:+ra”’:+7'ai>
(ni) (nigr)
(11)
The chiral edge states and the anti-correlation of parti-
cle positions are qualitatively captured, becoming more
accurate as the ansatz depth N; (hence total evolution
time T') increases.

A particularly non-trivial feature captured by the
fVQE is the non-local string correlations directly char-
acterizing the topological order. For Laughlin liquids,
the relevant correlator is the Girvin-MacDonald (GMD)
order parameter, defined as [75, 80, 81]

N,
C’E’ulk(r) = —F Z
Nbulk(Np - 1) iori+rebulk

C’%MD = ( H eim(wkfwk)nkalfaﬁ ) (12)
k#i,j

Here, ¢;; = arg(z; — z; + i(y; — y;)) is the phase angle
of the complex number representing the spatial vector
(x; —x;,yi—y;). Fig. 4g shows that, at fixed system size,
increasing the ansatz depth N, (and the total evolution
time T') systematically improves the accuracy of both the
non-local GMD string correlation and the bare two-point
correlation C’ijare = (aza ;) in the VQE final state. While
the agreement between the fVQE and exact results is
quantitative only at short distances, the VQE final state
captures that non-trivial GMD correlation that persists
to long-range even as the bare two-point correlation de-
cays rapidly with distance. Moreover the fVQE result
improves as IV; is increased. To measure GMD in exper-
iments, one can combine a double-well basis rotation on
1 and j with site-resolved density readout over the entire
lattice. We propose a detailed scheme in App. F. The
success of VQE in simulating the GMD correlations as-
sociated with topological order further demonstrates that
our framework can faithfully capture the physical prop-
erties of systems whose physics is significantly different
than the native Hamiltonian’s.

V. QUANTUM UNIVERSALITY &
EFFICIENCY

The above results numerically demonstrate that the
fVQE framework can allow experiments to simulate mod-
els beyond the analog system’s native Hamiltonian, and
the fVQE’s total error (VQE plus finite-size) seems to de-
crease exponentially more rapidly with run-time T than
naive classical methods. as we argue in this section, these

numerical observations are well-grounded in our under-
standing of the method. We first establish the univer-
sality of our framework, argue for its expected scaling of
error with system size and experimental time 7' for an
optimized ansatz, and compare this to the corresponding
results for naive classical algorithms.

We begin by considering universality. Despite using
only capabilities that are currently routine in quantum
gas microscope or tweezer experiments, the framework is
universal for particle-number-conserving fermionic quan-
tum computation upon the addition of on-site spin ro-
tations. This follows from Ref. [82] — universality is ob-
tained once one can generate arbitrary passive fermionic
linear-optics transformations (i.e. the evolution of arbi-
trary non-interacting fermionic Hamiltonians) together
with at least one non-quadratic interaction gate in the
relevant particle-number sector [83]. In our case, the
fermionic modes are labeled site and spin indices (i, 0),
and as we argue in App. E, the proposed framework, aug-
mented with single-site spin rotations, can implement ar-
bitrary two-mode tunneling gates using our fVQE ansatz
H(™ defined in Eq. (1) even with a uniform, nonzero
Hubbard U interaction, which suffices to generate the
universal fermionic linear-optics operations. H(")’s Hub-
bard interaction term provides the gate outside of the
linear fermionic optics operations required for universal-
ity. This universality shows in principle that the fVQE
framework can generate ground states of arbitrary non-
native Hamiltonians beyond those natively realized by
the analog quantum simulation capability, in accord with
the results above showing effective simulation of ground
states of the EFHM and HHM.

While universality suffices to show that the fVQE
scheme can create arbitrary ground states, it leaves unan-
swered why the fVQE ansatz does so efficiently in inter-
esting cases, as our numerical results above indicate, and
when this is possible. In particular, we would like to un-
derstand the rapid convergence of the VQE error with
increasing total evolution time 7' and relatively weak de-
pendence on L, especially the associated scalings.

We now argue that the VQE can obtain local observ-
ables with a target accuracy e for the thermodynamic
limit ground states of a broad class of local Hamiltonians,
at a time exponentially faster than naive classical algo-
rithms, such as exact diagonalization (ED). This charac-
terization of error decay in the thermodynamic limit is
similar to Ref. [84].

For many classical algorithms — such as ED — that ob-
tain finite-size quantum ground states, their major error
source is the finite-size error. This error can be esti-
mated. The FHM and EFHM exhibit gapless phases in
the thermodynamic limit. We expect that the finite-size
error of local observables in such gapless phases decays
as a power law ey, ~ L™P [85, 86] with p a model-specific
constant. For the HHM geometry studied here, although
gapped in the bulk, its spatially averaged local observ-
ables, such as the energy density, also exhibit the same
€r, ~ L7P finite-size scaling due to contributions from



critical edge states [87]. Also, because L, is kept fixed
while L, is varied, the total number of HHM lattice sites
Ny = L, L, < L; effectively D = Dg = 1 for the scaling
analysis hereafter.

For ED, the run-time 7" needed to compute the target

ground state scales exponentially 7' ~ d™s ~ dL” where
d is the local Hilbert space dimension. This means that
in a computational time 7" one can solve a system size
L ~ (logT)"/P, and therefore, the ED algorithm error
shows an inverse logarithmic decay with run-time

1 1

— ~ 1
Lr logp/DT (13)

€ =€, ~~

This derives the classical error scaling represented by the
gray dashed curves in the insets of Fig. 2. The constant
p = 1 is estimated using the finite-size extrapolation of
the exact ground state energy densities.

One can similarly try to understand our observed re-
sults for the fVQE. We will show that the qualitative
scaling observed in the fVQE matches what would be
achieved by finding an adiabatic path (that is guaranteed
to exist under mild assumptions), and then evolving this
trajectory using known quantum simulation techniques.
This provides some understanding of the fVQE scaling,
while also showcasing the fVQE’s ability to achieve this
scaling without having to directly find the adiabatic path
or compile the somewhat complex quantum simulation
routines.

One strategy to prepare a target quantum state |1)1) is
to find a gapped trajectory of local Hamiltonians H(s),
s € [0, 1], that connects an easy-to-prepare initial ground
state |¢s—o) to the target ground state |¢1), where |i))
denotes the ground state of H(s). If we denote by

V, = Toexp {—w /O 1 dsH(s)} (14)

the evolution over total adiabatic time 7, where 7T is the
time-ordering operator, then many-body adiabatic theo-
rems imply that, for a local gapped Hamiltonian path,
the error in any local observable is bounded indepen-
dently of the total system size N [88-90]. Additionally,
for a smooth trajectory H(s) whose s-derivatives vanish
to all orders at the endpoints, the error of a local observ-
able A is expected to decay in a stretched-exponential
with 7, consistent with our numerical observations:

ea = | (Yol VIAV, o) — (] Aln) | < CaemerB7,

(15)
where A is the minimum many-body gap along the in-
terpolation, and C'4, ¢; are constants independent of NV,.
In the case of preparing the ground state of critical sys-
tems where the spectral gap closes with L, which are the
models studied in the numerics, we assume that the min-
imum many-body gap along the path is controlled by the
finite-size gap of the target Hamiltonian Ay, (L) ~ L™%,
with z the dynamical critical exponent. We note that our

scaling framework also recovers the results of the gapped
system by setting z = 0 (see App. B).

In the above setting, preparing [¢1) to local-observable
accuracy €4 can be reduced to simulating evolution for
a fictitious time 7 under the local Hamiltonian H(s =
t/7). This is a task for which the quantum simulator
has an exponential advantage over ED-like exact classical
algorithms. The HHKL quantum algorithm simulates
time-7 local quantum dynamics of a size- N, system with
a linear (up to logarithmic factors) number of (spatially
local) two-mode gates

Ngate ~ O(NsTlog(NsT/ES))7 (16)

where €g is the quantum simulation error of the local
observable [91, 92]. As shown in App. E, due to the uni-
versality of our framework, each of such two-mode gates
can be simulated using a sequence of our drive Hamil-
tonians. The number of fVQE layers to compile Ngate
two-mode local gates can then be characterized by the
scaling N; ~ NINgate, where ¢ = 0 if one encodes a sin-
gle gate per finite number of fVQE layers, and ¢ = —1 if
O(Ns) local gates can be executed in parallel per layer.
The ¢ = —1 limit is saturated when each layer of cir-
cuit perfectly simulates O(Ny) local gates in parallel, and
even the most pessimistic estimate gives ¢ > 0. The total
circuit depth is thus

Ny ~ N 7log(N,7/es). (17)

Solving Eq. (15) for the required adiabatic time 7 to
reach local-observable error €4, and then balancing €4 =
€s = €g/2, where €g is the total quantum simulation
error, we obtain, to leading order,

N+l

N~ 2108”7 (1) (18)

In our framework, we set a maximum time T},., for each
layer of circuit (see App. C), so the total evolution time

T < NiTimax depends at worst linearly on N;. Then the
quantum simulation error scales with T' as

cq ~ exp [—cg () ] , (19)

N;1+1

with ¢, an N,-independent constant. Using N, ~ LP,
and A = goL.—*, we obtain the unified leading-order scal-

ing
7 P
€Q ~ exp lcz (Lb> ] , (20)

with b = D(q+ 1)+ z and ¢, another L-independent con-
stant. A more careful asymptotic derivation in App. B
yields the prefactor, which depends only algebraically on
L and T. This prefactor modifies only subleading loga-
rithmic corrections o the asymptotic scalings of the total
error Eq. (23) derived hereafter.



We note that, as discussed in detail in App. B, this
asymptotic theory assumes 7' > L°. Thus, it applies to
the large-T scaling with a fixed finite L or that L scales
no faster than 7'/°. For D = 1, Eq. (20) implies at
fixed L that the error decays as eg ~ e*C‘/T, consistent
with our numerical observation in Fig. 2 via ansatzes (de-
spite using neither explicit smooth trajectory design nor
near-optimal circuit compilation). However, this asymp-
totic bound is inapplicable to study the error convergence
when L — oo at fixed T as this violates the T >> L’ as-
sumption. In App. B, we also show numerically that the
fixed-T' eg converges as L — oo, and that the value it
converges to decreases rapidly with T

The above discussion on quantum algorithm errors for
fixed-L systems does not include the finite-size error €y,
which for a gapless system has the same power-law de-
cay €7, ~ L™P as mentioned for classical algorithms. The
total error of the quantum approach ¢ is the sum of the
quantum simulation error eg(L;T') and the finite-size er-
ror ey, (L) relative to the thermodynamic limit. For each
linear system size L, there is an “optimal evolution time
T*(L)” at which these two contributions are comparable,

eQ(L;T™) = er(L). (21)

When T' < T, the total error is controlled by €g and de-
creases with increasing T. When T > T it is controlled
by €1, so increasing 71" further does not change the leading
scaling of the total error, so one should choose T ~ T*
to avoid spending computational time minimizing a neg-
ligible error. Consequently, for large 7™, solving Eq. (21)
asymptotically using the result Eq. (20) gives

1

T* B
—_— , 22
logDJrl T*) (22)

L(T*) ~ (
up to subleading logarithmic corrections from the prefac-
tor in Eq. (B13). (As shown in detail in App. B, Eq. (20)
is valid in the required regime.) Substituting the opti-
mal size L(T*) back into ¢, ~ L™P (equivalently, into
the balanced error eg ~ €r), we obtain the total error
scaling up to a logarithmic factor,

(1) = eq e~ (T7)7F (23)
This concludes the claim we made that the quantum evo-
lution time to simulate ground state local observables at
the thermodynamic limit grows polynomially with the
inverse relative error T' ~ O(poly(1/¢)) up to logarith-
mic corrections. It further shows that, to converge to
accuracy €, the quantum evolution time is exponentially
shorter than that of classical exact diagonalization given
by Eq. (13).

The above theoretical framework is based on the as-
sumption of a power-law finite-size error €;. This ap-
plies to the critical systems we numerically demonstrate
in this work (the HHM is critical on the edge). In a fully
gapped, locally interacting quantum system with finite-
dimensional on-site Hilbert space, the finite-size error of
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a bulk local observable decays exponentially with its dis-
tance to the boundary, typically at the scale of the system
size, €7, ~ e~ L/ [93], where Ly is the correlation length.
In this case, a similar analysis to that in App. B shows
that VQE still has an exponential efficiency advantage
over ED.

The theoretical framework presented here is not in-
tended to prove a worst-case complexity theorem for
our VQE runs. Rather, it shows that the observed
rapid convergence is consistent with locality-based state-
preparation scalings established from near-optimal quan-
tum simulation of adiabatic preparation. Notably, in
this sense, the numerically observed VQE performance
behaves as if the fVQE dynamics were saturating these
highly favorable bounds, despite using a much more
straightforward, experiment-friendly ansatz and without
explicitly constructing such optimized protocols. This
convergence of theory and numerics provides strong ev-
idence for VQE’s utility for scalable, robust quantum
state preparation.

In addition to the exponentially shorter computation
time, the quantum simulation also requires exponentially
fewer spatial resources than classical algorithms. Similar
to what we show for the computation time 7', the quan-
tum algorithm’s “space complexity” (M, the quantum
system size M = Nj) is related to the finite-size error by

e ~L7P ~ M7P/P, (24)

This is, again, an exponential advantage over the clas-
sical ED-like algorithms, whose spatial resource to com-
pute size-L system grows exponentially as M ~ dLD, and
thus its error decay with classical memory M is another
inverse logarithm e ~ 1/log?’? M.

While the above claims about quantum advantage are
based on comparisons to ED — relevant as a broadly-
used, generally applicable classical algorithm with well-
understood asymptotic scalings — they also imply, some-
what surprisingly, that our framework is even competi-
tive with tensor network algorithms in 1D systems, where
the latter are extremely efficient. In 1D, tensor network
algorithms like MPS are significantly more efficient than
ED even for gapless systems. The MPS algorithm has
a time complexity T ~ Lx? for each sweep with y its
maximal bond dimension. For ground states of critical
systems, the entanglement entropy Sg grows with sys-
tem size at most logarithmically, so MPS can represent
the state with bond dimension growing only polynomi-
ally in L [94, 95]. As is shown in App. B, to resolve a
spatially averaged local observable whose finite-size error
scales as €;, ~ L™P, the required bond dimension scales
as y ~ LP/(?%) which then gives

T ~ LX3 ~ L 3% (25)
and hence

¢ ~ T~ T30/ (26)



with k a model-specific constant, a scaling similar to the
VQE error. Fig. B2 numerically confirms this similar or
even faster reduction of fVQE error with time compared
to MPS across all three models, showing our quantum
framework is competitive with tensor network algorithms
even in their most efficient regime. fVQE’s efficiency
over MPS also holds for simulating local observables in
the gapped bulk system, as we summarize in App. B.
For MPS representations of D > 1-dimensional systems,
the favorable 1D scaling of the MPS is lost, since the
bond dimension needed to capture area-law quantum en-
tanglement y ~ dL”™" suffers from exponential growth
with the transverse width of the system. Hence, the in-
verse logarithmic error scaling € ~ m applies.
This inverse-log scaling also applies to space complexity,
simply by replacing the run-time 7" with the memory re-
source M. Because the VQE algorithm’s time and spatial
complexity depend much more mildly on spatial dimen-
sions, while the MPS-like tensor network algorithm is
significantly harder in such scenarios, our framework is
expected to have a significant quantum advantage over
MPS-based methods in higher dimensions.

VI. SUMMARY & DISCUSSION: CLASSICAL
OPTIMIZATION AND CURRENT
EXPERIMENTAL OUTLOOK

We have proposed an experiment-friendly framework
implementing VQE on fermionic neutral-atom quantum
simulators, showing they are already a potent tool in
systems such as quantum gas microscopes. The fVQE
framework’s universality enables it to simulate quantum
many-body systems beyond its hardware’s native inter-
actions, and we presented evidence that the algorithm
is efficient for simulating the ground-state properties of
many locally interacting models. We present the ansatz
designs for near-term experiments to simulate three phys-
ically important models. Through classical numerical
simulations of the quantum platform, we also show that
our designs achieve an exponential speedup over classical
methods such as ED. Our ansatz families use a number
of parameters per layer that is independent of the linear
system size L to benefit the classical optimization. In
the end, we present theoretical arguments on our frame-
work’s versatility, scalability, and efficiency.

The presented fVQE framework is implementable in
current experiments. Unlike gate-based quantum circuit
designs, local control is unnecessary for many models,
or minimal (slowly spatially varying on-site potentials)
for the HHM. Moreover, following the principles out-
lined in Sec. III for our ansatz design, our framework’s
L-independent parameterization requires minimal prior
knowledge of the target Hamiltonian, yet maintains its
efficiency. In Sec. V, it was seen that the fVQE matches
the scaling of a quantum simulation algorithm based on
smooth, regularized, and optimized adiabatic trajecto-
ries with dynamics implemented to circumvent Trotter
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error, requiring complicated quantum circuits such as lin-
ear combinations of unitaries (LCU) [92]. The presented
VQE framework, on the other hand, is free from such
complicated circuit designs. We also note that it could
be applied — in addition to the fermionic architecture —
to qubit or boson-based architectures.

For the concrete fVQE protocols demonstrated in this
work, we use only native Hubbard dynamics together
with experimentally accessible controls of tunneling pat-
terns and on-site potentials. Separately, App. E shows
that, upon augmenting these controls with local spin ro-
tations, the platform can synthesize a universal particle-
number-conserving fermionic gate set. This universal-
ity result explains the reach of the method numerically
demonstrated in the main text, and shows the frame-
work is in principle capable of reaching broad ranges of
ground states well-beyond those natively implemented by
the hardware or the specific Hamiltonians explored here.
A rigorous characterization of the expressive power of the
symmetry-restricted ansatz families used here is to be
published in future work [96]. As hardware further de-
velops, the fVQE can naturally accommodate additional
native operations that arise.

We close our discussion with a brief analysis of two
important issues: the expected capabilities of the fVQE
algorithm executed on existing and future hardware (and
the contrast with more standard qubit-based hardware),
and the cost of classical optimization. We find that exist-
ing hardware can already study interesting physics, and
may already be capable of treating some classically chal-
lenging questions, including the cost of classical optimiza-
tion and accounting for experimental fidelities.

Existing experiments are capable of running the pro-
posed fVQE algorithms to obtain high-quality ground-
state expectation values, with accuracy that may already
achieve quantum advantage over classical simulations in
some cases. To see this, we consider a crude estimate of
the requirements for current experiments that can sim-
ulate local observables in a 2D lattice with a roughly
2 — 3% target accuracy, including all errors — fVQE, op-
timization, and finite-size error. This level is classically
challenging for many Hubbard-like problems [97].

To estimate operation fidelities, we note a recent ex-
periment has realized double-well fermionic collisional en-
tangling gates of gate time 7, = 0.257/J with a fidelity as
high as 99.75% [46], where J ~ t is the superexchange en-
ergy. To reach a 1% VQE algorithm error, the total gate
time is on the order of T' = 107 /U = 2 /t, if we assume
the VQE error remains similar in 2D lattices as is sug-
gested by the theory scaling analysis. This suggests that
the experimental time evolution would introduce ~ 2%
error. The error from the measurement shot noise can
also be controlled to the same 1% level by repeating suf-
ficiently many experimental shots. In App. G, we esti-
mate that the total run-time, including all in-loop opti-
mization using the most naive optimization algorithms,
would be around 8000 experimental shots and 20 hours,
in a quantum gas microscope.



This estimate shows the current potential of the fVQE.
Furthermore, rapid progress on multiple fronts is likely to
allow more accurate calculations in shorter times: higher
operation fidelities, shorter one-shot experimental cycle
times such as that achievable with tunnel-coupled tweez-
ers, error mitigation techniques, and more advanced op-
timization strategies. As these improvements push fVQE
toward smaller target errors, it becomes important to ac-
count for overheads beyond the quantum evolution time.
In App. C and App. G, we analyze the optimization
and measurement overheads, respectively, and argue that
both add only polynomial factors, thereby preserving the
main polynomial-in-1/e scaling conclusion.

Finally, it is useful to compare the capabilities of the
fVQE to similar quantum algorithms implemented on a
traditional qubit-based quantum computer. There are a
few distinctions. First, the fermionic hardware such as
quantum gas microscopes already operate with a thou-
sand or more atoms, and have demonstrated the ability
to create rich many-body equilibrium states of Hamilto-
nians already in a beyond-classically-regime that could
be used as initial states in a fVQE scheme. Second,
they avoid the overhead of mapping fermions to qubits,
although this does not change the expected scalings of
fVQE error. Fermion-to-qubit mappings, such as Jordan-
Wigner and ancilla-free Bravyi-Kitaev transformations,
require non-local Pauli strings to encode fermionic statis-
tics [45, 98]. Topological compact encodings for local
fermionic operators proposed [45, 99-103] and experi-
mentally demonstrated on highly reconfigurable quan-
tum architectures [104-106] require ancilla qubits and
at least seven two-qubit entangling gates to implement
even the simplest fermionic exchange operations, effec-
tively increasing the error rate per fermionic operation
seven-fold over a native implementation. This overhead
is larger for spinful models such as the FHM and EFHM,
or for complicated interaction terms [106]. The topologi-
cal encodings also require preparing long-range-entangled
stabilizer initial states, requiring either non-local uni-
tary circuits or mid-circuit measurements [99, 107, 108].
Additionally, the encoded fermion exchange statistics
and particle number could be corrupted by gate noise,
whereas physical fermions have naturally protected ex-
change statistics and lose particles slowly. We note that
fault tolerance can be achieved in fermionic platforms via
recently proposed methods [109, 110]. While this is also
achievable in fermion-to-qubit mapping in conventional
architectures, the fermionic error correction may have an
advantage by avoiding this two-layer procedure [111].
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FIG. Al. A preparation scheme for the one-particle-per-site
SU(2) spin singlet product state. In the experiment setup,
there are two interfering laser beams with a 2 : 1 wavelength
ratio, which we call the long wavelength lattice and the short
wavelength lattice. (a) By forming a band insulator, paired
atoms with balanced spins are loaded into each trap of the
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Appendix A: Preparing initial states

In this section, we present our proposal to prepare the
initial states used in the main text. Our considerations
focus on the experimental accessibility and fidelity of the
states created. For the FHM and the EFHM, we choose
the one-particle-per-site SU(2) singlet product state as
our initial state

|tho) = |singlet) |singlet) . .. |singlet) , (A1)
where
~ L, o
[singlet) = 7 (Cmcm + CRTCu) 0) (A2)

This is a state that can be experimentally realized with
high fidelity by various methods. In our proposed exper-
iment setup, there are two interfering laser beams with
a 2 : 1 wavelength ratio. One straightforward method,
demonstrated in Ref. [112], is first turning on only the
long wavelength lattice, and loading two atoms into each
site of the lattice (Fig. Ala). Then, one adiabatically
ramps up the short-wavelength lattice such that the dou-
blons in the original long-wavelength lattice split into a
singlet across the two wells of the double-well superlattice
(Fig. Alb). Alternatively, as Ref. [46] recently demon-
strated, if one ramps up the short wavelength lattice with
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FIG. A2. The product state of one particle (the red dot in
the inset) localized at a single site in each 4 x 2 cell (colored
blocks in the inset).

a strong magnetic gradient instead, this prepares an |1, )
state, and then one can perform a vSWAP entangling
gate followed by a quarter-cycle singlet-triplet oscillation
using another magnetic field gradient, with a fidelity for
the entangling gate of ~ 99.75%.

Our initial state choice is slightly different for the hard-
core bosonic HHM. To get the right density for the filling
v = 1/m Laughlin state, we need N, = gﬁi particles,
where Ng is the number of plaquettes (i.e., the area).
For ¢ = 2m/4, this implies N, = Ng/8. Therefore, we
consider systems with tiled 8-site unit cells, giving Ny =
Ly x Ly = (14+4ng) x (1+2n,) site lattices (ng,n, € Z),
resulting in Ng = (L, —1) x (L, —1) = 8n,n, plaquettes.
Accordingly, we choose an initial state that is a product
state with one particle localized at a single site in each
4 x 2 cell, as illustrated in Fig. A2. This can be prepared
by selectively tuning on-site potentials at specific sites
during atom loading.

Our initial state choice is different from the strat-
egy used in many qubit-based VQE methods. In VQE
methods such as the unitary coupled-cluster (UCCSD)
ansatzes [48], the initial state in the ansatz to find the
Hamiltonian ground state is usually the Hartree-Fock
product state, which shortens the “distance” to the tar-
get state. The combination of the Hartree-Fock or other
initial state preparation is an interesting direction for fu-
ture study.

Appendix B: Energy error scalings

Sec. V estimates the leading asymptotic scaling of the
VQE error with computational time 7" for critical systems
and compares it with the same scaling for exact diagonal-
ization (ED). In this Appendix, we extend that discus-
sion in three directions. First, we refine the VQE deriva-
tion to include the first subleading contribution from the
logarithmic simulation overhead in Eq. (16), which pro-
duces an algebraic prefactor for € as a function of T'. Sec-
ond, we derive the corresponding leading-order scalings
for gapped systems. Third, we compare the leading-order
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results with the scaling for matrix product state (MPS)
methods for both gapped and critical systems in 1D. The
resulting asymptotic scalings are summarized in Table I.

1. Error scaling of critical systems for VQE
a. Refined asymptotic derivation of the VQE error scaling

The main text gives the leading-order dependence of
the quantum simulation error eg on the total evolution
time T and the system size L. Here we derive the first
subleading correction, an algebraic prefactor in T'(eg),
arising from the HHKL’s logarithmic simulation overhead
in Eq. (16).

Starting from the adiabatic bound at a system size N,
and a large 7

ea < Cperan?, (B1)

we obtain
1
7~ llog(Ca/ea)]”. (B2)

Balancing this with the quantum simulation error arising
from HHKL, €4 = €g, gives a total error eg = 2€4, so
rewriting log(Ca/ea) = log(2C4/eq) and defining

x:=log(l/eq), w:=x+1og(2C,) (B3)

gives

’U}D

1
N NN log(2C4)]" . (B4)
Substituting 7 into the estimate Eq. (17), N; ~
NIt log(NgT/eq), yields

Nat1
Ny~ 2
PYTA

[z + log(2C4)]” log< Ns

Aeq [z + log(2C’A)}D> .

(B5)

Since T oc Nj and N, ~ LP, A ~ L% so that Y ~ LV
with b = D(q + 1) + z, we write

T ~ LY [z + log(2C4)]”
x {x 4+ (D + 2)logL + Dlog[z + log(2C4)]} (B6)
Eq. (B6) gives the relation between eg and T. To
understand it, we expand it in the regimes of interest. For

large-z, i.e. small-¢¢, the binomial expansion of Eq. (B4)
gives

1
T ~ Z [Q?D + DZEDil IOg(ZOA) + .. ] ) (B7)

so Eq. (B6) simplifies to

T
ﬁNxD[x—i—Dlogx—l—(D+z)logL+B—|—---



14

Systems VQE

ED MPS (D = 1)

[ A
Critical T~ Dla+D+z

1 [ A
— T~ T730/2%)
og

Gapped |exp [_CVTW] exp [—CE log!/P T] exp [—CM log®/? T}

TABLE I. Scaling of the algorithm error ¢ with computation time T' for local observables in D-dimensional systems. The
constants cv, g um, D, q, 2, and k are model-dependent parameters defined in Sec. V and in this Appendix.

where B is an L-independent constant. We note that in
the later theory derivation, we balance eg ~ e; which
implies x ~plogL. Defining

T D+1
Eq. (B6) then becomes
yP T = cpaP ™ 4 DaPlogx + B2P + -, (B10)

with ¢p a D-dependent constant.
To invert Eq. (B10) at the large-z limit, we use the
asymptotic ansatz with the unknowns v and v:
x=co(y—ulogy —v+---), (B11)
and we will see that constant u and v suffice to asymp-
totically satisfy Eq. (B10). Substituting this ansatz into
Eq. (B10), the equation is satisfied to leading order (y?+1
terms); solving for u and v to obtain the next two orders
(yP logy and yP terms) gives

T [‘” D+ 1ep Y " D+ e ] '
(B12)
Substituting the definitions of « and y leads to the final
result

T Y T %H
e(T,L)~C (Lb) exp [—CQ <Lb>

where v and C' are independent of T"and L. This formula
is the leading order result for g < 1.

In addition to the z ~ logL limit, one can consider the
fixed-L limit with L < z, as visible at long times limit
in Fig. 2, and a similar asymptotic analysis to the above
leads to an extra L-dependence in the prefactor

N
(1)

where § is also independent of T and L.

T vy
eo(T,L) ~ CLP (Lb> exp , (B14)

b.  Numerically evaluating the fixed-T finite-size scaling of
the VQE energy error

In the last subsection, we carefully derived the
asymptotic VQE energy-error scaling in the 7' > L°

regime, summarized by Eq. (B13). In particular, at
fixed L and large T, this scaling reduces to eg ~
exp [—f(L)TYP+V] | which is consistent with the fixed-
L numerics shown in Fig. 2 of the main text.

However, this asymptotic expression does not apply
to the VQE error eg(L;T) for fixed T when taking the
thermodynamic limit. This is because the assumption
T > L is violated when L — oo for any fixed 7. We note
that this limit is not necessary for obtaining the scaling
advantage discussed in the main text, but is nevertheless
interesting to consider.

To understand the behavior of eg(L — oo; T') with T,
we obtain the L. — oo values by numerically extrapolat-
ing the finite-L eqg at fixed T to L = co. Fig. B1 plots the
eg(L; T) data versus 1/L. The data collapse into straight
lines at the largest L’s, which suggest that they follow a
finite-size scaling

eQ(L;T) = eq(oo; T) + @
The parameters eg(co;T) and A(T) can then be ex-
tracted by the linear fits of data points of the largest
L’s. At each fixed T, the VQE error approaches a finite
intercept eg(c0; T) as 1/L — 0, which decreases as T in-
creases — the error remains finite in the L — oo limit and
increasing 1" reduces the VQE error, even in the thermo-
dynamic limit.

(B15)

2. Error scaling of gapped systems for ED and VQE

We have shown the error scaling of ED and VQE
for critical systems in Sec. V. The same analysis from
Eq. (13) to Eq. (23) can be readily extended to the
gapped systems, with the replacement of the finite-size
error €, ~ L7P with ~ e~%/Lo [93], where Ly is the
correlation length. Applying this change and that L ~
logl/D T for ED, the ED error is

logl/D T

I (B16)

e~ e L/lo o exp [—

For VQE, since the finite-size error is changed and the
gap is present, the quantum simulation error €g can be
derived from Eq. (B6) by assuming  ~ L > 1. This
yields the same result, Eq. (20), with z = 0 and minor
modifications to the prefactor. The optimal size L(T*)
to satisfy Eq. (21) becomes

L(T*) ~ (AT*LP+Y ) paremer | (B17)



a Even L FHM
1.0
0.8 TUp=0
. TUp=0.5
=06 TOp=1
2 TUy=5
S0.4 - Jo =
- TUp=10
0.2 & TUp=20
0.0{
0.0
C Even L EFHM
0.5
0.4 TUp=0
TUo=0.5
—0.3 .
= TUo=1
~ ~
:'?0.2 - TUp=5
-7 TUp=10
0.1 - TUp=20
0.0 o

0.00 0.05 0.10 0.15 0.20 0.25
1/L

15

b 0dd L FHM

1.0

0.8 TUp=0
- TUp=0.5
=06 TUo=1
=) o
S04 O Thy=5

-v— TUp=10

0.2 - TUp=20

0.8 Tfmax=0
— Ttmax = 0.1
~ ~
-;0'6 TEmax = 0.5
~ ~
‘6()4 B % Tfmax =1
w V= Tlnax=5

0.2 © A Ttmax=7.5

0.0 0.1 0.2 0.3
/L,

FIG. B1. VQE energy error €q(L;T) as a function of inverse linear system size 1/L at various fixed quantum evolution times
T for (a) even-L FHM, (b) odd-L FHM, (c) even L EFHM, and (d) L, = 5 square-lattice bosonic HHM. The evolution time

T is defined in App. D. The dashed lines are fixed-T linear fits to eq(L;T) = eq(o0;

T) + A(T)/L, performed on the 4 (3 for

HHM) largest-L data points for each T'. The intercepts at 1/L = 0 estimate the thermodynamic-limit errors eg(oc0; T"), which

are finite and decrease as T is increased.

and the algorithm error for VQE when choosing the op-
timal L for a time T* is

1
AT* Dqt2DT1
€ = €Q + €, ~exp (— <[/D(q+1)> . (B18>
0

Compared to the ED error scaling Eq. (B16), this is also
an exponential improvement in the runtime required to
reach fixed error, similar to the quantum improvement in
the case of critical systems shown in the main text.

3. Error scaling for 1D MPS

In this subsection, we compare the fVQE error conver-
gence with that of MPS algorithms by deriving how the
finite-size and bond-dimension errors scale with compu-
tational time for the models considered in the main text.
MPS is a variational ansatz that has errors from both its
finite size €, and its finite bond dimensions €g, i.e., the
finite entanglement it captures by a truncated maximal
bond dimension y. The finite-size error e, of MPS scales
identically to that of ED and VQE. The finite-bond error
er has also been studied by past literature for 1D crit-
ical systems [94, 95], and a rigorous upper bound of eg
has also been shown for 1D gapped systems [113, 114].
We translate these results into our framework for both
critical and gapped systems.

a. Critical system

The FHM and EFHM in this work have gapless ground
states in the thermodynamic limit, described by a con-
formal field theory (CFT) with central charge ¢ = 1. The
HHM is gapped in the bulk, but hosts a gapless ¢ = 1
CFT on the boundary. For these models, €5, ~ L™P, and
we estimate p = 1 from numerical extrapolation. On the
other hand, for infinite system size, L — oo, the finite
bond dimension y for a theory with central charge c gives
an error for local observable [94, 95]

1 1

e e
where a is an observable-dependent constant and a = 2
for energy density, the large but finite correlation length
& ~ x" is the effective correlation length that the finite
bond dimension MPS can capture, and the exponent is

o0 (B20)

c(Vi2fe+1)

To achieve a desired total error, both finite-size error and
finite-entanglement error must be controlled, i.e. suf-
ficiently large L and y must be taken simultaneously.
To minimize the asymptotic total error ¢ = €5 + €g
for a given computational time, which scales as T ~
Ly? for each MPS sweep, one should take the optimal

(B19)
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FIG. B2. Variational energy relative error € as a function of total evolution time 7" for (a) even system size L FHM, (b) odd L
FHM, (c) even L EFHM, and (d) L, = 5 square lattice bosonic HHM, with all the notations the same as they are in Fig. 2. All
plots suggest that the classical MPS computation time to reduce simulation error to a fixed target € is comparable to, or longer
than, the VQE optimal time 7™ on these systems. The red dashed line is the MPS algorithms’ error scaling € ~ T_W
derived in App. B using the estimate p = 1 and a = 2 appropriate for these models (the prefactor is arbitrary), with T the
classical computation time and k a constant depending on the model.

X"~ LP/(a%) 4 balance €7, = eg. This choice also gives
¢ o< LP/* < L, self-consistently ensuring that Eq. (B19)
is valid at the chosen x*. Then the total error depends
on the run-time as

€=cL+ep ~ T /@0, (B21)

For p =c =1, a = 2, the exponent is about 0.47.

The power law scaling holds for space complexity as
well, as the spatial resources scale as M ~ Ly? ~
L1+2r/(ar) resulting in the MPS energy error decay with
classical memory

€ ~ M™% (B22)

Fig. B2 displays the same data as Fig. 2 of the main
text, now with the MPS error scaling versus time. Only
the slopes on the log-log plots are meaningful for com-
parison, as the prefactors are arbitrary and set for visual
convenience. Remarkably, even in these one-dimensional
cases where MPS is expected to be efficient, the VQE
matches or exceeds the convergence rate of MPS. This
strongly suggests that the VQE will have an even larger
advantage in higher dimensions, where we expect the
VQE scaling to be similar, while the MPS complexity
will scale exponentially with the width of the system.

b. Gapped system

Finally, we briefly discuss the MPS error scaling of
the gapped systems. We note that the bound quoted
here is a rigorous upper bound on local-approximation
error as a function of bond dimension, and is generally
considerably more pessimistic than what is observed in
DMRG calculations on simple gapped chains.

According to Refs. [114, 115], the finite bond-
dimension error ez of approximating the exact ground
state of an L-site 1D gapped local Hamiltonian is upper
bounded by the maximal bond dimension x as

/3X

eg < CgLe % log* s (B23)

with Cr and ¢, L-independent constants. As the finite-
size error €j scales identically as in the ED case, to
minimize the asymptotic total error €, + ¢ when L ap-
proaches the thermodynamic limit, we increase the bond
dimension y* simultaneously with L so that egp(x*) =

er,(L). At large L, such an optimal increase of x* is
asymptotically given by
X~ e (B24)

with constant ¢/. With the time complexity T' ~ Lx?,
we obtain the MPS error scaling for the gapped 1D chain

€ ~exp |—cprlog?? T . (B25)
This is a decay faster than any power law.

From the above discussions, we find that the MPS
methods are comparably efficient with VQE for 1D and
quasi-1D systems (a power law speedup for fVQE, if any).
However, as we pointed out in Sec. V, if one uses a 1D
MPS representation for a higher-dimensional lattice, the
required bond dimension grows exponentially with the
transverse width, resulting in an overall computational

complexity that is significantly higher than that of the
fVQE method.

Appendix C: Optimization method

This section details the optimization method we use.
We perform a standard SLSQP optimization algorithm
where each parameter is constrained to an interval as
described in App. C 1, and we iterate the algorithm until
consecutive cost function values agree within 1076,

The variational parameters used in the optimiza-
tion algorithm are dimensionless. For the FHM

and EFHM the parameters are t(lfg)/UO, ugﬁ)/ﬁo,

u%@/ffo, and T™0,. For the HHM, since Uy —
oo, we instead use the dimensionless parameters
¢ Tm fGOTem) GTem) | S Tem) and G Tem



To efficiently seed the SLSQP initial values, we use
what we call “bootstrap” and “transfer” techniques that
optimize large N; and L ansatzes using information ob-
tained from smaller N; and L solutions. To do this, for
each data point in Fig. 2, we perform 101 runs — in three
classes described momentarily — and choose the best re-
sult. 50 of the runs start from random initial parameter
guesses sampled from a uniform distribution in the al-
lowed windows that will be given in Table II and III of
App. C1. Another 50 runs start from initial guesses us-
ing the bootstrap technique described in App. C 2, which
uses results from N;—1 layers (if any exist) to seed the N;-
layer calculation. A final run uses the transfer technique
described in App. C3, which uses results from L — 2 (if
they exist) to seed the L-site calculation. The calculation
starts from N; = 1 and small L (usually around L = 4)
and iteratively increases N; to the maximum value con-
sidered, then increments L and repeats. For the largest L
(L =13 and 14 for the FHM and L = 14 for the EFHM),
doing 101 runs for each case became too expensive, so we
used a single run based on the transfer technique, which
was found to work well.

Despite its simplicity, this optimization procedure is ef-
ficient enough to be useful, with the number of iterations
Niter growing slowly with the system size L and (roughly
linearly) with the number of layers NV;. Although improv-
ing the optimization cost for the VQE is not a major focus
of this work, these results suggest that the ansatz may
be optimized efficiently even for much larger systems, in
particular in the sense that the optimization costs do not
eliminate the exponential scaling advantage of runtime.
There are many routes to improved optimization, which
are left for future work.

1. Parameter windows

Our variational parameter space is restricted by ex-
perimental concerns and to enhance the efficiency and
analysis of scaling of our optimization. Experimental
concerns such as avoiding band mixing and rapid pa-
rameter changes constrain the parameters. Some such
constraints — for instance, fixing the large Hubbard inter-
action at U™ = U, — have been reflected in our ansatz.
The experimental capabilities restrict the tunneling and
on-site potential to be not much larger than U. Also,
the signs of all tunnelings #’s need to be positive. So we
limit 0 < ¢t/Uy < 1 and |u/Uy| < 1. To avoid the un-
controlled growth of ansatz evolution time, we limit the
time parameter 0 < T(m)UO <m.

Second, limiting parameter windows enhances the ef-
ficiency of the optimization algorithm. While a larger
parameter window may contain better local minima on
the variational energy landscape, searching this larger
space is significantly slower and may contain many local
minima and barren plateaus. To find the most efficient
parameter windows, we started with the broadest ranges
allowed by experimental restrictions and then systemat-
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ically tested progressively narrower windows. For FHM
and EFHM, we performed these tests on small systems
with L =6 (L =5 for odd L). Specifically, we tested the
windows of the drive Hamiltonian parameters ¢/ Up’s and
|1/Us| progressively from [0,1] to [0,0.5] and [0,0.25].
The optimal windows are shown in Table II.

Parameters|Even L FHM|Odd L FHM| EFHM
%) /0o [0,0.25] [0,0.5] [0,0.5]
1 /0o - - [~0.5,0.5]
T, [0, ] [0, 7] [0, ]

TABLE II. The parameter intervals used for the optimization
algorithm for FHM and EFHM.

For the HHM with parameters ugn)T(m) and

pgm)T(m), we compare between [—, 7] and [—0.57, 0.57].
The optimal parameter window is shown in Table ITI.

Parameters HHM
010, T [0,0.57]
(m)p(m) | [-0.5m, 0.57]

TABLE III. The parameter intervals used for the optimization
algorithm for HHM.

2. Bootstrap technique

To optimize large N; ansatzes efficiently, we use the
bootstrap technique to generate good initial guesses given
results from smaller IV; ansatzes. For a number of layers
N, we use an initial guess where the first N; — 1 lay-
ers use the solution for the N; — 1-layer problem, and the
last layer’s parameters are chosen randomly. As shown in
Figs. Cla— c for the L = 12 FHM, the ansatz parameters
converge to a smooth function of the layer index m, as
the total number of layers N; increases. This convergence
suggests the applicability of the bootstrap scheme — ef-
fectively, it implies that parameters in the earlier layers
need only minor adjustments when a new layer is added.

3. Transfer technique

In addition to the fully random initial guesses and
the bootstrap (using random initial guesses for the last
layer), we also use the transfer technique to optimize
ansatzes of large L lattices using smaller L results with-
out extra random guesses. This is particularly straight-
forward since our ansatzes use L-independent parame-
terizations. Additionally, we expect the parameters to
depend weakly on L for large L. (This is suggested by
finite-size scaling bounding how the true result varies and
Lieb-Robinson arguments applied to the VQFE dynamics.)
This suggests the transfer procedure: we run one opti-
mization of size-L N;-layer VQE, using the optimal L — 2
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FIG. C1. (a~c) The (a) tgm)/[jo, (b) tém)/ﬁo and (c¢) T Uy values of the L = 12 FHM for ansatz depths from N; = 1 to 10
as a function of m/N;. The (d) t™ /U, (e) t™ /Us and (f) T™ Uy values of FHM solved by the N; = 10 ansatz of even L’s
as a function of m/N;. In both cases, the '™ converges to a single, smooth curve at large V.

Ni-layer VQE result as the initial guess. The number of
optimization steps following this guess grows more slowly
with L and IV; than for fully random guesses. Figs. C1d—f
show that the parameters in the N; = 10 ansatz for the
even-L FHM converge to smooth function of m at large
L, analogous to the convergence found for our bootstrap
technique with large IV;. This shows the utility of the
transfer technique.

4. Iteration number scaling

Finally, Fig. C2 shows the growth of the iteration num-
bers needed to reach convergence for each ansatz depth
N; and size L for all models in Fig. 2. The total num-
ber of iterations Njie, does not grow significantly with
L, perhaps even decreasing, and increases slowly (very
roughly at most linearly) with ;. Notably, Nite, for the
largest L runs using only the transfer technique is less
than the iterations used to optimize at smaller L. As the
total quantum algorithm run-time has to be multiplied
by a factor Njter as Niter D, the slow growth of Njie, with
both L and N; suggests that the exponential quantum
speedup we claim in the main text based on the scaling
of T can survive even after accounting for the many shots
needed for optimization.

Appendix D: Total quantum evolution time

A key consideration in this work is the numerical scal-
ing of the VQE algorithm error as a function of the total

quantum evolution time 7', the sum of the time parame-
ters over all ansatz layers:

=Y "1,
m

However, the time parameters 7™ have a physical unit
of time, which makes their absolute values depend on the
physical setup; in contrast, the optimization parameters

(D1)

in the VQE algorithm are dimensionless, e.g. tiT)T(m).
To relate the total quantum evolution time 7' to the di-
mensionless variational parameters, it is helpful to con-
vert T to a dimensionless parameter independent of the
actual experimental time scale. This section addresses
this for the FHM, EFHM, and HHM.

As mentioned in Sec. II, for the FHM and EFHM, we
take U™ = U, to be fixed at each layer for simplicity.
(This is also the frequency unit, since we set i = 1). It is
straightforward to make 1" dimensionless by multiplying
Up on both sides of Eq. (D1):

TU, = ZTW(}O.

m

(D2)

This means the dimensionless total time TUO is also the
sum of dimensionless variational parameters 7™ Uy used
in the numerical optimization.

For the hardcore HHM, U("™) — oo is no longer a use-
ful reference energy. Thus we need to find another fixed
frequency scale fy to make T" dimensionless. As an aside,
we note this is necessary only for characterizing the to-
tal optimization time, not for performing the numerical
optimization, which can work directly with the dimen-

sionless variational parameters 6., = t;T)T(m), Opo =
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of iterations given a larger number of parameters.

tITm g, = 7T 6 = p8VTOM and 65 =

ugm)T(m). To determine T'= )" T from the dimen-
sionless variational parameters, we define
(

06|
thax
D3)
where . is the maximum tunneling rate that can be
applied experimentally, and Qfna.x with Q > 1 is the
maximum on-site potential that can be applied exper-
imentally. This choice of TU™ characterizes the total
time relative to Ttyax if one maximizes the tunnelings
and on-site potential consistent with these constraints,
thus giving the shortest time evolution consistent with
the numerically chosen dimensionless optimization pa-
rameters. In this work, we choose @ = 3/2.
Summing over all ansatz layers, we relate the dimen-
sionless total evolution time T to the dimensionless vari-
ational parameters by

tmax g max{ 21, Oz2, eyv

T(M) = max { ﬁxl

max

0962
, =
tmax

9y

max

05|
Qfmax
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Appendix E: Universal gate set

In this section, we demonstrate that the native Hamil-
tonians in our framework can implement a universal set
of fermionic operations. Universal fermionic quantum
gate sets have been constructed using local fermionic (but
number non-conserving) operations [45] and also from
particle-number-conserving operations [82, 116]. Specif-
ically, from the theory of simple Lie algebra, Ref. [82]
proves that a fermionic quantum gate set generates the
full su(#) algebra in any N,-particle subspace H of the
M fermion modes Fock space if it includes two ingre-
dients: (1) arbitrary evolutions generated by two-mode

= 5 square lattice bosonic HHM. We observe a moderate linear-like growth of the number

tunneling Hamiltonians:

G'™(0) = exp { -4 [% (e7"2clcy, +huc.)

03

_A'_i

5 (na—nb)}} Ya,b € Iy,

(E1)

and (2) any two-mode non-quadratic “interaction” gate

G () = exp {—ifn.ng} (E2)
for some ¢ and d € Iy, where Iy, = {(1,7),(1,J
)y, (Ns,))} is the set of fermion mode indices. Here

and in the rest of the section, unless explicitly specified,
we use a,b,... to refer to lumped site and spin indices
(¢,0) (with the spin index taking two values for the FHM
and EFHM, and a single value for the HHM).
Therefore, to show our fVQE framework’s universal-
ity in any particle-number-conserving sector, we show
that the Hamiltonian Eq. (1) augmented with local spin-
dependent terms,
H = H

" Y B s, (E3)

can be used to engineer arbitrary G¥" and one GIIf. We
note that the spin-dependent terms involving fermlonic
spin-1/2 operators S; = (S¥, 5S¢, S7) with tunable mag-
netic field parameters B; = (B¥, BY, B7) are not used for
the protocols in the main text, a point we discuss further
at the end of this subsection. The single-spin rotations
can be engineered as follows: local S* rotations can be
implemented by a single-site resolved laser with a vector
light shift [117, 118] that couples the two (pseudo-)spin
levels |1), |4), and local S*, S¥ rotations can be realized
by Raman coupling between the two spin levels with a
focused laser. For simplicity in the rest of this section, we
suppress the circuit layer index (m), and we use ¢; and
to to denote the strong (intra-cell) and weak (inter-cell)



tunnelings in the optical superlattice. We also use p1; » to
denote a mode-specific potential y; , = p; + 0%, using
0 =+1 and —1 and 1 and | interchangeably.

1. Synthesizing the universal gate set

Now, we illustrate how to synthesize the universal gate
set in the particle number conserving sector. We show
that given local control of p; , and spin rotations, only
global control of the interaction and tunneling, as in
Eq. (E3), suffice for universality.

The uniform Hubbard interaction Un; 1n; | gives the
required interaction gate GIf [82]. It then remains to
show we can generate arbitrary two-mode tunnelings
Eq. (E1).

We now construct a universal set of tunneling gates.
It will be helpful to use, as intermediate constructions,
two-mode “rotations” R%;”*(0) = €"?War/2 where W €
{X,Y,Z}, as

Xy = clcb + cha

a

Yop = —iche, + iczca (E4)

Zab =MNg — Np.
These provide rotations between the two modes a and b,

00y =10}, [1)g, = ¢} [0). (E5)
Now we can see how the native operations allow one to
generate the arbitrary two-mode rotation gates G'4". We
begin by considering nearest-neighbor operations:

1. On-site GE;“%) (1) between two spin flavors is syn-
thesized by local single-spin S¥, SY, and S7 opera-
tors.

2. The single-mode Gt'"(6,0,0) = e~ is realized
by the time evolution of the mode-specific potential
term.

3. The nearest-neighbor X-rotation is synthesized as
shown immediately below, through Eq. (E15).

4. The Z-rotation between neighboring-site modes
(i,0) <> (i+ 1,0) is realized by the local potential
gradient p(n; » —ni11,0). This requires evolution in
the absence of a U term, which may not be straight-
forward to rapidly control in the experiment. How-
ever, the effect of non-zero U terms can be canceled
by a subsequent phase-reverse gate. A similar con-
struction is shown explicitly for the X-rotation gate
below, and the can be straightforwardly used to
eliminate U when generating the Z-rotation.

5. The neighboring-site Y-rotation can be synthe-
sized with X- and Z-rotations via RY(0) =
R*(%)R*(0)R*(—7%); combining all X, Y and Z
rotations we can realize the arbitrary neighboring-
site GE?;).,(HLU)‘
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Once one has the nearest-neighbor operations, one can
extend them to arbirary mode pairs as follows. We move
mode b to the nearest neighbor of a (call this ¢) and then
use the operations above:

Gap' = Rio(m/2) G Ry (—7/2) (E6)

where G!™ now acts on nearest neighbors, and 1
and | are considered “nearest-neighbors” along an ar-
tificial extra dimension. This equation follows from

¢ (1/2) ¢l R% (—7/2) = cz, which can be calculated
straightforwardly. The long-distance swap Ry, (7/2) can
be built from nearest-neighbors iteratively, R (7/2) =

i, (T/2)RE 4 (7/2) - RE, .(7/2) for a path of nearest
neighbor sites (b, b1,bs, -+ , by, c) connecting b to c.

Now we turn to the only missing piece in the above con-
struction, the neighboring-site tunneling gate R,. We
show how to synthesize this gate, without loss of gen-
erality, on bond (1,1) «+ (2,1) using the drive Hamil-
tonian Eq. (E3). The idea is to suppress the tunneling
on all bonds not involved in the tunneling by applying
a strong staggered on-site potential p; , across them; on
the target bond, we keep the coherent tunneling by tun-
ing each pair of tunnel-coupled sites to resonance. We
now present this idea in detail.

We start from Eq. (E3):

U™ =exp [—iTHsr(t1 = 0/T,t> =0, p;,)]  (E7)

with a vanishing inter-cell tunneling to = 0 to isolate each
double-well from the others.

After this tunneling operation, we switch to applying a
“phase-reverse” gate with a tunneling-free Hamiltonian:

UPR = exp [—iT/HSR(h =1y = O,ﬂg,a)]

= exp —iTI U Z N 4N, | — Z ,u;[,ni’o. y
%

1,0

(E8)

where T = 2n7/U — T with the integer n such that
7" >0, and p , = —pi o T/T".

The combination of Eq. (E7) and Eq. (E8), with the
appropriate parameters p;,, suppresses all unwanted
tunneling except the target one with up spin on the (1, 2)
pair. We first analyze how the strong staggered potential
suppresses tunneling, and then analyze how the target
tunneling is energetically allowed. These will show that
UPRUt pepeated with three sets of offsets on the target
sites realizes the desired R{;, (21 (0) gate.

The derivation is based on standard time-dependent
perturbation theory. If |i) is a Fock basis state, Hsgr can
be separated into its diagonal term H, and off-diagonal
tunneling term H,

(i| Halj) = didij, (i Helj) = Vi;(1 = di5).  (E9)
In the interaction picture:

(il (Ho)1(r) |j) = (i €47 Hye M7 |) = Vel &,
(E10)



where Aij = dz — dj.
chosen p; , and T”,

Importantly, with our carefully

PR _ —iT'Hiy _ ,iTH,
U™ =e SR = e ,

(E11)
effectively transforms the time evolution U™ into the
interaction picture:

T
PRyt — (Utun)I = exp [Z/o dT(Ht)I(T)]

(E12)
For strong staggered potential, |A;;| > V;;, the fast-
oscillating (H;)r averages out at the time scale T' ~ 1/V;;.
A detailed expansion, such as the Dyson series, finds the
error of dropping (Hy)r is O(Vi;/Aqj).

We can analyze each double well individually, since the
Hamiltonians that generate the time evolution commute
between different double wells. We begin by considering
a double-well (a,b), and the general tunneling term in
the interaction picture is

(Ht)I(T) = _tl Z ei(UA’nab,Fr7A/J4ab,o')7'czvo-cb)o- + h.C.,
ag

(E13)
where & is the complement of o, i.e. & =7 if ¢ =] and
o=lifo=1; Anab,c'f = Na,o0 — Nb,o; and A,uab,‘:r = Ha,o0 —
Hb,o-

If (a,b) is the unwanted cell with a,b > 2, effective
tunneling terms are suppressed by a fast-oscillating phase
for all Angp o = 0,+£1 cases with both o =1 and |. This
is achieved by setting [Apap| > t1, |[U + Apgs| > t1 and
|U — Aﬂab| > 1.

If (a,b) = (1,2) is the target cell, we want to suppress
all tunneling terms but the CLTCZT—Fh.C. one. To suppress
spin-down tunneling, we keep Apio | > ti, as in the
unwanted cells. Apqo can take a wide range of values
as long as |[UAnja+ — Apia, | > t1; for concreteness, we
set A/leyi = U/2

Finally, we consider the desired resonant tunneling
terms. The value of Aniz 4+ to achieve resonant tunneling
depends on the densities via

Apiz s = UAngy, (E14)
where Apjp | can take values 0 and £1. To complete
the full target tunneling gate, we propose a three-step
scheme, each step of which executes the pure tunneling
process for one value of the Ap15 | while leaving the other
sectors unaffected:

T _ 77PR77tun
anen =U U aps =-v
PRyrt
x U U un|AM12,¢:U

x UPRU™| Ay 2 =0- (E15)
Each step can be analyzed by Eq. (E12). This provides
the last operation necessary to realize the arbitrary two-

mode tunneling gate GE".
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2. Discussions

We note that the derivation in this section differs from
the previous literature, as we never assume we have local
controllability over U, nor do we need to tune to exactly
U = 0. While our framework demonstrates universality
with the assistance of local on-site potential control, an
alternative is provided by the recent finding on global
controllability [116] which eliminates the need for such
local control but increases the cost to O(N?2) global con-
trols, where Ny is the number of sites.

The construction shown here requires an additional in-
gredient compared to the drive Hamiltonian in the main
text, the local spin operators. These are necessary to
obtain universality. While this control is experimen-
tally realizable as described earlier, we exclude it from
our SU(2)-symmetric fVQE ansatzes, because the dy-
namics and target Hamiltonians in the examples demon-
strated in the main text are all SU(2)-symmetric, and
empirically the calculated fVQE energy errors converge
to zero within machine precision without such terms. The
rigorous proof of the universality of SU(2)-symmetric
gates into any SU(2)-symmetric state space is beyond
the scope of this paper (it will be given in future work).

Appendix F: Correlation measurement

In this section, we discuss the experimentally accessible
range of observables in our framework, which is impor-
tant for two reasons. First, this tells us which properties
of the ground state wavefunction we will have access to.
Second, as discussed in Sec. 11, to simulate a Hamiltonian
Hrp by the fVQE method one must obtain (Hp), which
can be done by measuring subsets of Hamiltonian terms
and adding them together as necessary. In other words,
the Hamiltonians that can be simulated are those that
are sums of terms that can be experimentally measured.
We now briefly discuss several important types of cor-
relations — both for their interest in characterizing the
ground states in the main text and as potential terms in
the target Hamiltonian — and how they can be measured
using the current experiment techniques.

1. Densities & two-point correlations

Site- and spin-resolved densities (n; ,) and their corre-
lations (n;,nj ) can be directly measured by quantum
gas microscopy, as can general density-related moments
(ni onj.r ...). This spin-dependent density measurement
is the fundamental ingredient for all measurements we
consider.

A crucial observable beyond local densities (n; ,) =
(cjﬁc,ci,g> is off-diagonal coherence <CzT,ng,g>» such as the
tunneling terms in the kinetic energy, possibly including
a gauge field. These can be measured by isolating the



two wells 4 and j, performing the double-well rotation
R{; 5)(j.0)(7/2) — one set of measurements with a = = and
another with a = y — introduced in the prior subsection
(this takes just a few time evolutions under the system
Hamiltonian with appropriate double-well offsets), and
then measuring the populations of each site. We are pri-
marily interested in nearest-neighbor ¢ and j, but longer-
range coherences also can be measured by bringing ¢ and
j to neighbors using the swap techniques of App. E 1, or
re-arrangement if one is using optical tweezers.
Specifically, using the operator notation X(; +)(j0),
Yii,0)(,0)> and Z(; 5)(j,0) defined in Eq. (I54), we rewrite

Xii.ov(0) + 1Yi.00(5
T _ 2 (0,0)(5,0) (4,0)(4,9)
Ci,o'cj,a' - 2 . (Fl)
Then
YV(@U)(]'J) - R(z o)(j,0) (77/2> (i,0) (4, U)R(z o)(j,0) (_7T/2)’
(F2)
and
X(i,0)(j.0) = R?i,a)(j,a)(W/Q)Z(z o), U)R(z o’)(],o)( 7/2).
(F3)
So the average populations after rotation, (1/2)(1 +
(Z(i,0)(j,0)))> allow one to determine Z; ,)(; ) and there-

fore the expectation values needed to obtain the coher-

ence (¢ ZTU ¢jo) from Eq. (F1).
f i _1
(¢ oCothrrr) = 7 K)o Xkmyam) =
+i (X006, Yk 0m)) +
From Egs. (F2) and (F3), all terms in Eq. (
is
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In addition to the spin-invariant measurement intro-
duced above, spin-flip two-point correlations can be mea-
sured via spin swaps.

2. Pairing & four-point correlations

In addition to the two-point measurements, off-
diagonal two-body four-point correlations, such as the
singlet pairing correlations

i L i
(B5iBsitr) = 5[ (CaCisrCirn CipriLy)
i f
€4 it 1€, Gt t)
i t
FChr1 1 Cotr 1 GO i1 1)

T T
+<Ci+1,Tci+r+1,']‘ci,¢ci+r,,1,> . (F4)

are also measurable in experiments via a combination of
experimental techniques, each of which has been demon-
strated.

T

To measure (cwcjﬁc,tﬁclyg we can use a method sim-
ilar to the last subsection, simultaneously rotating on the
pair of double wells (4,j) and (k,1). Using the identity
Eq. (F1),

(Yi,00G,0) Ykr) (1,7))
Yi.o)G,0) X (ki) m))) |- (F5)

F'5) can be rotated into diagonal correlators. For example, the first term

(X006, Xk 1)) = B 16,00 T2V R 1y 0.0y (T/2) 200,01 (5.0) Z 6,0 1) B ) (o) (ST R, 1y 1,0y (=7/2)) - (F6)

The two two-site rotations R?(!i,a)(j,o) (W/Q)R%’k77)(l77) (m/2)
can be performed simultaneously. With site-resolved,
spin-selective readout via the quantum gas microscope,
we can measure Eq. (F6) by summing four density-
density correlations.

The general four-point correlations (clT Jc;r 7ChmCre)
can also be measured using the above technlque by first
swapping sites using techniques introduced above or ad-
ditional tweezers. Alternatively, previous studies have
also used information scrambling techniques to capture
the general four-point correlations [119, 120].

(

3. Girvin-MacDonald correlation

Another type of correlation — the GMD correlation
CgTMD, which can be written as sums of <a1nknl ...a;) by
expanding the exponential in Eq. (12) and using n? = ny,
— can also be measured using the double-well rotation on
the pair of sites ¢ and j and the site-resolved density
readout over the lattice. After re-arranging and isolating
the double wells (7,j) with methods similar to previous
cases, the 7/2 X and Y rotations transfer the correlation



into sums of populations:
i
(afng...a;) == (Xyne...) + 5 (Yigni..)

N~ N~

— LR () 2 B 2
(F7)

where X;;, Y;; and Z;; are defined analogously to the
fermion bilinears in Eq. (E4). The site-resolved density
readout in a quantum gas microscope then provides the
expectation values ((n; — n;j)ngn;...).

In addition to GMD correlations, the above technique
allows us to measure density- or spin-conditioned tunnel-
ing cjnkcj, extending the range of Hamiltonians that can
be simulated.

Appendix G: Experiment run-time estimate

This section discusses the number of shots and the to-
tal time required for an experiment on quantum hard-
ware to run iterations to reach a 1% VQE algorithm er-
ror in our framework. For these proof-of-principle com-
putations, we use the same simple optimization methods
described in this text, and we also use only the most
naive techniques to estimate the variational energy and
its gradient. We expect the optimization cost can be
dramatically decreased from these estimates.

We start by considering the experimental time required
to measure the energy gradient required by the optimizer,
done via naive finite-differences:

O(Hr) _ (Hr(0; + Ab;)) — (Hr(6:))
00, Ab;

+0(A;) (G1)

for small Af;. To reach an error in the gradient ,
one needs ~ 1/62 measurements. We consider a gra-
dient error target Af = 10%, requiring ~ 10? measure-
ments, which leads to an energy error after optimization
of ~ 1%. We note that these measurements need not be
done serially — in a large system, different regions con-
tribute effectively independent measurements when they
are sufficiently separated. A 2D L,,, = 100 optical lattice
allows one to effectively measure of L2, /L? independent
systems of size L. per experiment cycle, where L. is a
scale large enough that there is little correlation in the
measurements.

To obtain the gradient for each optimization iteration,
an Nj-layer, Nparam-parameter-per-layer ansatz requires
measurements of NparamN; + 1 energy evaluations. For
the ansatzes used in this work, this is about 5N; evalua-
tions.

The next step is to consider the number of gradients
that must be evaluated for the optimizer. We will con-
sider N; = 10, which typically gives less than 1% varia-
tional error. We start by optimizing the N; = 10 param-
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eters for classically tractable systems, say with L = 4 in
2D.

Next, we use the transfer technique by increasing the
system size L by 2. At a target 1% error level, this would
usually need 10 iterations for each L, as suggested by
Fig. C2. (Note that while Fig. C2 used around 10N; it-
erations, this converge the error four orders of magnitude
more accurately than required here.) For the finite-size
error to be 1%, we need to reach roughly L = 20. For
each L, the transfer process needs 5N; Njte; &~ 500 energy
values. With 10? measurements needed for each energy
value as discussed above, the number of experimental
shots for each energy value would be

L2/r2 = "

L=4 step by 2

(G2)

Altogether, the total fVQE calculation for variational
error, optimization error, and finite-size error each about
1% requires about 15 x 500 ~ 8 x 10% shots. Such shot
numbers are routinely employed in papers with quan-
tum gas microscopes [121, 122]. For current fermion ex-
periments, the cycle time is about ~ 10s [123], so the
full calculation takes roughly 22 hours. We note that
the slowest part is the evaporative atom cooling, which
might be optimized further or — using tweezer arrays —
improved by an order of magnitude or more. A calcula-
tion of this accuracy would surpass that achievable for
many Hubbard-like problems on classical hardware [97].

The optimization approach used for these estimates
leaves substantial room for improvement, possibly by
orders of magnitude. More efficient transfer and boot-
strapping, more hardware parallelism, faster platforms,
and better optimization methods can further reduce the
run-time. For example, as alternatives to gradient-based
algorithms, we note that gradient-free optimization ap-
proaches, such as simplex methods and surrogate model
methods, are fully compatible with our framework. The
recently proposed fermion-gate-based ansatzes [57, 67] es-
timate the gradient via the parameter shift method. This
reduces the need for high-accuracy quantum measure-
ments, but does not eliminate the essential O(Nparam Vi)
gradient measurement overhead. Meanwhile, the vari-
ational quantum imaginary-time evolution (VarQITE)
method [58] circumvents finite-difference gradient mea-
surements by measuring the quantum geometric ten-
sor (H™ H™)) in each iteration, incurring a severe
O(NgaramN 2) measurement overhead. In general, bench-
marking and developing efficient and experiment-friendly
optimization methods is an important subject for fu-
ture study. Nevertheless, the estimates here show that
straightforward applications of existing methods plausi-
bly can achieve interesting, difficult to classically simu-
late, results on existing quantum platforms.

Finally, similar to the discussion of the optimization
overhead in App. C, we briefly discuss how measurement
repetitions enter the scaling analysis. As discussed in this
Appendix, independent measurements used to estimate
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FIG. H1. Lowest 10 energy levels of the HHM, with an adi-
abatically inserted external flux threading the z- (left) and
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tori. The gapped ground-state sector has an m = 2-fold quasi-
degeneracy with a bundle Chern number Crus = —1, and
more explicitly for Lx x L, = 4 x 8 both degenerate states
evolve 2mm-periodically.

an observable with statistical error ey require O(1/€3,)
repetitions. Thus the accumulated evolution time for the
readout scales as

T
%. (G3)

Thot

However, like the optimization overhead discussed in
App. C, we find that they do not affect the major con-
clusion of our scaling analysis, as taking €p; ~ € only
changes the polynomial exponent in 1/e¢, and therefore
Tiot remains O(poly(1/¢)).

Appendix H: Exact ground state of
Hofstadter-Hubbard model

This section shows that the ground state of the HHM
is a fractional Quantum Hall (FQH) state, with evidence
from ED. While extensive studies [43, 69, 72-75] on the
ground state of the fractionally filled 2D HHM have con-
firmed that its ground state is an FQH state, reproducing
the FQH physics for model parameters and system sizes
similar to our fVQE results is useful. We consider two
aspects: the periodic energy spectrum of the topolog-
ically quasi-degenerate ground states when an external
flux is inserted adiabatically into 4 x 6 and 4 x 8 tori,
and the existence of edge currents and the vanishing bulk
density-density correlations on the open-boundary plane
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FIG. H2. (a) Currents on each bond and (b) the bulk density-
density correlations at ¢/27 = 1/8, 1/4 and 3/8 in the ground
state of an HHM on a 5 x 7 lattice with the open boundary
condition and particle numbers appropriate to an m = 2 FQH
state (see text). The plots follow the same conventions as
Fig. 4a~f.

L, x Ly, =5x7 grid.

We first show that the ground state of the L, = 5
tori with ¢ = 27/4 at an appropriate filling is the frac-
tionalized m = 2 FQH state. For an FQH system on
a torus, the topologically ordered ground-state manifold
is expected to exhibit an m-fold quasi-degeneracy and a
nontrivial (integer) Chern number when the entire man-
ifold is treated as a bundle over the two-dimensional
space of twisted boundary conditions (6,,6,). Using
the discretized, gauge-invariant Chern-number algorithm
by Fukui, Hatsugai and Suzuki [124], we find in both
Fig. Hla and Fig. H1b that the m-fold quasi-degenerate
ground-state band carries a total bundle Chern number
Crus = —1, providing direct evidence for fractionalized
topological degeneracy. Moreover, due to the topological
nature of the ground state, inserting a flux 27 can trans-
fer the system from one ground state to another. The
ED computation confirms this behavior for threading a
flux with 0, at a system size comparable to that of our
fVQE results in the main text. In Fig. Hlb, we observe
the expected behavior: a 2mm-periodic pattern in the 6,
dependence of the m-fold quasi-degenerate energy spec-
trum, while ground states are interchanged after a 27 flux



insertion, further providing signatures of an FQH state
with filling factor m. A similar flux insertion along x re-
veals a more conventional behavior, with a ground state
returning to itself after 27 flux insertion, presumably due
to the shorter length of the system in this direction.

In addition to the torus results, the ED ground state
on a 5 x 7 lattice with open boundary conditions also
exhibits signatures of the FQH state. We calculate cur-
rents and density-density correlations for lattices with
various fluxes per plaquette ¢/(27) = 1/8, 1/4, and 3/8,
with particle number N, = 2, 3, and 4 appropriate for
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the m = 2 FQH state by the formula N, = ¢Ng/(27m)
where Ng = (L, — 1) x (L, — 1) is the number of pla-
quettes. Fig. H2 shows that the bulk cyclotron currents
are suppressed as N, is increased, while chiral edge cur-
rents develop. The bulk density-density correlations (as
defined in Eq. (11)) near the lattice center » = 0 vanish
at ¢/(2r) = 1/4 filling, indicating the anti-correlation
typical of a Laughlin state. These results further show
that the ground state of the HHM at a flux per plaque-
tte ¢/(27) = 1/4 with appropriate particle filling indeed
exhibits features characteristic of the FQH state.
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