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Abstract
The SAT problem is a prototypical NP-complete problem of fundamental importance in
computational complexity theory with many applications in science and engineering; as such, it
has long served as an essential benchmark for classical and quantum algorithms. This study shows
numerical evidence for a quadratic speedup of the Grover Quantum Approximate Optimization
Algorithm (G-QAOA) over random sampling for finding all solutions to 3-SAT (All-SAT) and
Max-SAT problems. G-QAOA is less resource-intensive and more adaptable for these problems
than Grover’s algorithm, and it surpasses conventional QAOA in its ability to sample all solutions.
We show these benefits by classical simulations of many-round G-QAOA on thousands of random
3-SAT instances. We also observe G-QAOA advantages on the IonQ Aria quantum computer for
small instances, finding that current hardware suffices to determine and sample all solutions.
Interestingly, a single-angle-pair constraint that uses the same pair of angles at each G-QAOA
round greatly reduces the classical computational overhead of optimizing the G-QAOA angles
while preserving its quadratic speedup. We also find parameter clustering of the angles. The
single-angle-pair protocol and parameter clustering significantly reduce obstacles to classical
optimization of the G-QAOA angles.

1. Introduction

Combinatorial optimization problems are of great interest for quantum computing and have been explored
using amplitude amplification [1], quantum annealing [2], and variational techniques, such as the variational
quantum eigensolver [3] and the quantum approximate optimization algorithm (QAOA) [4]. QAOA is suited
for combinatorial optimization due to its simple protocol [5] and its ability as a hybrid variational algorithm
to balance quantum and classical resources to adapt to the constraints of practical quantum computers.

QAOA has been applied to various combinatorial optimization tasks, with some even demonstrating its
capabilities on state-of-the-art quantum devices [6–14]. Recent explorations on combinatorial problems
such as MaxCut, Ising, spin glass, and k−SAT focused on the classical optimization of QAOA – including
employing strategies centered on fixed [15] or smooth angles [16], finding more intricate angle
structures [17–22], or using empirical optimization strategies [23–29].

Among these problems, the Boolean satisfiability problem (SAT) is central for its practical importance. It
is an NP-complete problem, encapsulating the challenges inherent to all NP problems [30–32]. SAT
problems have applications spanning fields such as hardware and software design [33–36],
cryptography [37], bioinformatics [38], network reliability [39] and more [40]. k-SAT problems are defined
in terms of Boolean expressions ϕ(m,n) consisting ofm conjoined clauses, each of which is a disjunction of k
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Boolean variables, over a set of n Boolean variables. The density, defined as the ratio d=m/n, is an
important characteristic that influences the hardness of the problem.

Numerous SAT applications require fair sampling of solutions, namely the capability for SAT solvers to
identify comprehensive solution sets rather than just one, a problem known as All-SAT [41] and related to
model counting [42]. There has been growing interest in utilizing quantum algorithms to address SAT
problems, leveraging techniques like quantum annealing [43–45] and amplitude amplification [46–48].
While quantum annealing-based methods do not consistently ensure speedup, amplitude amplification
protocols based on the Grover algorithm [49, 50] guarantee quadratic speedup over random guessing.
However, methods rooted in the amplitude amplification necessitate implementing an oracle, demanding
ancilla qubits proportionate to the total clause count [51] or increasing the circuit depth (see appendix A).
Alternative methods that reduce the number of ancillas or depth for the oracle are desirable.

In this work, we adopt a recently proposed QAOA variant (G-QAOA) in which the mixer operation,
usually implemented with a global qubit rotation, is replaced by a Grover mixer that guarantees the uniform
sampling of the solution space [8, 52, 53]. This has been recently applied to SAT problems [54, 55] to find
solutions, but its scaling with problem size has not yet been studied. Although some research indicates a
potential speedup, the numerical demonstrations are either unclear [55, 56] on scaling or not applied to
NP-hard problems [52].

Here, we present compelling evidence of the quadratic speedup over random guessing of G-QAOA for
finding all solutions to 3-SAT problems. We analyze thousands of random 3-SAT instances up to 26 Boolean
variables with densities spanning from 2 to 8, encompassing critical thresholds [57, 58]. Unlike previous
classical optimization schemes that simultaneously determine angles for all QAOA rounds, we show that
maintaining a single angle pair throughout all G-QAOA rounds retains a quadratic speedup over random
guessing. This approach dramatically reduces the classical optimization cost. These angle pairs cluster in a
small parameter range across all 3-SAT instances. In addition, we notice that the speedup of G-QAOA shows
no dependence on the clause density, which probably leads to an advantage over classical algorithms for hard
instances. A comparison of scaling with the leading classical algorithm Elim-Count is discussed in the
appendix F.

This single angle pair approach obtains a quadratic speedup not only for finding solutions of 3-SAT but
also for finding a configuration of the problem variables that satisfies as many clauses as possible, referred to
as ‘Max-SAT’ [59, 60]. Max-SAT is particularly important at densities higher than the so-called critical
density when typically no solution to the 3-SAT problems exists [61]. Max-SAT is a significant combinatorial
optimization problem in its own right, with applications in areas such as system design [62, 63], machine
learning [64, 65] and bioinformatics [66, 67].

Finally, we find that G-QAOA guarantees a 10-fold fewer qubits and circuit depth at the critical density
compared to the standard Grover algorithm, when implemented on an all-to-all connected trapped-ion
machine for 3-SAT problems (see appendix A). This advantage increases proportionally to the density. Thus,
reducing the required quantum resources enables us to run this algorithm on state-of-the-art IonQ quantum
computers. These demonstrations provide additional validation for potential future applications beyond
synthetic benchmarks and further corroborate the fair-sampling attribute of G-QAOA.

The paper is structured as follows: section 2 delineates the 3-SAT problems under examination and
describes the G-QAOA methodologies implemented. Section 3 numerically demonstrates the quadratic
speedup of G-QAOA on 3-SAT problems and presents evidence that the single-angle-pair approach
maintains the speedup. Section 4 shows results from IonQ’s Aria machines, and section 5 outlines this work’s
conclusions and outlook.

2. Background: 3-SAT and G-QAOA

2.1. 3-SAT
The 3-SAT problem refers to the particular case of Boolean formulas in conjunctive normal form (CNF) in
which every clause i has three literals li1 , li2 , li3 (see appendix B). This problem has long been a standard
combinatorial setting for algorithmic and theoretical studies. The density d is a crucial indicator
characterizing the solution space and its computational hardness. For a 3-SAT instance with small d, the
problem is under-constrained and likely to be satisfiable, while at large d, it is over-constrained and likely to
be unsatisfiable. The computational difficulty for a broad class of state-of-the-art classical algorithms is
maximized at a critical density dc ≈ 4.26 [61].

2



Quantum Sci. Technol. 10 (2025) 015022 Z Zhang et al

Given a 3-SAT CNF instance ϕ, the problem can be translated into a qubit representation through a
problem Hamiltonian HP [32]

HP =
m∑
i=1

H(i)
C ,

where each local Hamiltonian H(i)
C is associated to the ith clause (li1 ∨ li2 ∨ li3) of the instance and defined as

H(i)
C ≡ 1

8 (1i1 − si1Zi1)(1i2 − si2Zi2)(1i3 − si3Zi3) , (1)

where 1ij is an identity operator on the ijth qubit, Zij is the Pauli operator Z= |0⟩⟨0| − |1⟩⟨1| acting on the
ijth qubit, and sij ∈ {±1} denotes the sign of the literal lij (−1 if negated, and+1 otherwise). Therefore, given
an assignment of the Boolean variables τ ∈ {0,1}⊗n corresponding to a quantum state |τ⟩, the local energy
Ei of the ith clause is

Ei = ⟨τ |H(i)
C |τ⟩=

{
0, if τ satisfies (li1 ∨ li2 ∨ li3) ,

1, otherwise.

Thus, the expectation value of HP(τ) equals the number of unsatisfied clauses of the instance ϕ under
assignment τ . If |τ⟩ is a zero-energy ground state of HP, then τ is a solution of ϕ.

2.2. G-QAOA
This section first reviews the G-QAOA with arbitrary variational angles. Then, it discusses the variant we
introduce in this paper, the single-angle-pair G-QAOA, where the angles are equal across all G-QAOA
rounds.

G-QAOA. For the problems we consider, G-QAOA alternately applies two sets of parameterized unitaries
generated by HP and a mixing operator,

HM =
n∏

i=1

(1i +Xi)/2= |+⟩⟨+|, (2)

to the product initial state |+⟩=⊗i (|0⟩i+|1⟩i)/
√
2 to boost the probability of solutions. Here, Xi is the Pauli

operator X= |1⟩⟨0|+ |0⟩⟨1| acting on the ith qubit. This results in the state

|β,γ⟩ ≡ e−iβpHMe−iγpHP · · ·e−iβ1HMe−iγ1HP |+⟩, (3)

where β = (β1, . . . ,βp) and γ = (γ1, . . . ,γp) are real parameters, and p is the number of QAOA rounds. The
Grover mixing unitary e−iβHM for n qubit problems can be decomposed with the help of (n− 3) ancilla
qubits, as shown in figure 8 in appendix E.

The β and γ are optimized as described in appendix C to minimize a cost function

C≡ ⟨β,γ|HP|β,γ⟩, (4)

which can be evaluated by averaging over measurements on a quantum computer.
G-QAOA alleviates a significant obstacle to finding all solutions that confronts the usual QAOA based on

the transverse-field mixer [5] (X-QAOA): HX =
∑n

i=1Xi. In particular, the X-QAOA fails to sample all
solutions equally, often exhibiting exponentially small weights on some solutions [8, 68].

Single-angle-pair G-QAOA. Optimizing many parameters in variational quantum algorithms poses
difficulties to classical optimizers [69–71]. Hence, this paper also considers a protocol in which the same pair
of (β,γ) angle values is used across all rounds of the G-QAOA. Accordingly, the protocol in equation (3)
becomes

|β,γ,p⟩ ≡
p∏

j=1

e−iβHMe−iγHP |+⟩ (5)

for p-round G-QAOA, reducing the number of variational parameters from 2p to 2. This simplification
significantly alleviates the classical optimization demands (see appendix C inherent to the QAOA protocol.
Tests (see section 3) across different problem sizes comparing the single-angle-pair G-QAOA and full
G-QAOA reveal that, despite this constraint, the single-angle-pair G-QAOA exhibits a similar quadratic
speedup as the full G-QAOA.
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Figure 1. Evidence for quadratic speed-up: (a) satisfiable instances: minimum G-QAOA rounds p required to achieve 50%
solution probability versus the inverse of the solution probability P for d ∈ (2,4.5). G-QAOA and single-angle-pair G-QAOA
(green circles and red diamonds, respectively) are plotted, with the purple line corresponding to p= 1/P (the mean number of
random drawings to find the solutions) and the orange line to p= 1/

√
P. Variations in colors differentiate problem sizes. (b)

Unsatisfiable instances: The minimum single-angle-pair G-QAOA rounds vs. the inverse of the Max-SAT probability D for
d ∈ (4.6,8). (c) Evidence for quadratic speedup in terms of required quantum resources. Number of entangling gates (Q) as a
function of inverse solution probability 1/P (or 1/D). Red diamonds and blue triangles have the same meaning as in (a), (b). (d)
G-QAOA rounds as a function of density d: green circles, red diamonds, and blue triangles have the same meaning as in (a) and
(b). Dashed line marks the critical density elaborated upon in section 2.1.

3. Quadratic speedup and parameter clustering

This section assesses the performance of G-QAOA and its single-angle-pair variant for 3-SAT problems. We
produce random instances ϕ(m,n) of the 3-SAT problem for two density ranges, roughly below and above
the satisfiability threshold: (i) d ∈ (2,4.5), in which the large majority of instances are satisfiable, and (ii)
d ∈ (4.6,8) in which most are unsatisfiable. In the former, we keep only satisfiable instances; in the latter, we
keep only unsatisfiable ones to highlight potential distinctions between the two cases. The two separate
density ranges chosen here help to avoid cluttering in plotting, and due to the finite-size effect, there are
satisfiable instances when the density is slightly above the threshold. In generating random instances, if an
instance contains duplicate clauses, only one of the repeating clauses is retained. We consider problem sizes
from n= 10 to 26, with at least 100 random 3-SAT instances for each n< 23, and at least 50 random
instances for each n⩾ 23 (simulation details in appendix C).

3.1. Evidence of quadratic speedup
Figure 1(a) shows the number of G-QAOA rounds required to create a quantum state with at least S= 50%
probability of being a solution, where each point corresponds to a sampled 3-SAT instance. While the time to
find a solution with random guessing would scale as 1/P, where P is the fraction of Boolean variable
assignments that satisfy ϕ, figure 1(a) shows that the number of G-QAOA rounds scales only as 1/

√
P.

Appendix C shows similar results for other success probabilities, S= 25% and 75%. The same trend and
quadratic speedup hold for results obtained using the simpler single-angle-pair G-QAOA, also shown in
figure 1(a). Using the single-angle-pair ansatz, figure 1(b) shows the same scaling for the as-hard or harder
problem of finding the variable assignments with the maximum number of satisfied clauses (Max-SAT)
when instances are not fully satisfiable. In this part, we record D is the fraction of Boolean variable
assignments that give the maximal number of satisfied clauses to ϕ.

4
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Figure 2. Parameter clustering: Distribution of angle pairs (β,γ) [data points in figure 1(a) for 10 to 26 qubits] in the
single-angle-pair protocol, color-marked with the ‘bandwidth’m, a product of the problem size and clause density. Opaque data
points indicate (a):m< 60; (b): 60 ⩽ m< 90; (c):m ⩾ 90, while data points outside these ranges are shown faded.

The quadratic speedup observed in the number of QAOA rounds is maintained after accounting for the
implementation cost of the quantum circuits (number of Mølmer-Sørensen gates [72, 73]), as shown in
figure 1(c).

The same data points of figures 1(a) and (b) are plotted in figure 1(d) as a function of density d. The
results up to 26 Boolean variables indicate that, for the satisfiable 3-SAT problem, the number of G-QAOA
rounds required to boost the probability of solution increases linearly as d increases. The number of rounds
is roughly independent of d for unsatisfiable instances. Specifically, the region of hard instances around the
critical density, as indicated by the dashed line in figure 1(d), shows no difference in scaling than other
regions.

3.2. Parameter clustering
Tracking the angle pairs (β,γ) associated with these 3-SAT problems, a clustering pattern is observed, as
shown in figure 2. For all 3-SAT instances in figure 1(a), the distribution of the angle pairs is notably
concentrated, contingent upon the size of instances and the number of clauses. Similar clustering behaviors
are also observed for the Max-SAT problems (figure 1(b)) when applying the single-angle-pair protocol, as
shown in appendix D.

As the number of clauses increases, the distribution of angle pairs concentrates, especially the γ angle.
This observation implies that for future handling of large, practically challenging instances, the parameter
search space will be significantly narrowed. Parameters within this restricted region are likely to yield
high-quality approximate results. Consequently, the classical optimization cost will be sharply reduced,
providing an additional advantage besides the single-angle-pair protocol.

4. G-QAOA on IonQ hardware

To benchmark the feasibility of G-QAOA on NISQ devices, we executed sample 3-SAT problems6 using
IonQ’s Aria machine. The demonstrations were executed at optimal G-QAOA parameters that were
pre-optimized classically. The 4-qubit (figure 3) and the 5-qubit (figure 4) examples show that the G-QAOA
enhances solution probability over random guessing, with each solution having a comparable relative
frequency. In contrast, the X-QAOA enhances solution probabilities with relative frequencies varying
significantly between solutions.

The experimental results qualitatively agree with the noiseless numerical simulations. For larger
problems (n> 5) and rounds of G-QAOA (p⩾ 3), the results depart significantly from the noiseless
simulation, especially for G-QAOA which requires considerably more entangling gates (Mølmer-Sørensen)
than its X-QAOA counterpart at the tested densities. However, the relative difference in gate cost will
decrease at higher densities. Specifically, given n Boolean variables and the number of clausesm, X-QAOA
requires 6m entangling gates per round. In contrast, G-QAOA requires 6m+ 5(2n− 5) per round, where the
additional 5(2n− 5) entangling gates come from the decomposition of the Toffoli gates needed to implement

6 4-qubit example: {[−0,+2,+3], [+0,+2,−3], [−1,+2,−3], [−1,−2,−3], [−1,−2,+3], [+1,+2,−3], [+0,+2,+3], [−0,+1,
−3]}; 5-qubit example: {[+1, −2, −3], [−1, −3, +4], [+0, −2, −4], [−0, −2, +3], [+2, +3, +4], [−0, +1, +2], [+0, −2, 4], [−1,
+2,−4]}. This notation lists the set of conjunctive clauses, where the notation for each clause is that minus signs imply the negation of a
Boolean variable, and the number indexes the Boolean variable. For example [−0,+2,+3] = (x̄0 ∨ x2 ∨ x3).

5
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Figure 3. Results from IonQ Aria machines for an n= 4 (4 qubits+ 1 ancilla) problem. Here, 2000 shots are taken for each panel.
States displaying pink bins represent solutions, while the rest give non-solutions. The dashed line indicates the probability of
finding a solution by random guessing. Open bins give noiseless simulated results for reference. The state index is the decimal
number corresponding to the binary string for the quantum state.

Figure 4. Results from IonQ Aria machines for an n= 5 (5 qubits+2 ancillas) problem. Here, 4000 shots are taken for each panel.
States displaying pink bins represent solutions, while the rest give non-solutions. The dashed line indicates the probability of
finding a solution by random guessing. Open bins give noiseless simulated results for reference. The state index is the decimal
number corresponding to the binary string for the quantum state.

the Grover mixer in equation (2). Additionally, G-QAOA requires n− 3 ancillas to implement the Grover
mixer (see appendix E for details).

Simulations and demonstration on Aria highlight two aspects of G-QAOA’s efficacy, whose relative
importance differs in different applications: the total probability of solutions and how uniformly the
solutions are sampled. We utilize two metrics to assess the latter: (i) the number of shots needed to observe
all solutions [8]; and (ii) the number of draws from the experimental solution distribution required to reject
(by χ2-tests) the null hypothesis of uniform solution sampling, taking the median from multiple rejection
trials, a metric introduced in [74]. Results from both metrics are shown in table 1.

While noiseless G-QAOA outperforms its X-QAOA counterpart in all metrics, results from Aria show
that the X-QAOA solution probability is often larger than the G-QAOA’s since the G-QAOA requires greater
circuit depth per round. Despite this, the G-QAOA outperforms the X-QAOA in both shots-to-all-solutions
and shots-to-reject-fairness metrics. This shows that G-QAOA’s fair-sampling advantage is evident even on
noisy devices. Especially, the results for shots-to-all-solutions suggest that, in future applications on noisy
quantum platforms, G-QAOA requires fewer resources than X-QAOA to find all solutions.

With both X-QAOA and G-QAOA, the experimental data also shows an enhancement in solution
probability from p= 1 to p= 2. While such improvement for X-QAOA is common [7, 8, 10, 75], seeing the
round-to-round improvement for G-QAOA had been observed only in [8] for the edge cover problem, which
is less computationally challenging.
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Table 1. Performance of X- and G-QAOA on IonQ Aria machines with 4 and 5 qubits. Results are summarized from figures 3 and 4.
Shots-to-all-solutions: values are measured from 100 000 independent runs, and the indicated uncertainty is the 95% confidence
interval. Shots-to-reject-fairness: values are taken from 10 000 trials. Bold values indicate the best-performing algorithm in each
column. The metrics in each column are defined in the main text.

4-qubit Solution% (noiseless) Solution%(IonQ Aria) Shots-to-all-solutions Shots-to-reject-fairness

p= 1 X 52.0 49.70 12.53(3) 64
p= 2 X 83.7 72.20 11.42(3) 24
p= 1 G 56.1 45.35 12.16(2) 3780
p= 2 G 99.9 65.30 8.56(1) 426

5-qubit

p= 1 X 38.1 28.18 35.51(7) 52
p= 2 X 68.9 51.25 18.61(4) 78
p= 1 G 43.1 31.48 26.79(5) 628
p= 2 G 98.7 46.40 18.09(3) 1278

5. Conclusion

Our research reports numerical evidence of the quadratic speedup of G-QAOA over random guessing for
All-SAT and All-Max-SAT problems for thousands of tested 3-SAT instances. The sampled instances cover
problems with 10–26 Boolean variables across various densities. Compared to the Grover algorithm, which
also gives a quadratic speedup, the G-QAOA for 3-SAT problems requires less quantum resources in both
circuit depth and auxiliary qubits. It is also more flexible and can be directly applied to Max-SAT problems.
We do note that in contrast to random sampling, leading classical algorithms, as detailed in appendix F, may
scale better than G-QAOA for typical instances; however, for hard instances in which the classical algorithms
are likely to saturate the upper bound [76], we are optimistic on the performance of G-QAOA for the
classically hard instances, since it does not rely in any obvious way on the structure of problems, neither show
any dependence on the clause density. Furthermore, we execute X-QAOA and G-QAOA for small 4− and
5−variable instances on the IonQ Aria quantum computing platform, showing that the hardware maintains
the uniform solution sampling property for G-QAOA relative to X-QAOA as quantified by reduced
shots-to-all-solutions and other fairness metrics. Despite the longer circuit depth, we also note that the
G-QAOA results obtained from demonstrations on the IonQ Aria machine improve from levels p= 1 to
p= 2.

We also observe that a single-angle-pair constraint provides a simplified G-QAOA protocol that requires
optimizing only two parameters while maintaining the quadratic speedup seen in the full G-QAOA. The
faster optimization of the single-angle-pair approach allows us to obtain 26-qubit numerical results with
comparable computational time required to obtain 20-qubit results for the full G-QAOA on classical
simulators.

We also find clustering of the two parameters in the single-angle-pair G-QAOA, even for a large number
of rounds p≳ 1000. While parameter clustering has previously been seen in different QAOA variants, these
focused on only few-round results [23, 24, 77]. Therefore, the findings in this work are promising for future
large-scale applications of QAOA, and can significantly reduce the classical overhead on parameter training.
For example, it possibly could circumvent the notorious barren plateaus challenge in variational searches [71,
78]. While quadratic speedups are unlikely to be sufficient for practical applications in the foreseeable future
[79, 80], our results are likely to give insight into designing quantum algorithms more generally.

This research lays the groundwork for progress in several directions. These include understanding the
observed efficacy of the single-angle-pair and clustering in the G-QAOA protocol, using parameter clustering
to accelerate the optimization of the G-QAOA parameters further, applying G-QAOA to other problems in
science and engineering, and exploring avenues for achieving more significant speedup. Given the
fundamental role of SAT problems, it encourages future work to apply this single-angle-pair protocol to
other combinatorial optimization problems, as different shapes of density of states may leads to different
performance of G-QAOA [81], as well as different circuit complexity overhead [82]. We believe a fruitful area
suggested by these results is to find simple, possibly analytical, ways of determining the G-QAOA angles from
the problem structure, for example, statistical characteristics of its density of states. See [81, 83, 84] for
related considerations. Finally, other questions are to what extent the run time may improve when we soften
the single-angle-pair constraint differently from the naïve relaxation, or when use a warm-start [85, 86].
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Appendix A. Comparing with Grover algorithm

For 3-SAT problems, the Grover algorithm is more costly than the G-QAOA in ancilla number and circuit
depth. Building up the Grover oracle for ϕ(m,n) takes 2m triple-controlled gates for the OR logic and two
m-controlled gates for the AND logic, which can roughly be mapped to 10m Toffoli gates or 50mMS gates.
One ancilla is needed for each clause as the register for OR logic, andm ancillas are needed to decompose the
m-controlled gate, which gives a total of 2m ancillas. Thus, around the critical densitym∼ 4.26, the QAOA
problem unitary reduces the circuit depth and scalability by an order of magnitude. Meanwhile, the Grover
algorithm requires π

8
√
P
iterations to boost the solution probability to 1

2 , where the constant is close to what

we observe for G-QAOA in figures 1(a) and (b), i.e. at large 1
P it takes roughly 1

3
√
P
rounds of G-QAOA to

boost the solution probability to 1
2 .

The benefits of G-QAOA become more pronounced at higher densities, even though 3-SAT problems are
less likely to possess satisfying solutions in such regimes. Nonetheless, identifying states that maximize the
number of satisfied clauses (Max-SAT) is also a critical and hard problem. As the densitym increases and
solutions become sparse, the Grover algorithm may require relatively more resources due to the absence of
solutions with largem. In these high-density regions, G-QAOA may most significantly outperform the
traditional Grover algorithm in gate counts.

Additionally, the overhead put by satisfiability check is negligible in QAOA, as well as in most of the
variational quantum algorithms. At the end of QAOA, checking whether a sampled instance is satisfiable is
cheaper than calculating the objective (4), as the former only requires one measurement while the latter
necessitates multiple measurements to reduce the error bar.

Appendix B. The Boolean satisfiability problem

A Boolean formula ϕ≡ ϕ(m,n) over a set X of n Boolean variables is in CNF when it is of the form

ϕ = C1 ∧C2 ∧ ·· · ∧Cm, (B1)

where ∧ denotes logical conjunction (AND), and every clause, Ci, 1⩽ i⩽m, is of the form

Ci = li1 ∨ li2 ∨ ·· · ∨ liki , (B2)

where ∨ represents logical disjunction (OR), ki is the length of clause Ci, and every literal lij is either equal to a
variable x ∈ X or its negation x̄. We use sij to denote the sign of literal lij , i.e. sij = 1 for xij and sij =−1 for x̄ij .

An assignment of truth values to variables (or ‘configuration’), is a map τ : X→{0,1}. For x ∈ X, we say
that an assignment τ satisfies the literal x when τ(x) = 1, and satisfies the literal x̄ when τ(x) = 0. An
assignment τ satisfies clause Ci if τ satisfies at least one literal li,j, 1⩽ j ⩽ ki, and τ satisfies formula ϕ when τ
satisfies every clause Ci, 1⩽ i⩽m. For convenience, we write ϕ(τ) = 1 when τ satisfies ϕ and write
ϕ(τ) = 0, otherwise.
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The Boolean satisfiability (SAT) problem is deciding whether an arbitrary Boolean formula ϕ expressed
in CNF has at least one satisfying assignment. A solution is a satisfying assignment of the formula, and we use
Rϕ = {τ : ϕ(τ) = 1} to denote the set of solutions of ϕ. The satisfying probability, i.e. the likelihood that a
random assignment is a solution, is P= |Rϕ|/2n.

Several crucial combinatorial optimization problems are variants of the Boolean satisfiability problem. If
all the clauses have k literals, deciding whether there is a satisfying assignment is the k-SAT problem [30, 31].
Finding all the satisfying assignments is All-SAT [41]. Finding an assignment with the fewest unsatisfied
clauses (which could be non-zero) is known as Max-SAT [59, 60]. Finding all assignments that have the
fewest unsatisfied clauses is known as Max-All-SAT. All are important in theoretical computer science and
have practical applications in science and engineering [87].

Appendix C. Optimizing QAOA angles

Optimization. To minimize the 3-SAT cost function, equation (4), for single-angle-pair G-QAOA, we first
evaluate the cost function on a uniform grid in β and γ with grid spacing π/180 in each direction for
problem size no larger than 20, while for larger problems we sample 4000 angles per instance in the
(β,γ)-plane. We then locally optimize the (β,γ) using these values as initial parameters for L-BFGS-B as
implemented in the scipy.optimize package. We use a stopping criterion of 10−6 relative changes of the cost
function between consecutive iterations. For the G-QAOA results where the angles (βp,γp) are allowed to
depend on the round, we use the same initial seeds but allow the L-BFGS-B local relaxation to optimize all
the angles.

Figure 5. Same 16-variable instances considered with G-QAOA in the main text for different target solution ratios for the final
state, 25%, 50%, and 75%.

In generating random instances, for each independent n-variable sample, we uniformly select a value d
within the density range, and generate nd random clauses according to the density. Should nd not result in an
integer, appropriate rounding is applied. During the classical simulation, we leverage the G-QAOA’s
invariance under the relabeling of states within the same energy manifold. This simplification enables us to
do the exact simulation into two steps. The first step is a classical pre-computation which requires counting
the states in each distinct energy manifold, which takes O(2n) computational time for n Boolean variables.
The second step involves exact classical simulation of the quantum circuit, but this simulation is not in the
full Hilbert space of dimension 2n, and instead is done in an effective space whose dimension is the number
of distinct energy manifolds∼ O(m) [52]. We are therefore able to simulate the G-QAOA for up to 26 qubits,
with one of the main bottlenecks being the classical pre-computation.

Convergence. The choice of 50% solution probability at the end of the QAOA does not affect the quadratic
trend in figure 1. For example, the 16-variable instances of 3-SAT are tested in figure 5 with two different
ending solution ratios below and above 50%. As shown in the graph, different choices of ending ratios for the
target states do not impact on the general scaling.

Landscape. To illustrate the optimization landscape of the single-angle-pair G-QAOA for 3-SAT, figure 6
shows the energy landscape on the (β,γ) surface. Figure 6(a) gives an example of a typical instance.
Figure 6(b) averages the energy landscape over all 108 tested instances of 10-qubit. Typical landscapes are
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Figure 6. (a) The single-angle-pair G-QAOA landscape (energy ⟨H⟩ according to (4)) of a typical 10-qubit instance at p= 10. (b)
Average landscape of all 10-qubit instances at p= 10.

peaked in a similar area to the average. These results indicate an area within the parameter space (β,γ) that
yields the best performance, corresponding to the region of parameter clustering observed in figure 2.

Appendix D. Parameter clustering for Max-SAT

The parameter clustering (the same as figure 2) is also observed for all the Max-SAT instances in figure 1(b),
as shown in figure 7.

Figure 7. Distribution of angle pairs (β,γ) [Max-SAT data points in figure 1(b) for 10 to 26 qubits] in the single-angle-pair
protocol, color-marked with the number of clausesm, which is the product of the problem size and clause density.

Appendix E. Circuit compilation

The n-qubit Grover mixer [52] can be decomposed into multiple double-controlled gates, as shown in
figure 8. Further mapping double-controlled gates onto native gates of trapped-ion machines, the
Mølmer-Sørensen (MS) gates, is done as described in [88].

An illustrative problem unitary for clause [+1,+2,+3] is encoded as shown in figure 9.
When running circuits on the Aria machines, to reduce the impact of possible local noises, we reassigned

the order of encoding qubits every 500 shots during the demonstration on Aria.
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Figure 8. Grover mixer for n-qubit problems. For the case of n= 3, the only entangling gate in the middle is a double-controlled
phase gate, and no ancilla is needed.

Figure 9. A sample problem unitary for a 3-SAT clause. The signs of gates depend on the clause to encode. Note the ZZ gate here
follows the convention of braket, which differs from that in the trapped-ion community by a factor of 2.

Appendix F. Comparison with classical algorithms

Classical approaches to 3-SAT problems such as branch and bound [89] algorithms, tensor networks [90–94],
and weighted model counting [91, 95], provide various important comparisons for the G-QAOA results.
Among these, we analyze the performance of a bucket elimination algorithm Elim-Count [96] which finds all
solutions. An upper bound on the time complexity of the Elim-Count algorithm isO(n · exp(w∗(d))), with n
nodes and w∗(d) induced treewidth, related to the treewidth w by w∗(d) = w− 1. Elim-Count shares the
same exponential time and space complexity on the induced width of the problem graph as other
bucket-elimination algorithms [76]. It can also aid in sampling instances, a task that is at least as hard as
counting. Sampling through Elim-Count can be performed in time growing linearly with the number of
possible assignments by accessing the underlying graph constructed during the bucket elimination process.

We also compare runtimes of our algorithm to results obtained from TensorOrder [91], a weighted model
counting tool that operates by contracting tensor networks. TensorOrder can use different solvers to count
the number of assignments that satisfy a given CNF. We use FlowCutter as the classical solver as it provides
the best performance. FlowCutter optimizes cut size and undergoes network planning, tree construction, and
tree contraction phases where the optimal contraction is sought with a time complexity ofO(c|E|), with c the
optimal cut size and |E| the number of edges. It also enables us to calculate the treewidth for determining the
upper bound of the scaling of Elim-Count.

Figure 10(a) illustrates the scaling of Elim-Count and TensorOrder on the 3-SAT instances used in
figure 1(a), while figure 10(b) provides additional hard instances up to 30 variables around the critical
density d= 4.26. We use FlowCutter to calculate the run time and treewidth of each instance, and supply the
calculated treewidth using the upper bound on time complexity scaling of Elim-Count. By comparing the
scaling of these classical algorithms with G-QAOA, both in complexity and runtime, we observe that
TensorOrder gives better scaling than G-QAOA on typical random instances when focusing on counting but
not enumerating solutions as Elim-Count does. However, for instances around the critical density in
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Figure 10. Classical scaling: Running time for TensorOrder using FactorFlow in seconds and upper bound on time complexity of
the Elim-Count algorithm given the treewidth of each CNF for the instances of figure 1 in (a), and for randomly generated
instances up to 30 bits with density d≈ 4.26 in (b). The red data points represent the time complexity of the Elim-Count
algorithm given the treewidth calculated by FactorFlow to enumerate solutions, while the green data points represent the total
time to count 3-SAT solutions using FactorFlow in seconds, but without enumerating them.

figure 10(b), although at small 1/P the performance of TensorOrder is better than G-QAOA, the performance
at large 1/P is comparable to G-QAOA, although TensorOrder does not sample solutions as G-QAOA ends
up doing in its implementation.
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