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The supplemental material fills in technical details of the basic results in the main text. We first prove the ground
state FSE bound in Eq. under the gap assumption we mentioned there. Then we give the full derivation of the
dynamics FSE bound for correlated initial state, Eq. @ We then compare our dynamics error bounds to perturbation
theory at early times and show that they are qualitatively tight for a large class of product initial states, i.e. they
grow with time as t® with the correct exponent a. The remaining task is to give a detailed derivation of the improved
error bound in PBC given in Eq. @ An important intermediate step is to prove Eq. , which is an analog of
Eq. , expressing the FSE in terms of a LR commutator. We give three different methods to numerically upper
bound the LR commutator that appears in the rhs of Eq. . The first one is to evaluate the series in Eq. ,
which combines the methods in Refs. [T, 2]. This leads to the tightest bound, but is only efficiently computable in
special cases. The second one is to numerically solve the differential equation and then calculate Eq. .
This method (which is based on Ref. [2]) is only slightly looser than the first one but is computationally efficient in
general. The third method makes further simplifications which result in the simple analytic expression in Eq. @,
whose constants are given in Egs. . We emphasize that for any desired system, one may compute the
LR bound and use it in the error formulas Egs. () and (S18). In this way, as LR bounds are refined in the future or
extended to more general systems (e.g. long-range interacting [3H5], bosonic [6], or continuum ones), these refinements
can immediately be used in the FSE bounds.

FSEs in gapped non-degenerate ground states

In this section we prove the exponential decay of FSE in gapped non-degenerate ground states under the assumption
stated in the main text. Recall that H is the Hamiltonian in the thermodynamic limit, and H' = H— AH is obtained
from H by removing the boundary links. The interpolated Hamiltonian H()\) = (1 — \)H 4+ AH' = H — AAH is
assumed to have a non-degenerate ground state |G(X)) and is uniformly gapped A(A) > A > 0, for all A € [0,1].
The basic idea is that, as the parameter A is varied from 0 to 1, we keep track of how fast |G())) changes, as well
as (S))x = (G(V)]S|G(N)). Suppose |G(N)) is properly normalized such that (G(A\)|G(A)) = 1 and phase chosen such
that (G(\)|=%|G(\)) = 0 for any A € [0,1]. Then first order non-degenerate perturbation theory gives
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where Ey()) is the ground state energy of H(\) and Pg(\) = 1 — |G(A\))(G(N)] is the projection operator to the space
of excited states. Therefore, we have the integral formula for the FSE §.5;:
Pa(N)
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The integrand looks similar to the ground state correlator between S, and AH, so it’s natural to guess that it should
decay exponentially in a gapped system. This is verified by the following theorem (which is similar to the exponential
clustering theorem in non-degenerate gapped ground states [7]):

Theorem 1. Let AX,BY be arbitrary local observables with unit norm, supported on non-overlapping regions X, Y,
respectively. Let |G) be the unique ground state of locally-interacting Hamiltonian H with spectral gap A. Then the

quantity fxy = <G|AX Ef_GH By|G> + c.c. is upper bounded by
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where v is the LR velocity, W (zx) is the Lambert-W function, C is a constant depending on Ax and By, and dxy is
the distance between X and Y .

Proof. Using the identity
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where o > 0 is a parameter to be specified later, we have
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where we use the notation (z)<; = min{z, 1}, (z)>0 = max{z,0}, C is a constant coming from the LR bound that
does not depend on r,a, Cs, C3 are coefficients that only weakly depend on r, a, and in the last line we substituted
T =r7rand a=1/(Ar).

Notice that Eq. holds for arbitrary positive A, since the parameter a > 0 introduced in Eq. can be chosen
arbitrarily. If we choose A to be any positive value, we can immediately prove the exponential decay of |fxy| in dxy
which leads to Eq. in the main text, since all the three terms in the rhs of Eq. decay exponentially in r. If
we want a better bound, we can choose A to maximize the smallest decay coefficient min{\A2 /4, min1§r§1/v[72/)\ —
In(v7)],1/(Av?)}, to make the rhs of Eq. decay in r as fast as possible. For A < v we choose A = 2/(Av) and
the maximum is at 7 = 1/v, while for A > v, we choose A to be the solution to the equation AA?/2 + In(Av?/2) = 1,

and the maximum occurs at 7 = /A/2. In the end we arrive at Eq. . This finishes the proof of our theorem. [
Inserting Eq. into Eq. , we get
16| = | Tx[pS) — prSi)| < Cem B0/, (S7)

where £’ is chosen to be slightly larger than the £ in Eq. (S3) to compensate the v/dxy prefactor, and the constant
C' is adjusted accordingly. This proves Eq. in the main text.



Proof of Eq. @D: bound for dynamics initiated from a correlated initial state

We assume 2vt < L, since these are the only times we will apply the FSE bounds; at longer times the error bounds
become too large to be useful. We have
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where O; is a unit norm operator that only acts nontrivially in X;, and |z], [z] are the floor and ceiling of z,
respectively. The first term in the third line comes from the trivial bound [S;(t) — S;_1(¢)|| < 2||S]|, while the
second term comes from the LR bound ||S;(t) — S;_1(t)|| < C(2vt/1)"/2. In the fourth line we use the inequality
(2ut/1)1/2 < enWt=l/2) to facilitate the calculation, and we sum the geometric series in the last two lines, with
constants C7, C% depending at most weakly on ¢, L. Combined with the second term of Eq. , we obtain Eq. @D
One can explicitly compute as needed the constants appearing in this bound for a given model and initial state p.

Comparison of FSE bounds to perturbation theory at early times

We can gain insights into the accuracy of our error bounds by comparing them to the true FSE at lowest order in
time. We can do this analytically using the Taylor series expansion of the true FSE. Recall from Eq. that FSE is
defined as

B(S(1)) = |(eM1E4 e 0, — (MG, (89)
where Hp, is the L-site finite Hamiltonian and 1, is the initial product state restricted to this finite chain. The
Taylor series expansion of the time evolved operators can be expressed as sums of Lie clusters (nested commutators)
involving S and terms in the Hamiltonian [see, e.g. Eq. ] Many small clusters appear in both (emLtge_mLt>¢L
and <e“q tSe—iHl %), and therefore cancel each other. Only those clusters whose spatial length is at least half of the
system size may contribute to FSE. In the following we treat OBC and PBC separately, starting with OBC.

In OBC, FSE is due to those nested commutators in (e*imge’mt> in which boundary terms appear at least once,
since only such clusters are not canceled by any cluster in (e *iﬁLtSe’mLt) The lowest order cluster containing at
least a boundary term is proportional to (C/(S, V;)),t? (8,V3) /D(S,V;)!, where V; the boundary term closest to S, and
C(S,Vj) is the shortest nested commutator joining S and V;. Assuming that the expectation value (C(S,V;))y does
not vanish (which is true for most initial product states W)), the true FSE has the same ¢t dependence as the bound
Eq. .

In PBC there is a qualitative difference. Any term in the Taylor expansion of (e“q tSe—ifl ), in Eq. whose spatial
span is smaller than L do not contribute to FSE, because they cancel the corresponding terms in (emLtS’e’iHLtmL
due to translation invariance and the product nature of the initial state, as shown in Fig. Only those terms in
(eiH tGe—ill t),, which are too long to be embeddable into an L-site periodic system can contribute. More precisely, in
PBC, the rhs of Eq. is contributed by the following two classes of terms:

(1) terms in (eiHtSe—iH?)
L-site PBC chain;
(2) terms in <emLt§e*mLt>¢L which wrap around the whole periodic system (wraps around the torus, or the circle

thS‘e_thm.

w whose spatial span is larger than L, i.e. terms that are too long to be embeddable in the

in d = 1). Such terms do not generally cancel any terms in (e
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The leading order term in both classes are proportional to t*, where £ is the number of Hamiltonian terms in the
smallest L-site-unembeddable cluster starting from S. This t£ behavior is the same as the improved PBC bound in
Eq. (@, and the exponent L is roughly twice as large as the OBC exponent D(S’, V]) In the next section, we give a
rigorous bound for the sum of all terms in each class.
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FIG. S1: An example of canceling terms in the Taylor expansions of eiﬁt&fe_iﬁt and e 0} e_mLt, in the case of 1D TFIM.
y
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Vertices represent terms fzj of the Hamiltonian H = > y fzj, as well as the observable S = 6%, and edges are drawn between

terms that do not commute. The spatial span of the two Lie clusters shown in this figure (cluster of open circles, squares,
and triangles) are equal and shorter than the system size. The expectation values of these two terms exactly cancel due to
translation invariance and the initial state being a product state.

IMPROVED BOUND FOR PBC

For simplicity, we first focus on the 1D case, and later we show that a bound in higher dimension can be obtained
by repeatedly using the 1D bound. Consider a translation invariant quantum system on a 1D periodic lattice with L
unit cells, described by the Hamiltonian H L, and let H=H L—oo be the Hamiltonian in the thermodynamic limit.
We will derive an upper bound for the sum of all terms in e~ it et that may contribute to the FSE (i.e. whose
spatial span is larger than L), using ideas motivated by Ref. [I], and then do the same for e~iflLtGe—iflLt,

Let us focus on the first class of terms, i.e. terms in it Ge—ilt whose spatial span is larger than L, since the

second class can be treated in an identical way. We write the Hamiltonian in the thermodynamic limit as

i=Yh, ($10)

JjEG

where ﬁj denotes a local term in H. It is convenient to introduce the notion of the commutativity graph G, defined
in Ref. [2]. This is a graph whose vertices j are associated with ij and which has edges from j to j' if and only if izj
and ilj/ do not commute. The observable S is represented as an external vertex s on G, linked to all the vertices j
whose iLj do not commute with S , as shown in Fig. Now we write down the Taylor expansion of it Ge—ift e
use bold letters h; = ad;Lj to denote the adjoint of the corresponding operator iL]-7 e.g. hj(S) = [ﬁj, 5’] We have

ciHt Go—iHt _ eth(S')
o~ (it)" ;
=> - > h; ...h;,h; S, (S11)
n=0 ’ J1se0Jn€G

T(s,j1,425--:Jn)€Ts

where T'(s,j1,72,---,jn) denotes the causal forest of the sequence (s, j1,J2,...,7n), as defined in Ref. [I], and T
denotes the set of causal trees starting from the vertex s. In simple terms, we are summing over all the non-vanishing
connected Lie clusters on G starting from the vertex s.

Our goal is to upper bound the sum over all the terms in Eq. whose spatial span is larger than L. For such a
Lie cluster, let j; be the first term in the sequence ji, ..., j, such that the spatial span of the subsequence h;;, . .. hjls'
is larger than L. This means that the spatial span of h;, ... hjlg is less than or equal to L. We call j; the earliest
unembeddable vertex (EUV) of the sequence (s, j1,j2,---,jn). Notice that ilji must act nontrivially on at least two
unit cells, because otherwise j; can never be the EUV of any sequence.



The basic idea is to classify the Lie clusters in Eq. (| into different families, with each family having the same
EUV, and derive an upper bound for the sum over all terms within each family. To this end, let us denote by [e th(S )k
the sum of all the L-site unembeddable terms in the rhs of Eq. (S11)) whose EUV is k, i.e.

i it)" .
[, = § j %hjn ...h;,h; S. (S12)
n>0, :

T(s,51,52,-- 7]n)67-sv
EUV(s,j1,425--:0n)=k

We limit our explicit proof to the nearest neighbor interacting case in which every term ﬁj in the Hamiltonian acts
non-trivially on at most two neighboring unit cells. The proof for the general case is the same as for the nearest-
neighbor interacting case, but involves keeping track of more complicated notation. Therefore for the general case we
omit the proof and present only the final result. Returning to the nearest-neighbor interacting case, for an arbitrary
operator /Al, let xi, xi denote the z-coordinates of the leftmost and rightmost unit cells on which the operator A
acts, and let ny = 2% — 2% + 1 denote the spatial span of A (we write mI];’R,nk for the operator hy, for simplicity).
In the nearest neighboring interacting case, ny = 2 if k£ is an EUV. Without loss of generality, let us suppose that
ok < 2% (the other case #f > 2% can be treated similarly). In this case we need to have z% < 2® 4+ L — 1, because
otherwise the cluster is already unembeddable before hy, is attached, contradicting the assumption that k is the EUV.
Then we have the following theorem:

Theorem 2.

[e™HH(9))p =i /0 v e HI=py (M G — ¢ Hit' G), (S13)
where

‘E[I/c = I:I[xi—&-l,.“,xﬁ—&-L]? ﬁk = ﬁ[xi—&-l,.“,xﬁ—&-L—l]? (814)
where I:I[%JFLM%JFL] denotes the truncation offI to sites [1’5 +1,... ,xﬁ + L], and similarly for I:I[IQJFL.W%JFL?”.

Thm. can be proved by Taylor expanding both sides and explicitly comparing terms, using the same spirit as
the proof of Lemma 5 and Lemma 6 in Ref. [I]. Intuitively, eHit' g gives the sum of all terms in the Taylor expansion
of ¢S that act inside the region [z +1,..., 2k 4+ L], so (eHx?' S — ¢™Mxt' §) gives the sum of all terms in 7' S that
act inside the region [z¥ +1,...,2¥ + L] and act non-trivially on 2 + L, since those terms which do not act on z¥ + L
are canceled by —etHit' G Further, only those terms in (eiH;vt/S — eint/S) that act non-trivially on Z‘E = :Ck + 1 can
survive the commutation with hy, in the rhs of Eq. (S13). In short, the surviving terms in (e’ § — ¢Hxt' §) are those
terms that span exactly L unit cells [azk yee a:k + L], which are the terms in e"Ht/SV that are L-site embeddable but
become unembeddable immediately after attachmg hy. Therefore the rhs of Eq. (| gives the sum of all Lie clusters
in eZHt(S) with k belng the EUV, since the action of e/~ ) happens at a tlme later than ¢’ and can not change
the earliestness of hg. [The last sentence can be better understood by noticing that i f dt’ ¢ (t—t)p, (i(H-hp)t' §

simply gives the sum of all terms in ¢™tS in which hk appears at least once, with the hy, at time ¢/ being the earliest
appearance. Therefore it is natural to expect that 4 fo dt’ e (=], (eHit' S ¢Mit' §) gives a subset of the terms in
i fydt! M= hy et M-P0Y § whose EUV s k.]

For more general locally interacting Hamiltonians which involve terms that act non-trivially on more than 2 neigh-
boring unit cells, Thm. is generalized to

nkf
[ ()] = i Z / dt’ M=y (¢Hial'§ — Hrat' G), (S15)
where

H];,Oz = H[zk+a,...,z};+a+L71]a Hk,oé = H[ziﬁ+a,‘..,x}c‘+a+L72]' (816)

We can get an upper bound for the operator norm of the rhs of Eq. (S15]) using the triangle inequality and unitary
invariance of operator norm. The result is

e Sl < 3 / [, o' (8) = e Hret ()] (517



FIG. S2: Examples of irreducible path and Y-shape on the commutativity graph of the FHM. (Left) The dark green, dashed
path P is irreducible, while the pink, dot-dashed path P is reducible since the pair (4, j) is not consecutive in P> but (4, j) € G.
(Right) Example of an irreducible Y-shape.

The second class of terms [those arising from e2t($)] can be bounded in a similar way, and it turns out that the
resulting upper bound for the second class is identical to the first class, Eq. (S17). Adding up the two classes and
taking nj = 2, we get

68 <2 / dt’ || [y, eeet’ (§) — e™Hrat’ (S)]]]. (S18)
k,« 0

In the following we give two different approaches to upper bound the commutator in the rhs of Eq. (S17)). The
first one is based on a combination of the methods in Ref. [T, 2]. This method leads to the tightest bound but has a
high computational cost (potentially exponential in the system size) except in a few simple cases. The second one is
based on the differential equation method in Ref. [2], which is slightly looser than the first one, but is much easier to
compute, and can also lead to a simple analytic upper bound such as Eq. @

CHEN-LUCAS BOUND FOR LR COMMUTATORS

In this section we present the tightest LR bounds for locally interacting systems, obtained by applying the method
in Ref. [I] to the commutativity graph introduced in Ref. [2]. The goal is to upper bound ||[h;, S(t)]|| which appears in
the simple bound in Eq. (@) and ||[hy, ekt (S) — ¢kt (§)]|| which appears in the improved PBC bound in Eq. (S17).
We begin with the first one. The bound for the second one is a generalization of the first one and is qualitatively
smaller at early times. For simplicity we focus on 1D in this section.

The bound for ||[2;, S(t)]| is obtained by generalizing Thm. 4 of Ref. [1] to the commutativity graph G. The result
is (we present the time integrated version for simplicity)

o . , , . (Qt)n(P)—l
[ s <81 Y S 1 b (519)
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where Pjg is the set of all irreducible paths on G from S to j, n(P) is the number of vertices in P, and h; = Rl
An irreducible path P on graph G is a simple path (a path without repeated vertices) in which any two non-
consecutive vertices in P are not adjacent in G. That is, let P = (ip, = j,%n—1,%n—2,...,02,491 = ), then we have
(imytm—1) € G, 2 < m < n. See Fig. [S2|for examples of irreducible paths.

The bound for ||[A;, it () — ¢Hit'(§)]|| is obtained in a similar way:

t e ) PN . oy n o n(Y)—1
/0||[hj,eijt(s>_ezﬂn<g>]”dtg||5|| > > (J(Y):Aqm 1>(2t)' [T n (520
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where the first sum is over all vertices ¢ that appears in H ]' —H j» Vs,jq is the set of all irreducible Y-shapes on G
with root s and end points 7, g, n;(Y) is the number of vertices on the j-branch of ¥ and similarly for n,(Y"), so that
n(Y) =n;(Y)+nq(Y)+ns(Y)+1. The definition of an irreducible Y-shape with root s and endpoints j, ¢ generalizes
that of an irreducible path: it is a three-branch tree with a branch point y (y may coincide with one of s, j, q) such
that the three branches Py, P}y, Py, are irreducible paths, and any vertex in Py, \{y} is not linked (with respect to



G) to any vertex in (Pj, U Pyy)\{y}. The binomial coefficient in Eq. arises due to the different ways of relative
time ordering the operators on the j-branch and the ¢-branch of Y.

We can see that at early times, the improved PBC bound in Eq. grows like t™n(Y2)=1 where the minimum
is taken over all the L-cell-unembeddable Y-shapes with root s (notice that the set of smallest L-cell-unembeddable
Y-shapes always contain an irreducible one). Put it another way, the small-t exponent of the improved PBC bound
is equal to the minimum number of Hamiltonian terms needed to be attached to S to make the cluster unembed-
dable (or, the number of Hamiltonian terms in the smallest unembeddable Lie cluster containing S), which agrees
with perturbation theory (provided that the expectation value in [¢)) of the leading term doesn’t vanish).

In general, the rhs of Egs. can only be calculated numerically. Yet there are a few special cases in which
we can obtain simple analytic expressions due to the simple structure of the commutativity graph. In the following
we show the bound for 1D TFIM as an example. Similar bounds apply to any 1D model whose commutativity graph
is a single chain, another example is the FHM in the large-U limit [2].

Ezxample: 1D TFIM in PBC' We write the Hamiltonian as

H=-JY> Zjjn—-hY Xj (s21)
J J

where Zj7j+1 =0505,, and X'j = 07 . For illustrative purpose, take S = &7. The commutativity graph G is simply a
1D ring, as shown in Fig.[S1] In this case, there are only two irreducible paths between any two points in G. Inserting
Eq. (S19) evaluated for the PBC TFIM into Eq. () we obtain

L L+2
s(o3(0)) < a7 BT +2\/Z%, (522)

where we assume for simplicity that L is an odd integer.
The improved PBC error bound for §(67(t))y is given by Eq. (S18), which in the current case becomes

t
HEAONESEDS / dt' [T Z; 501, (X7) — MY (X)) ($23)
|[j—i|<L

where IA{J’ = fl[j+1’.,,}j+L], ﬁj = IA{[j+17m)j+L,1] for 7 < 7, and we have a similar expression for j > i. Now we apply

Eq. (S20) to bound the rhs. In this case, qu =JZ;11-1,+L, and since both ]?I]’, ﬁj have open boundary, there is only
one irreducible Y-shape with endpoints j, s,q. Eq. (S20)) becomes

t . A . 21)2L—2 2L — 3 20i—j)—1, i—L<j<i
dt' |[JZ; i1, Mt (X;)—e™it (X <(JLhL2< > o ) " (24
/0 e TS o )T 20— i<g<ign O

When |j — i| = L, we have ¢ ¥’ (X;) = X, so we can simply use Eq. (S19). The result is similar to the first term in
Eq. (S22)) with substitution L — 2L — 1. Inserting Eq. (S24) along with the |j — i| = L case into Eq. (523)), we get

" J (2V/Tht)2E=1 T (4y/Tht)?E—2
e O = G Th er—2 (825)

BOUNDING THE PBC ERROR BOUND BY SOLVING A LINEAR DIFFERENTIAL EQUATION

Apart from a few special cases, the computational complexity of the Chen-Lucas bound, Eq. , grows expo-
nentially with system size, since the number of irreducible paths on G grows exponentially in general. For some
models with very complicated G, the computation of the Chen-Lucas bound may take even longer than the quantum
dynamics simulation itself. For this reason, in this section we give an alternative method based on Ref. [2], which is
slightly looser than the Chen-Lucas bound but whose computational time complexity grows only quadratically with
system size. In addition, with some further simplifications this method leads to the simple analytic expression in
Eq. @

The goal here is to bound the FSE of a dynamics simulation on a periodic cluster of size L1 X Lg X ... X Lg. The first
step is to extend the 1D bound to d dimensions. To this end, denote by C; a cluster of size Ly X La x...XL;jX00X...X00,



that is, for ¢ < j, the i-th direction is periodic with size L;, while for ¢ > j the i-th direction is infinite. Then we have

16(S () Ly xcxLal = — (S Lyxxl

—{8(t)e,] (526)
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Since for each j, the clusters C;_; and C; only differ in the j-th direction, the difference |<$’(t)>cj71 —(S (t))c,| can be
upper bounded using the 1D method. In the following we first focus on the j = 1 term, since other terms can be treated
in an almost identical way. As before, we mainly focus on the “nearest-neighbor interacting” case (only allow inter-

actions between neighboring unit cells), as the generalization to non-nearest-neighbor interactions is straightforward.
We have

1(S(1)e, e | < 2/ at' ZH e (§) — et (S)]]. (527)
Notice that

t
UﬁLk’eiH;t(S«) _ eiH"'t(S’)] _ / dt’ hkeiH;t%(S« _ e_iH;vt/eiH’“t’S')
0

t
i / dt' hye™e (1) (HY, — Hy ek (). (S28)
0
Ref. [2] introduces a method to bound unequal time commutator of the form hye™*(S) by solving a first order
linear differential equation on the commutativity graph G. In the following we extend this method to bound double
commutators of the form hye™2(t=t)h;e™1¥'(S) where Hy = H],, H; = H}, as required for Eq. (528).

To begin, let us first recall some basic results from Ref. [2] and fix our notations. The thermodynamic limit
Hamiltonian with commutativity graph G is written in Eq. (S10) as H = . jea h Since both H; and H, are sums

of subset of terms in Ho = H [see Eq. (S16])], we can write

Ho=) hj, a=1200, (S29)
j€G
where fz? = ; if the term ﬁj is contained in H, and iL;l = 0 otherwise. Let G¢;(t) be the solution to the differential
equation
d
G () =2 > VhEREGE () = > MGG, a=1,2,00, (S30)
k:(ki)EG keG

with initial condition G¢;(0) = ”, where h¢ = ||h¢|| > 0 and M2 = 2\/h¢h§ - ((ik) € G). The solutions can be
written formally as Gf; ( ) = [eM” t];;. Notice that since 0 < hl < h2 < h; we have 0< Mllj < Mf] < M;; and
therefore GJ;(t) < G7;(t) < Gi;(t) for t > 0. In translation 1nvarlant systems Gm( ) has a Fourier integral expression

Gii(t) = [M1,; = /k [M5t], g, R 05 (331)

where 7; denotes the lattice translation vector of the unit cell containing vertex i, oy labels the index of 4 inside a

unit cell, we use the notation [ = [ (Qd(jTl;i, and

aia; = ZM”e‘”“ ), (S32)

In the following we first upper bound [hye’ 20~ h,;e 1t (S| in terms of G¢;(t) and then apply Eq. (S31)) to get a
simple final expression.



First consider the case when ¢ = t. For an arbitrary local operator A, denote A%(t) = [h;, A(t)] and A¥(t) =
[hi, [hj, A(1)]], where A(t) = e™1t(A). We want to find an upper bound for ||S”( )||. Taking the time derivative using
Heisenberg’s equation, we have [note: from Eq. - ) to Eq. ( we write h to mean h1 for notational simplicity]

z@ffj(t) = [hi, [y A, > b))

ST (AT (), b)) + TA), B (0] + [AY(0), 1 (0] + [A7 (¢), i, (6)]). (S33)
k:(kA)EG

We can use the same derivations as in Egs. (6-8) in Ref. [2] to prove that

IA9 @0 <2 Y- /{llAlth”( O+ AT AL+ AT (¢ 1A () e (S34)
k:(kA)eG
The last two terms can be bounded by Eqgs. (16,17) of Ref. [2]:
A < Aty = Y Gh()Vhehi2| Al (S35)
k:(kA)eG
Notice that LA'(t) = Y. kAEGQHAHﬁ};(t), so the last two terms in Eq. (S34) can be combined to
L A(E)AW)]/IA], and we get
IAT @0 <2 Y / LANIRY () llde’ + A° () A7 () /| A]. (S36)
k:(kA)EG

Now take A = fy, a term in H. Using Gronwall’s inequality, we can prove that ||h} (t)|| < ki (t) where hj’ (t) is the
solution to the differential equation

d % % d . 77
—hi () =2 Z hah ( dt —[hy ()R] (1)], (S37)
(kl)eG
with initial condition A7 (0) = 0. If we substitute T';(t) = R} (t)/v/hs, Eq. is of the form 4T = M*-T + B,
which has formal solution T'(t) = fgdt’ M=) B()dt, i.e

B (1) = Z/O ﬁG%ku — t)d[Ri (¢ B () (538)

An upper bound for ||S¥(t)|| can be obtained by taking A=Sin Eq and inserting Egs. - Finally,
Eq. (15) in Ref. [2] allows us to upper bound ||h;e™ (=) p ;1 (§ )|| in terms of ||5% (t)|| and G2 (t) by taking

B = hje™(S):

a2 Ohye Y ()] < 237 G (1 ), s (539)

leG

In summary, to get a bound for FSE [6(S(t)), x...x 1, |, one need to first solve the differential equation Eq. (S30) to
get G;(t), G;(t) [note that since G};(t) < G7;(t), having a bound for G7,(t) is enough], then use Eqs. (S35S36][S38)
to get_a bound for [|S%(¢')]], then insert into Eq. (S39) to get a bound for the double commutator, and finally use
Eqs. (S26lS271S28)) to bound [6(S(t)) 1, x...x1,|- All steps in this procedure are efficient, with total computational cost
scaling at most quadratically with the system size.

Derivation of Eq. @

We now derive the simple bound in Eq. (6). We use G¢ 5(t) < Gij(t) and Eq. (S31) to simplify the expression.

Eq. - ) becomes
t
h(t) = /hihih / N

mea 70

M=), MM [MeMY ) dt + (i < 5). (S40)
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Taking A=Sin Eq. (S36) and inserting Eqgs. , we get

§9(ts) = v/hihj D / M(t2_tl)]lm[M2€Mtl]im[MeMtl]jm + (i ¢ j) + 8 (t3) S (t3)/ S, (541)
m,leG t1,2
where [, = [ioy <pa<y, dhidtz and S = 2v/Ri((ls) € G)||S||. Notice that M is symmetric, and so are eMt, MeMt,

etc. Inserting Eq. (S41)) into Eq. (S39)), we obtain

||hieiH2(t7t3)hjeiH1t3(Sv)” < 2/ Z hh [M3 a M(t t3+to— tl)] [MaeM(tgftl)]jm[eMt1]mlSl_|_25vi(t)5vj(t3)/s
t

h
1.2 mleG m
a=1,2

hh aM«tt-&-t t1 Mz (ta—t1

2/t k: Z hm [M“ ( ame )}aiam[M/gZe kz( ? )]ajozm
L2kL2 o g

a= 12

sleMireinti], etk (=i bika (T =70 g, 4 980 (1159 (t5) /S, (S42)
where a;,, runs over all vertices in a unit cell. Now we insert Eq. (S42) into Egs. (528)) and (S27) to bound FSE

1(S(t))e, — (S(t))e,|. Eqs. (S28) and (527) combines to be
(Si00e, = $00el <2 30 flat [ et et @y (543)

(i,J)€S

where

S = {(i,j)ni=n; =2 A ok <alb Axi<aP4+L-1A zﬁfx%JrLfl}

U{(,f)lni=n; =2 Az > 28 A af>ak —(L-1) A x? =R (L -1)}. (S44)
The restriction on the summation over (4, j) follows from the discussion above Thm. |2} I and the definition of H;, H/ in
Eq. , which is essentlally the requ1rement that 7 is the EUV of some Lie cluster starting from the vertex s, and
that h is a term in H2 —H1 H H Notice that the set S is translation invariant in directions Lo, ..., Lg. Namely,
if (i, ) (75, o), (75, 05)) € S, ‘then for any ™1 L &7 L &, we have (¢, ") = ((7i + 71, o), (7 + FQJ_,CYj)) €S
Let 7, denote the group of all lattice translation vectors in directions Lg, ..., L4, such that S & S§/7, x T,. We
can therefore decompose the sum over 4,j as 32 yes = D(a1.0;)e8/TL 2o(7is )T, - We have (we abbreviate

_ L .. _ L
T =0, T = T})

Z Hhiein(tfts)hjeiHﬂe, | < QW/ [Mgl—zaeMkM(t7t3+t27t1)]aiam[M;CIQTSM@m(tzftl)]a?‘am
(751,751) t1,2,k12,k2a o ’ '
eTL a= 12
1 . . . .
x[Mhetharti]o, o gt (T TR TIS, 428, (0S1(ta)/S, (845)
(e’

m

where M, =M and

k=(kz,0,...,0)’

Z S'j Z/ Mkl aJan e'ts (x,—xn)Q\/WS (846)

il ETL (nsS)

We now need to sum over x;,z; satisfying restrictions defined in Eq. . Notice that all such (x;,x;) satisfy
|z; —x;] = L—1. It turns out to be more convenient to extend the summation to all (z;, z;) satisfying |x; —z;| = L—1.
This still gives an upper bound since the rhs of Eq. is always non-negative. We let z; = z; £ (L — 1) and sum
over x; from —oo to oo:

Z ||hi€iH2(t4_t3)hj€iHlt3(g)|| S 2 Z /ha ha / M3 a M kg (ta—t3+t2— tl)] o [M]? eMkI(tQ_tl)}a'oz
12)

(i,j)GS amﬂlz;ap
a=1,2

Az=+(L—1)

feMota] L cikdng L N 281(4)80(t)/S. (547)

amoy
ho, (4,5)€S/TL

X
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This is the bound for the j = 1 term in Eq. . Those 7 > 1 terms in Eq. can be treated in an almost
identical way; the only difference is that since the directions Lq,...,L;_; are now periodic, the integrals over k in
those j — 1 directions have to be replaced by a discrete sum, k,, € {ZL”—"|n =0,1,..., L, —1},1 <m < j—1. The
result, however, remains completely the same as Eq. . In sumlrnaur}";7 we have

(S Laxoxra <4 > y/haha, / ) (M3 et tamtattemti)] (M M (t2mt]
1 t1,2,3,4,kp

QA , O, X5

1<p<d,a=1,2
Azp==+(Lp—1)
1 . — . — .
x[eMO“]amalTe”“”M”Sz +4 Z S, (t1) S5 (t3)/ S, (548)
Vha, (i.5)eS, 7 14
1<p<d

where the time integrations are restricted to 0 < t; < to < t3 < t4 < t. We now use the same derivation in Eq. (28) of
Ref. [2] to upper bound the k integral by its analytic continuation to ix. We focus on the first term, since the second
term can be treated in a similar way. We have

A

6 rwxral <4 Y haihaj/ ([ME- oMoy (amtottamt)] | pge oMy (o=t)], (1) =5~}
avrnai,aj,l t1,2,3,4
1<p<d,a=1,2

N

Qam Qg m
>, haiha, / (Mg, Mo (2=t DI Minp (amtatta=t)] (1, — i, )}
1 t1,2,3,4

g,
1<p<d,a=1,2

x||eMots||e=xr(Lr=1) G 4 (Term 2)

8 E CHCSCHP/ (A)?erwinp (ta—t3+2t2—2t1)+wot1 —kp(Lp—1) + (Term 2)
1<p<d t1,2,3,4

e
< 2 Z CHCSCk,

e " p=1 G, 4 (Term 2) (549)

IN
N

IN

+ (Term 2), (S50)

where D = diag{\/%}v cg = Zai h’OLi? Cs = Z(ZS) 2v hlSa Crp = HUllip||||U7;€i||HUZ;iDU7‘KP|| + (HP - _HP)7 Wik
is the Perron-Frobenius eigenvalue of M., (i.e. the eigenvalue with the largest magnitude; this must be real and
positive by the Perron-Frobenius theorem), and Uik, is the matrix that diagonalizes M, i.e. M, = Uy, Qmp Ul
<
] =

23 hallCll-

for some diagonal matrix {2;,,. In the third line we use Cauchy-Schwarz inequality El j V$hiCij\/h
Combined with the second term, the final result is

6(S() Ly xonral € Y Cr et o) (S51)
1<p<d
where
CHCSCr,, Ui, 11U, 112 B
C'VVP = 2m + SSCHPWZ—SKPS_KP’ Sﬁp = Zhl€2"€p'(rl_7‘s). (852)
iKp 0 iKp s)

Notice that w;,, means w;z, where the only nonzero component of %, is in the p-th direction equal to .
With Eq. (S51) we are ready to derive the bound in Eq. @ The arguments in Sec. IV of Ref. [2] can be generalized
to prove the following

Proposition 1. Let f(t) be a function with Taylor expansion f(t) =", -, fnt", where m is a positive integer and
fn>0,Yn>m. If f(I/v) < C, then f(t) < C(vt/)™, for 0 <t <l/v.

Now take f(t) = |<Sy(t)>c1k1 - (S’(t))cp\ Eq. (S51)) proves that f(zLT’;) < Ck,o€™ (one has to redo the above
derivations for each direction separately), where

. Wik
vp = min —2% (S53)
kp>0 Ky
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is the LR speed in the p-th direction, and &y is the position of the minimum. On the other hand, using the Taylor
expansion of G;;(t) in Eq. , one can show that the upper bound for f(¢) given in Eqs. and has a
Taylor series expansion with the same leading term as the Chen-Lucas bound in Eq. and with non-negative
coefficients, i.e. f(t) =", <, fut" where f,, > 0, and m = minn,(Ys) — 1 is the number of Hamiltonian terms of the
smallest Y-shape starting from S that is L,-cell unembeddable in the p-th direction. Therefore, Proposition [T] says

R ~ Q.1 minny(Ys)—1
(80, — (S@De] < O (52) . (554)
P
In summary, we have
; 2t 7
10(S()) Lyx...xLal < Z Cp 7 ) (S55)
iz

1<p<d

where C), = Cy " and £, = minn,(Ys) — 1. In general, the exponent £, is linearly related to L,, i.e. £, =
NpLyp — tp,s. This finishes the proof of Eq. @
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