Hubbard models with ultracold shielded molecules in optical lattices
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We show that, in appropriate regimes, ultracold collisionally shielded molecules in an optical
lattice realize a controlled extended Hubbard model, despite their large-radius hard-core repulsion.
We compute the Hubbard parameters and show lattice depth and microwave-induced dipolar inter-

actions provide flexible, independent control of on- and off-site interactions.

This makes shielded

molecules a powerful platform for extended Hubbard models and enables an interaction microscope
that can distinguish inter-hole interactions in doped Mott insulators — crucial to superconductivity
and strange metallicity — that are indistinguishable with quantum gas microscopy alone.

Ultracold atoms in optical lattices are a powerful plat-
form for quantum simulation of the Hubbard model, a
paradigmatic model for strongly correlated electrons in
condensed matter [TH5]. The optical lattice can realize
diverse geometries, control tunneling rates, and enable
site-resolved imaging, while on-site interactions are flex-
ibly tuned by magnetic field using Feshbach resonances
or lattice depth. Rydberg atoms [6], magnetic atoms
[7, [§], and polar molecules in optical lattices can realize
extended Hubbard models with off-site interactions real-
ized by their long-range interactions. Molecules’ long co-
herence times and strong interactions, as well as the rapid
development of molecule quantum gas microscopy [9HI2],
make them an excellent platform to study extended Hub-
bard models that augment the usual Hubbard model with
off-site interactions [I3H23].

While two molecules in a molecular Hubbard simulator
undergo reactive loss or loss from sticky collisions [24] 25]
when they tunnel into the same site, collisional shield-
ing can essentially eliminate these losses [26]. Shielding
has enabled evaporative cooling to quantum degenerate
gases of fermionic [27H29] and bosonic molecules [30, [31],
and dense but stable quantum droplets [32]. There ex-
ist various schemes for shielding [33H39]. We focus on
double microwave shielding [39], which uses o™ circular
and 7 linear polarization microwaves. Interaction be-
tween shielded molecules can be thought of as a repulsive
shielding core, plus long-range dipole-dipole interactions
that can be flexibly tuned in magnitude and sign, or even
turned off.

Because the repulsive shielding interactions are strong
and have a range on the scale of a hundred nanometers,
which is comparable to optical lattice spacings, standard
methods to compute Hubbard parameters for atoms are
not necessarily accurate [40, 4I]. Zero-range approxi-
mations replacing the microscopic molecule-molecule by
the Fermi pseudopotential, typically made for ultracold
atoms, need not be valid for shielded molecules. Simi-
larly, the even-longer-ranged dipolar interaction acts on
the micron scale, and its contribution to the on-site in-
teraction cannot be treated perturbatively, as is usually
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FIG. 1. Hubbard model with shielded molecules.
Molecules can tunnel between lattice sites with hopping am-
plitude ¢ and interact on-site with strength U. The induced
dipole moment deg gives rise to dipolar off-site interactions,
with nearest-neighbor strength Vnn. The wave functions
shown illustrate how repulsive shielding and dipolar interac-
tions deform the two-molecule wave function on length scales
comparable to the lattice spacing.

done for magnetic atoms [7]. Beyond this technical chal-
lenge of how to meaningfully compute Hubbard parame-
ters, the strong on-site repulsion raises a more fundamen-
tal question about whether shielded molecules can fully
quantum simulate an extended Hubbard model. The
strong long-ranged repulsive interactions naturally sug-
gest that shielded molecules effectively realize hard-core
interactions, completely inhibiting double occupancy.
Therefore the outlook has rather pessimistically been
that shielded molecules can operate only deeply in the
Mott insulator regime, with effectively no tunability of
the interactions.

In this Letter, we non-perturbatively calculate on-site
interactions between shielded ultracold molecules in a
3D optical lattice, as illustrated in Fig. [I These can
be bosonic or fermions (necessarily with multiple compo-
nents). We find that by simultaneously tuning the lattice
depth and dipolar interaction, one can flexibly and inde-
pendently tune on-site and off-site interactions, between
roughly +10 times the tunneling. Due to the strong re-
pulsion this is realized in shallow lattices where the ab-
solute tunneling rate is large, an advantage for reaching



the lowest, most interesting temperatures in strongly in-
teracting Hubbard models a key requirement for state-of-
the-art quantum simulation [42]. Furthermore, we show
that the tunability of the off-site interaction can be used
as an interaction microscope, a novel diagnostic of effec-
tive hole-hole (or other dopant) interactions in the doped
Hubbard model.

We consider ultracold molecules loaded in a three-
dimensional cubic optical lattice with lattice spacing
a = A/2 = 532 nm, where A is the optical wavelength.
Explicitly, the lattice potential is given by the sum of
Vo sin?(kp) for p = x,y, z. The lattice depth Vj is experi-
mentally adjusted by the laser intensity and this controls
the tunneling ¢, which is a universal function of Vy/E,
that is identical to the well-known atomic case [40], where
E, = h?k?/2m is the recoil energy. The molecules expe-
rience on-site interactions U and off-site nearest inter-
actions, whose strength for nearest-neighbors displaced
along the quantization axis we denote Vnn. Under the
usual conditions — a deep enough lattice for tunneling to
be described by a tight-binding model, interaction range
small compared to the lattice spacing, and interaction
energy small compared to the bandgap — the system is
described by an extended Hubbard model. Writing this
explicitly for fermions,
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where ¢, (c! ) is a fermionic annihilation (creation)
operator for site ¢ and nuclear spin o [43], ¢ is
the tunneling, and to a good approximation V;; =
Van(a/rij)3 (3 cos® 0;; — 1)/2 where r;; is the distance
from site i to site j, 0;; is the angle between the line
connecting i to j and the quantization axis. Small devi-
ations from this dependence occur due to the non-point-
like nature of the Wannier functions (percent level), as
well as from the extension of the shielding core across
lattice sites (small for bialkalis). The bosonic case can
be written similarly. We note that this model enjoys
an SU(N) symmetry that opens up a wealth of interest-
ing physics [44H40], some of which may not be obtained
with SU(N) systems of alkaline-earth-like atoms [47H51].
Computing effective U and Vyyn that result from the mi-
croscopic shielding and dipolar molecule-molecule inter-
actions, and their dependence on Vj and deg, is the goal
of the paper.

The microscopic interaction between shielded
molecules consists of a repulsive shielding core plus
long-range dipolar interactions. The dipolar interaction
is given by d%;(1 — 3cos?0)/4meer3, where r is the
distance between the molecules and 6 the angle between
intermolecular axis and the microwave quantization
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FIG. 2. On-site interaction energy at lattice depth

Vo = 6ER. a as a function of the shielding core repulsion for
compensated dipolar interactions (degr = 0). Markers indicate
representative molecular species considered in this work. b
On-site interaction as a function of the squared effective dipole
moment d2g for NaCs molecules. Perturbative results are
shown as dashed lines.

axis. The microwave fields control the effective dipole
moment def, enabling tuning between dipolar (d%; > 0),
anti-dipolar (d2; < 0), and compensated (deg = 0)
interactions.  The shielding core can be accurately
modeled as a +Cgr—% van der Waals repulsion that
results from the microwave shielding [52]. The repulsive
shielding core has a long range, with characteristic size
r¢ = (mCs/h?)Y/*. For NaCs with compensated dipolar
interactions, r¢ = 160 nm is not small compared to
the A/2 &~ 532 nm lattice spacing in a typical optical
lattice. The range of dipolar interactions can be on
the micron scale, and hence be appreciable over several
sites of a typical optical lattice. Due to the universality
of microwave shielding [63] both length scales are
molecule dependent and scale with ry = md?/4megh?.
For relatively less polar and lighter NaK, rg = 22 nm,
while both length scales may be substantially enhanced
for “ultrapolar” molecules of assembled alkali-metal-
coinage-metal atoms [54], to 510 nm for KAg and up to
1100 nm for CsAg.

To calculate the on-site interaction non-perturbatively,
we numerically solve the Schrédinger equation for two
molecules in the optical lattice using a limited ba-
sis of contractions that are localized on a single site.
These contractions are determined by first solving two
molecules in a harmonic trap. In a truncated basis of
these reference solutions, we then solve the full prob-
lem in the actual lattice potential including the result-
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FIG. 3. Hubbard parameters for NaCs molecules controlled by the effective squared dipole moment d2; and lattice depth
Vo. (a) U/t. Dash-dotted and dash—double-dotted contours indicate constant Van/¢t = 2 and Van/t = 5, respectively. (b)
Vnn/t. Dashed curves indicate U/t = 0. (c) One-dimensional cuts along the trajectories indicated in (a) and (b), i.e. U/t for
fixed-Vn/t (blue) and Vin/t along the U/t = 0 trajectories (orange and purple).

ing coupling between center-of-mass and relative coor-
dinates. The on-site interaction U is computed as the
difference in ground-state energy between calculations
for interacting and non-interacting molecules. We also
compute off-site interactions Vyn between molecules in
nearest neighbor sites as matrix elements in the Wannier
basis, and give estimates of density-assisted tunneling.
The on-site interaction here is computed differently from
typical methods for ultracold atoms, where one replaces
the microscopic interaction by a Fermi pseudo-potential
g6(r) and treats this perturbatively in the Wannier basis,
U = g [ Jwo(r)|* dr. The philosophy of our calculation is
that the localized basis leads to localized approximations
of eigenstates, and hence are close to the Wannier de-
scription, while our approach can still be applied where
the interaction is non-perturbative. In the Supplemen-
tal Material (SM), we extensively validate this and show
that with suitable contractions one recovers the usual re-
sults calculated in the Wannier basis in the special cases
where the Wannier approach is applicable [55].

Figure[2h shows the on-site interaction energy for com-
pensated dipolar interactions (deg = 0) as a function of
the repulsive shielding interactions’ rg, for a fixed lattice
depth Vy/E, = 6. For dog = 0 the interaction in recoil
units is a universal function of rg/A and Vy/E,. The
markers indicate parameters corresponding to typical ul-
tracold molecules NaK [56] and NaCs [57, 58] that have
been realized experimentally, and ultrapolar KAg and
CsAg that are actively pursued [59]. With the exception
of NaK, rg exceeds the harmonic oscillator length, and
the perturbative pseudo-potential description is invalid,
see the SM [55].

Figure[2b shows how the on-site interaction U for NaCs
depends on the induced dipolar interactions, propor-
tional to dgﬁ. The dipolar interaction non-perturbatively

modifies the on-site interaction already for a very small
induced dipole moment. An induced dipole moment of
dest =~ 0.5 Debye — a small fraction of the limiting 4.7 De-
bye dipole — can compensate the strongly repulsive on-
site interaction and tune U close to zero, for example
over a range where |U| = t. Tuning of the on-site inter-
action to these small values using the induced dipole mo-
ment is a powerful feature that enables accessing regimes
beyond the hard-core, infinitely repulsive on-site inter-
actions, and effectively reinstating quantum fluctuations
into doubly occupied configurations.

Next we show that one may independently tune the
on-site U and off-site Vi interactions, relative to tunnel-
ing t, by controlling the lattice depth V) and the induced
dipolar interaction, proportional to d%;. Figure shows
U/t with superimposed paths along which the off-site in-
teraction is fixed at Vyn/t = 2 and 5, demonstrating
that U/t may be tuned at fixed Vxn/t. Figure shows
Vnn/t where the superimposed curves mark U/t = 0.
Figure [Bc shows line plots of the interactions along these
paths, demonstrating that U/t can be flexibly tuned from
weakly to strongly interacting at fixed Vyn/t paths and
vice versa. This establishes comprehensive control of on
and off-site interactions. Excitingly, this control is pos-
sible at shallow lattices where t is large, advantageous
experimentally for accessing low temperatures T'/t.

In addition to flexibility for quantum simulations, the
independent tunability of on- and off-site interactions
enables an interaction microscope — a probe of the ef-
fective inter-dopant interactions, which are fundamen-
tal for understanding doped Mott insulators and the
myriad associated phenomena in them, such as pseudo-
gaps, strange metals, stripes, and, most notably, high-
temperature superconductivity [60]. Notable proposed
inter-hole interaction mechanisms and associated poten-
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FIG. 4. An interaction microscope: using dipolar in-
teractions to distinguish inter-hole interactions. (a)
Four toy effective 1D interaction potentials potentials between
holes in a doped Hubbard model (inset) that are essentially
indistinguishable via snapshots of hole locations in a quan-
tum gas microscope. (b, c¢) Probability to find two holes at
separation r in the ground state, for the red (n1) and green
(n2) potentials in (a). Results (b) without (Van/t = 0) and
(c) with (Vin/t = 2) dipolar interactions, demonstrating that
the tunable Vnn allows one to discriminate otherwise indis-
tinguishable interactions. Results are for a 20-site lattice and
potential coefficients Weg /t = 4 (see the SM [55]).

tials (or more generally interaction vertices) include ge-
ometric string theory and parton constructions [61H68],
the spin-bag mechanism [69H71], and magnon-exchange
mediated pairing [72] [73].

To demonstrate the principle of this interaction micro-
scope, we consider the simplified problem of two holes
doped into a Mott insulator (inset in Fig. [4a) and
show that adding Vnn allows experiments to discrimi-
nate inter-dopant interactions that would be otherwise
indistinguishable using density and correlation measure-
ments in quantum gas microscopes. For illustrative pur-
poses, we take a simplified model where the holes interact
via an effective one-dimensional potential Veg (1) that de-
pends only on their separation r. All the potentials in
Fig. (a) produce ground state probability distributions
of the distance between holes, n(r), that are highly sim-
ilar and therefore difficult to distinguish experimentally,
as illustrated in Fig. [@b for the red and green poten-
tials of Fig[4a. However, Fig. [4(c) shows that an easily
accessible off-site interaction strength (Vn/t = 2) mod-
ifies the n(r) so that the two potentials are easily distin-
guished. More quantitatively the maximum difference in

the two n(r) increases from 0.07 to 0.4 after adding dipo-
lar interactions, see the SM [55]. The mechanism of this
distinguishability for the shown pair of potentials is that
despite the similar binding length and inter-hole wave-
functions, the binding energies are quite different and
therefore adding VN causes the states of one potential
to unbind while the other stays strongly bound. Even
if the binding energies were similar, potentials are still
generally distinguishable because the bound state wave-
function’s characteristic size changes differently with Vyn
for different potential shapes.

This ability of the off-site interactions to distinguish
potentials at reasonable Vyy is not an artifact of the two
potentials compared in Fig. f[(b—c), but is broadly true
for different potentials. In the SM, we show that this
holds for all four potentials illustrated in Fig. (a), and
that furthermore the interaction microscope’s effective-
ness survives to experimentally relevant temperatures for
Hubbard model quantum simulation (7'/¢ < 1) [55]. The
SM also more generally quantifies the distinguishability
of the n(r) via the 2 norm for these potentials and how
this evolves with VN and T'. Finally, we note that our
interaction microscope is not restricted to hole-hole in-
teractions, but can also be applied to other inter-dopant
interactions hole-doublon and doublon-doublon interac-
tions.

We have studied the tunable extended Hubbard model
realized with collisionally shielded ultracold molecules in
an optical lattice. The strong, long-range interactions be-
tween typical molecules cannot be described by a Fermi
pseudo-potential, and the on-site interactions Hubbard U
are not perturbative. Nevertheless, shielded molecules do
not necessarily realize hard-core interactions that forbid
double occupancy. In fact, we find that by simultane-
ously tuning the lattice depth and dipolar interaction in
double microwave shielding[26] [39] we can flexibly and
independently tune on-site and off-site interactions, be-
tween, say, £10 times the tunneling. Due to the strong
repulsion this is realized in shallow lattices where the
absolute tunneling rate is high, creating advantages for
simulating strongly interacting Hubbard physics at low
T/t, a key bottleneck in state-of-the-art quantum simu-
lation. Additional tunability of on- and off-site interac-
tions is possible using the microwave quantization axis,
anisotropy and microwave ellipticity[32] [74], and Flo-
quet engineering of the microwave-induced interactions.
Parallel work shows in single-microwave shielding that
coherent coupling of a neighboring monomer pair to a
long-lived field-linked [74] [75] on-site dimer provides inde-
pendently tunable SU(NV)-symmetric on-site and off-site
interactions with complementary theoretical techniques,
and shows that the microwave orientation axis is a pow-
erful tuning parameter [76], and further parallel work ar-
rives at similar conclusions [77]. Furthermore, we show
that the tunable long-range off-site interaction can be
used as an interaction microscope, a tool to character-



ize effective hole-hole and other interdopant interactions
in the doped Hubbard model that are predicted by var-
ious theoretical frameworks, but which could otherwise
be indistinguishable.
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S1. ONE MOLECULE IN AN OPTICAL
LATTICE

We first consider a single particle in a periodic opti-
cal lattice in one dimension V(z) = Vjsin?(kx), where
k = 2w/ with A the wavelength of the light, and A/2
the period of the resulting optical lattice. The Bloch
wavefunction ¢, (z) = uq(x) exp(igz) where cell-periodic
function uq(x) statisfies

[;; <—z;; + q)2 +V(x)

with periodic boundary conditions. @ We solve the
Schrodinger equation for ,(z) using sinc-function dis-
crete variable representation (DVR) [I] subject to the
boundary condition ¥ (z + A/2) = exp(igh/2)yq(z) for
each quasi-momentum ¢. Fourier transformation of u,(x)
yields the Wannier function w;(z) = [ exp(igz;)uq(z)dg
localized at site . The tunneling is obtained directly
from the bandwidth as ¢ = (eg=r — €0)/4.

For a single molecule in a three-dimensional cubic op-
tical lattice we consider the separable potential V(r) =
Vp[sin?(kz) + sin?(ky) + sin®(kz)]. The solutions for the
Wannier functions are products of one-dimensional Wan-
nier functions w;(r) = w(x — x;)w(y — y;)w(z — z).

Given two nearest neighbor sites ¢ and j, the tunneling
can also be obtained as

uq(7) = equq(z),  (S1)

f—— / W} () ho w; (r)dr, ($2)

where hy is the single-particle Hamiltonian. The tunnel-
ing calculated in this way agrees closely with that ob-
tained from the bandwidth as described above. On-site
interaction are written as

U://\wi(n)\ Vint (11 —72) |wi(r2)|” dry dry. (S3)

Computing the on-site interaction in the basis of the
single-particle Wannier function for a single band implic-
itly assumes the interactions are perturbatively weak and
do not modify the wavefunction. For atoms, one first

* t.karman@science.ru.nl

replaces the physical interaction potential with a pseu-

dopotential V' = %6(7’—7") with the same scattering
length, as, which gives

drhla,
Upseudopotential = m /|w2 (T‘)‘4 dr. (84)

This replacement is not just convenient, but necessary as
Eq. diverges for Viyg(ry —re) = csrl_26. However, the
replacement of the physical potential by a pseudopoten-
tial which is treated perturbatively as in Eq. is valid
only if the range of the physical potential is much shorter
than the size of w;(r). For atoms in optical lattices
this might typically be valid, but for microwave shielded
molecules that interact over a much longer range, consid-
ered in this work, this in general breaks down [2]. Evalu-
ation of U in this case in this regime is the main subject
of this paper.

We also evaluate the off-site interaction for nearest-
neighbors displaced along the quantization axis,

Van = / [wi (1) Ving (71 — ), (ro)[2 dry dra, (S5)

where j is a neighbor of site ¢ in the z direction, i.e.,
w;(r) = wr — z;)w(y — yi)w(z — ziy1). We will evalu-
ate this in the case of the dipolar interaction Viy(r) =
4:5323 (1 — 3cos? ), where 6 is the polar angle of r. We
note that all integrals involving the dipolar interaction
converge without problems and are computed here by nu-
merical integration. One might have expected these inte-
grals to diverge due to the r—2 scaling of the interaction.
However, the interaction is also completely anisotropic
and averages to zero when integrated over the direction of
r = r1 —7r2. Hence, the integral V is only sensitive to the
anisotropy of the density distribution |w;(r1)|?|w;(r2)|?
which vanishes at linearly in r around r = 0, leading to
a well-defined finite integral [3].

S2. TWO MOLECULES IN A HARMONIC
POTENTIAL

Next we consider two ultracold molecules confined in
a three-dimensional isotropic harmonic potential. We
introduce the relative coordinate » = r1 — r9 and the
center-of-mass coordinate R = (71 +73)/2, where r; and
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1o are the positions of the two molecules. The Hamilto-
nian is
h2

H= 5 (;VQR + 2V3) +mw?R?*+ imw27“2+‘/int(’l°),

(S6)
where m is the molecular mass and w is the harmonic trap
frequency. The effective interactions between the two
shielded molecules with compensated (deg = 0) dipolar
interactions are described accurately by a repulsive van

der Waals potential[4], [5]

Cs
Vvint(’f‘) = 7'76 (S?)
Note this is isotropic and independent of the center-of-
mass coordinate R.

Since the Hamiltonian is separable into center-of-mass
and relative motion, and the interaction and external
potential are isotropic, we can write radial Schrodinger
equations

1 6> L(L+1)
4X2

4
Te _
2+ (=) G—EW
ap

The corresponding angular solutions are the spherical
harmonics Yy, p(X) and Y; (), respectively. Here, we
have introduced dimensionless positions & = r/aj and

X = R/ay, where aj, = /-2

mw

-= X’ - FE Oy (X)=0
19X2 + N7L:| ~,L(X) )

_872+l(l+1)+1
0x2 2 4

¢n,l($) =0.
(S8)

is the harmonic oscillator

length, and ¢, and FE,, are eigenenergies in units of the
2

harmonic oscillator energy Aw = nZIQ. We furthermore
h

introduced a characteristic length of the van der Waals
interaction as
mCl 1/4
Te = B2 )

and energy scale Eg = h%/mrZ.

The uncoupled radial Schrédinger equations are solved
numerically using sinc-function discrete variable repre-
sentation (DVR) [1].

For NaCs molecules under conditions that enable ef-
fective shielding [6] [7], r¢ = 3000 a¢ (160 nm). Using
the universality of microwave shielding [§] we estimate
the relevant length scales for other molecules by assum-
ing r¢ scales with the limiting dipolar length o md>2.
This results in 74 = 9700 ao (513 nm) for KAg, 20811 ag
(1101 nm) for CsAg, 423 ag (22 nm) for NaK, and 1598 ag
(84 nm) for LiCu, for example[d} [10]. If r¢ < ap, the van
der Waals potential can be safely replaced by a Fermi-
pseudopotential %5 (r), which is typically done for
atoms. The problem of two particles interacting by a
contact pseudopotential has been solved exactly [11]. For

(59)

2as
T™ap "

small as/ay, the interaction is given by U/hw =

As as/ayp, increases, the exact interaction energy increases
less than suggested by this linear relation, and satu-
rates at U = hw as as — oo. In this discussion, ag is
the scattering length associated with the repulsive van
der Waals potential, which we expect to be of order
r¢ based on dimensional analysis. More precisely, the
s-wave Schrodinger equation for the repulsive van der
Waals potential at zero energy is

d2
£

where y = r/rg. The exact solution is given by

e(y) = VyKi/a (2;2)

/4 o T(=1/4)

V2 V2
where K, (y) is the irregular Bessel function of the first
kind. We find the scattering length as the root of the
asymptotic wavefunction, which yields

0, (S10)

+0(y™?), (S11)

r(-1)
= ~ 0.676 r¢. S12
or(1) "6 (812)

For large rg, the pseudopotential description breaks
down. Instead, we can think of the ground state as a har-
monic oscillator state localized at intermediate distances
that balance repulsion of the van der Waals and har-
monic oscillator potentials, respectively. The minimum
of this potential occurs at z, = (12)'/8(rg/ap)/?. At
x4 the value of the potential in harmonic oscillator units

is 3*3//2; (L‘i), and the second derivative of the potential

ap

in harmonic oscillator units at x, is equal to 4, which
implies a harmonic oscillator frequency of 2v/2 harmonic
oscillator units. For rg > aj, anharmonic terms become
negligible and the ground state energy for the relative
motion thus becomes the sum of potential at the mini-

(=) +v2

ap

mum and the harmonic zero-point energy,

in units of fw. This simple result is somewhat remark-
able; the ground state energy in units of iw is essentially
always linear in rg/ay, with a small change of slope from

(=3)
- 21“(%4)

/5 = 0.539 for perturbatively weak interactions

at r¢ < ap to 33% =~ 0.620 for strong interactions at
r6 > ap. This can be seen in Fig. [STh. Treating the
pseudopotential interaction perturbatively for r¢ > ay, is
inaccurate and deviates strongly from the exact solution
for the pseudopotential, but when compared to the solu-
tion for the full interaction this “double approximation”
is fortuitously accurate. The other remarkable feature is
that the harmonic frequency at large 7g/ay is indepen-
dent of rg/ap. As a result, the lowest excitation energy
for s-wave relative motion states changes from 2hw at
re < ap, t0 2v/2hw at r¢ > ap, shown in Fig. . This
change of excitation energy upon interaction could be
useful for selective parametric heating of pairs of interact-
ing molecules in a single trap, for example for removing
double occupancies or deterministic loading.
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FIG. S1. Two molecules in a harmonic potential a
Comparison of the on-site interaction energy as a function
of r¢/an for two molecules confined in a harmonic potential
interacting via a repulsive van der Waals potential (green) and
with the Fermi-pseudopotential treated either perturbatively
(blue) or exactly (purple) [II]. The dashed line indicates the
limit of U for contact interactions at unitarity, as — co. b
Energy difference between the ground and first excited state
of two molecules in a harmonic potential with repulsive van
der Waals interactions.

S3. TWO MOLECULES IN AN OPTICAL
LATTICE

Next, we consider two ultracold molecules confined in
a three-dimensional optical lattice, with Hamiltonian

. 1
a=-l (2% + 2v,%> Vi (7, R) 4 Vi (r). (S13)

The lattice potential takes the form

M«

Viat(r, R) =V [sin®(k; - r1) +sin®(k; - r2)]

[1 —cos(k; - r)cos(2k; - R)], (S14)

where again the relative coordinate r = r; — r9 and the
center-of-mass coordinate R = (ry + r2)/2, with r1 and
7o the positions of the two molecules. We assume a three
dimensional cubic lattice where k; point in the z, y, 2z
directions, respectively, and k; = 2w/ with A = 1064 nm
the wavelength of the optical lattice, in this case equal in
each of the directions.

Instead of solving the Schrédinger equation for the full
Hamiltonian directly, we first solve a “reference problem”
where the lattice potential is replaced by an isotropic har-
monic potential with the same harmonic oscillator fre-

2
quency w = % This leads to uncoupled radial

Schrodinger equations, Eq. (S8|), which are simpler to
solve. We determine the radial solutions for [, L = 0, and
use these as contractions to set up a direct product basis
set

Inlm N LM) = ¢n(r/an)Yim(r)®n(R/an)YL,m(R/an),
(S15)

which is typically truncated as n,N < 4, and [,L =
0,2,4. We note that these contractions merely serve to
define an efficient basis, but ultimately we will solve the
Schrodinger equation for the full Hamiltonian. We note
that the contractions are determined while fully includ-
ing the interaction between molecules. The basis that
is generated is automatically localized near a particular
minimum of the periodic optical lattice potential. As a
result, we expect that eigenstates computed in this local-
ized basis will approximate the Wannier functions, and
we will confirm this numerically in Sec. [S4]

To evaluate the lattice potential in the basis of con-
tractions, we use the Legendre expansion

cos(k-r)= Z i (20 + 1) jo(kr) Py (cos ),

even £

(S16)

where jy(z) are the spherical Bessel functions of the first
kind, P, is a Legendre polynomial, and 6 is the angle
between k; and r. For the cubic lattice that we consider,
we will make use of

Py(@-7) = —%cg,o(ﬁ) + \/g (Ca.s (7) + Co,_o(7)]
Py(g-7) = —%CQ,O(f‘) - \/3[02,2 () + Co,—o(7)]

Py(2-7) = Coo(r), (S17)

where C¢ ., is a Racah-normalized spherical harmonic.
To evaluate matrix elements of the angular coupling in-
duced by the lattice potential in our direct product basis,
we use

(L'M'|Cy o (cos ) |LM)

2L +1
=/ L,i (LM em|L'M)(LOK|L'0)  (S18)

where (LM {¢m|L'M’) is a Clebsch-Gordan coefficient.




The total Hamiltonian is evaluated in the basis of
Eq. as the sum of the reference Hamiltonian, cen-
trifugal kinetic energy, and the difference in confining po-
tential. The reference Hamiltonian is solved by the con-
tracted basis of Eq. , and hence is diagonal. The
direct product structure of independent radial and an-
gular functions, used in this basis, required determining
radial contractions without including the centrifugal ki-
netic energies 12/2ur? and L2/2MR2. The centrifugal
kinetic energy terms are then evaluated in the contracted
basis and included in the total Hamiltonian. Finally, the
contracted Hamiltonian uses a harmonic potential rather
than the optical lattice potential. After setting up the
total Hamiltonian in this basis, we diagonalize it to de-
termine eigenfunctions and energies. We determine the
on-site interactions U = E — Ej in the lowest band as
the difference between the lowest eigenenergies E and Ej
obtained including and excluding the molecule-molecule
interaction, respectively.

S4. VALIDATION

Hubbard parameters are generally defined in terms
of Wannier functions [2, [3]. The computational proce-
dure outlined above is to compute on-site interactions
as the difference between the lowest eigenstates for two
molecules in an optical lattice, computed with and with-
out interactions. It is, however, not guarranteed that the
on-site interaction energy computed in this way corre-
sponds to the on-site interaction in the Wannier basis.
In fact, the ground state of the problem we solve nu-
merically, two molecules in an extended lattice, should
not correspond to two molecules on the same site, espe-
cially not if these molecules are repulsively interacting.
The essence of our approach is to solve the two-molecule
problem in a limited localized basis which forces the two
molecules onto a single site. However, one can imagine
that if one attempts to converge this calculation by mak-
ing the localized basis more complete, at some point the
lowest energy solution will delocalize over multiple sites.
We expect that when the lattice is sufficiently deep that
the overlap is sufficiently small between solutions to the
two-molecule problem on one site and solutions with one
or more molecules moved to other sites, one can obtain
meaningful, converged solutions for the on-site interac-
tion before the delocalization happens. In this section, we
first examine the convergence of our calculations, and nu-
merically establish that the interactions computed in this
way agree with integrals over Wannier functions when
that approach is justified.

First, we consider non-interacting molecules and ana-
lyze the size of the wave function /(z2) where z = 21 — 29
is the relative distance in one of the lattice directions.
This expectation value can be computed in the Wan-
nier basis as (22) = [ [w(z1)?(z1 — 22)?w(22)? dz1 dzs.
We compute the same expectation value using our nu-
merical approach, shown in Fig. as a function of

the size of the radial grid used for computing the con-
tracted basis functions, . for the relative coordinate
and Ruax = 2rmax for the center of mass coordinate.
For deep lattices we see that the size of the wavefunc-
tion converges for rmax > 5 ap, and the value obtained
agrees with that from the independent calculation using
the Wannier functions, shown as the dashed lines. If rax
is made even larger, however, \/(2?) starts to grow again
to exceed hundreds of nanometer, as the basis now allows
the wavefunction to delocalize over multiple sites. For
shallower lattices this occurs at smaller 7.« /ap as the
harmonic oscillator length grows while the lattice con-
stant is fixed. Thus, we see a plateau form at intermedi-
ate rmax/an where 1/(22) is insensitive to rmax/ap and in
agreement with the result based on integration over prod-
ucts of Wannier functions. This plateau shrinks with de-
creasing lattice depth, and essentially disappears around
Vo/E, = 5. For lattice depths around or below this value,
our calculations offer only a rough guideline, and quan-
titative calculations will require new techniques.

Next we perform a similar calculation of /(22) as a
function of the size of the radial grid for the relative coor-
dinate, while truncating the center of mass grid at fixed
Ruax = 2.5 ap. By contrast, the previous calculation
truncated both center of mass and relative coordinates
based on rp.. The idea is that if the center of mass co-
ordinate cannot localize in between lattice sites, delocal-
ization of the two molecules over two sites requires r >~ A
rather than r ~ \/2, extending the plateau over which
meaningful expectation values are computed, in agree-
ment with the Wannier basis. As seen in Fig. [S2b, this
procedure effectively removes the large-cutoff instability
and produces stable convergence over a broader range of
relative-coordinate cutoffs.

Next, we verify that the same convergence behavior
persists in the interacting case. We first consider a short-
range pseudopotential but replace the delta function by a

normalized Gaussian, V (r) = ﬁexp (—;—2), where
we choose the interaction strength g small enough such
that this interaction can be treated perturbatively by in-
tegrating over Wannier functions U = [ [w(r1)?V (r; —
ro)w(re)? dry dry. Figure shows U/g as a function
of the truncation of the relative-coordinate grid rpyax for
fixed truncation of the center-of-mass grid. Similar to
what we saw in the previous calculations of the size of
the wavefunction, we observe that the interaction energy
converges for rmax > 5 ap to a stable value that agrees
with that obtained as matrix elements in the Wannier
basis. This confirms numerically that our method yields
the same result as the standard integration over products
of Wannier functions where that approach is valid.
Next, we compute the on-site interaction for the re-
pulsive van der Waals potential, shown in Fig. [S3b. As
before, we observe that the computed on-site interactions
converge for rya.x > 5 ap. Here, we do not include a ref-
erence value computed by integrating over products of
Wannier functions, because this approach is not appli-
cable here. As discussed in Sec. the integral over
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FIG. S2. Size of the non-interacting wavefunction
\/(22), where z = z1 — z2 is the relative z coordinate, as
a function of the maximum value of the relative radial grid.
Panel a shows results of calculations in which the relative- and
center-of-mass cutoffs are increased together, leading to an
intermediate plateau before the solutions delocalize at large
cutoff. b shows calculations in which the center-of-mass cut-
off is fixed at Rmax = 2.5ap while the relative-coordinate
cutoff is varied. Solid lines denote solutions computed with
the approach developed here, and dashed lines denote the
corresponding Wannier-function results. To ensure full con-
vergence over the entire range of cutoffs, an enlarged basis
with (n = N =1 = L = 8) was used for all calculations
shown.

Wannier functions Eq. (S3) does not converge for the
microscopic van der Waals interaction which diverges as
r~6. For atoms, the typical approach is to replace this
microscopic interaction by a Fermi pseudopotential with
the same scattering length. However, here the range of
interactions is so large that the pseudopotential approx-
imation is not valid, nor is its perturbative treatment by
computing integrals over the lowest-band Wannier func-
tion. As discussed before, this is flagged by U exceed-
ing hw. We saw earlier that the exact result for a har-
monic oscillator with a contact pseudopotential deviates
from results with a van der Waals interaction already for
U ~ 0.5hw, which we see is exceeded here already for the
shallowest lattices, V5 /E, = 5, considered.

S5. ON-SITE INTERACTIONS

Figure shows the on-site interaction energy in
harmonic-oscillator units, U/hw, as a function of the di-
mensionless ratio rg/ap in a three-dimensional optical
lattice and compensated (deg = 0) interactions. Each
solid curve is computed at fixed lattice depth, and hence
fixed ayp,, while varying r¢. For r¢/a) < 1, the interaction
is weak, and the repulsive van der Waals potential can be
approximated by a contact pseudopotential and treated
perturbatively, leading to the scaling U/hw o 7¢/an
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FIG. S3. Convergence of the on-site interaction en-

ergy as a function of the relative-grid cutoff rmax. a pseu-
dopotential, see text, comparing our method (solid lines) with
Wannier-function estimates (dashed lines) for several lattice
depths. b repulsive van der Waals interactions for NaCs
molecules. In both cases we fixed Rmax = 2.5 an. The re-
sults show a smooth convergence for all lattice depths.

shown by the dashed lines. Markers indicate rg/ay that
correspond to typical polar molecules, and —except for
NaK- all of them lie in the regime rg > ap where we
have seen the pseudopotential description breaks down
in a harmonic trap. As before in the case of the har-
monic trap, we find that the true U for strong interactions
(with deg = 0) are fortuitously close to what would be
expected by extending the perturbative scaling well out-
side its regime of applicability, the dashed lines. For the
most strongly dipolar molecules such as KAg and CsAg,
however, we find that U is no longer linear in r¢g, which
by construction can never be described by integration of
a pseudopotential over products of Wannier functions.

Figure shows the on-site interaction U for NaCs
molecules in a three-dimensional optical lattice as a func-
tion of the lattice depth Vj, in photon recoil units and in
frequency units instead of harmonic oscillator units.

Figure [S6| shows the ratio of interaction energy to tun-
neling U/t as a function of lattice depth Vj for several
shielded polar molecules in a three-dimensional optical
lattice. The differences between molecular species arise
primarily from the scaling of the radius of the shield, rg,
which for double microwave shielding scales with dipolar
length [8]. Notably, U/t is large already for low lattice
depth Vj. This indicates strongly interacting Hubbard
physics can be simulated in shallow lattices where t is
large, such that at fixed experimentally realizable tem-
peratures, the temperature over tunneling 7'/t can be
low. Achieving large U/t at low T/t is a main challenge
for quantum simulation of the Hubbard model with ul-
tracold atoms.
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FIG. S4. On-site interaction energy for compensated
dipolar interactions as a function of the dimensionless ra-
tio r¢/an in a three-dimensional optical lattice. Solid curves
show results obtained with the full repulsive van der Waals
potential at fixed lattice depths Vi = 15 E,. (orange) and 3 E,
(red). Dashed lines show the perturbative scaling of contact-
interactions U/fw o re/an. Markers indicate representative
molecular species considered in this work.
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FIG. S5. On-site interaction energy for NaCs with

compensated dipolar interactions in a three-dimensional
optical lattice as a function of the lattice depth V4.

S6. DIPOLAR INTERACTIONS

Next, we consider turning on long-range dipole-dipole
interactions between the molecules. For ultracold polar
molecules with double microwave shielding this can be
achieved by tuning the microwaves away from compen-
sation of the dipolar interactions [I2]. First, we revisit
the convergence of the calculated on-site interaction in
this case.

First, we attempt to include dipolar interactions in the
same computational procedure as before: We compute a
contracted basis as before, as direct products of angu-
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FIG. S6. On-site interaction over tunneling U/t as a
function of the lattice depth Vp for several shielded molec-
ular species in a three-dimensional optical lattice with com-
pensated dipolar interactions. U/t is large already at shal-
low lattices, indicating access to strongly correlated Hubbard
regimes in shallow lattices.

lar and radial functions, where the radial functions are
determined by solving a reference problem, the s-wave
radial Schrodinger equation for a harmonic confining po-
tential. This reference problem accounts for the shielding
core, the repulsive van der Waals interaction that results
from microwave shielding. Then, we compute matrix ele-
ments of the dipole-dipole interaction in this direct prod-
uct basis, and include it in the total Hamiltonian. Fig-
ure shows the on-site interaction energy for NaCs
including long-range dipolar interactions, as a function
of the relative-grid cutoff 7, and for different numbers
of radial contractions. We observe no convergence of the
computed on-site interactions, which is somewhat sur-
prising compared to the previous results.

The essential difference is that in our previous calcula-
tions, the basis functions were optimized while fully ac-
counting for the molecule-molecule interactions. By con-
trast, here, the basis functions are not optimized for the
dipolar interaction. The reason for this is that the dipolar
interaction is anisotropic and cannot be fully described
in a purely radial wave equation, as used to generate our
contractions as direct products. We improve upon this
by picking a different reference potential, which is still a
function of the radial relative coordinate alone, but ef-
fectively accounts for the dipolar interactions. This is
done by computing the lowest adiabatic potential curve
including the dipolar interaction, by diagonalizing the
Hamiltonian for the relative degree of freedom without
radial kinetic energy. When using this reference poten-
tial to compute the contracted basis functions, the on-site
interactions converge rapidly as shown in Fig. [STpb.

The on-site interactions for NaCs molecules as a func-
tion of the dipole-dipole interaction are shown in Fig. [S8]
Here, we consider different models for the external trap-
ping potential; 3D corresponds to the three dimensional
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FIG. S7. Convergence of on-site interaction energies
in the presence of dipolar interactions. The legend in-
dicates the number of contracted basis functions n = N used
for the relative-motion (n) and center-of-mass (N) radial co-
ordinates. In all calculations, (I = L = 4). Calculations based
on contractions generated from the lowest adiabatic potential
b exhibit significantly improved numerical stability compared
to those obtained using a harmonic reference potential a. The
results were obtained for NaCs molecules with a lattice po-
tential of 5 F, and d%; = —0.67 Debye?.

optical lattice we have considered so far, whereas har-
monic corresponds to an isotropic harmonic approxima-
tion to this site potential. One can see that there is a
substantial difference between the 3D optical lattice and
the harmonic approximation, especially at dgff = 0 where
the interactions are repulsive, whereas the effect of the
confining potential becomes smaller at large d2; when the
contact interaction becomes attractive and the molecules
bind.

In Fig. we also show results for an anisotropic situ-
ation to illustrate the resulting first-order shifts from the
dipolar interaction. We consider a one-dimensional lat-
tice, where the harmonic approximation is made for the
two remaining directions. In the case labeled 1Dy, the
lattice is in the z direction which is also the polarization
direction of the molecular dipole moments. In the case
labeled 1D, the lattice is perpendicular to the polar-
ization direction of the molecular dipole moments. We
emphasize that these are the only 1D-lattices results, and
all other results are for a 3D cubic lattice. The relevance
of the 1D lattice here is that the anisotropic potential
leads to anisotropic single particle solutions , and there-
fore a first-order contribution to the on-site interaction,
which can be computed perturbatively as

: d? 1—3(f12- 2)?
die — Lﬂ//mi(ﬁ)ﬁ#ml

4dmeg 19
(S19)
This approximation is frequently used for magnetic
atoms [3], and leads to a U that is necessarily linear in
d?;. In the 3D cubic lattice, the first-order dipolar in-
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FIG. S8. Control of the on-site interaction by tuning
dipolar interactions parameterized by the squared effective
dipole moment d2g for NaCs molecules in a lattice of depth
10 E,. The harmonic curve shows the single-site harmonic
approximation, while the lattice curves labeled 1D and 3D
include the optical lattice potential in one or three dimen-
sions, respectively. Curve labeled 1D correspond to dipoles
aligned parallel to the lattice direction, and curves labeled
1D, correspond to dipoles aligned perpendicular to it. The
first-order dipolar correction to U is read off from the slope of
the curves at d%; = 0. We emphasize that this figure contains
the only 1D-lattices results in this work, and all other results
are for a 3D cubic lattice.

teraction vanishes. In Fig. one can indeed see that
U versus dfﬁ has zero slope at deg = 0 in the isotropic
harmonic trap and in the three dimensional optical lat-
tice, whereas the slope is non-zero for 1D and 1D, . In
all cases, however, this perturbative effect is fairly weak
in the regime it applies and is quickly overwhelmed by
non-perturbative effects: the on-site interaction deviates
strongly from it already for d%; = 0.5 Debye?, which cor-
responds to only a small fraction of the limiting molecular
dipole moment.

The non-perturbative effect of the dipolar interaction
already at a small induced dipole moment correspond-
ing to dgﬁ ~ 0.5 Debye? can compensate the strongly
repulsive on-site interaction U =~ hw, giving weak inter-
actions U < fw and allowing U to be tuned on scales
comparable to t. Tuning of the on-site interaction to
smaller values using the induced dipole moment can be
a powerful feature that enables accessing regimes other
than hard-core infinitely repulsive on=site interactions,
effectively re-activating quantum fluctuations to doubly
occupied sites.

Figure [S9] shows a complementary way of using the
dipolar tunability. Instead of scanning dgff at fixed lattice
depth, we fix several representative values of d%; and
follow the resulting on-site interaction as a function of
the lattice depth. This illustrates that depending on the
induced dipole moment, one can obtain either repulsive
or attractive on-site interactions, also tunable with lattice
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FIG. S9. On-site interaction U for NaCs molecules as a
function of lattice depth for several fixed values of the squared
effective dipole moment d2g.

depth. For particular choices of dgﬁ, this balance can be
tuned through U = 0, corresponding to a cancellation
of the net on-site interaction. These zero crossings are
indicated by the black lines in Fig. [S9

Figure shows the nearest-neighbor off-site dipo-
lar interaction, computed as in Eq. . The neigh-
boring sites are displaced in the Z direction which is the
quantization direction of the molecular dipoles, such that
dipolar interactions (d%; > 0) are attractive, and anti-
dipolar interactions (d2z < 0) are repulsive. Figure
shows the off-site interaction for two values of the induced
dipole moment as a function of the lattice depth. Fig-
ure [ST0b shows the same interaction as a function of the
induced squared dipole for fixed lattice depths. The de-
pendence on induced squared dipole is necessarily linear,
see Eq. , and we find the slope increases slightly with
lattice depth as the molecular dipoles localize further, see
Fig[SI0] The interaction is only weakly depth dependent,
and close to that expected for two point dipoles separated
by A\/2, shown as the markers.

The point-dipole approximation is more accurate for
distant pairs than for nearest neighbors, so the agreement
discussed above implies that to good approximation the
off-site interaction beyond nearest neighbors follows the
geometric scaling of the dipole-dipole interaction, V;; =
Van(3cos® 0;; —1)A /1677, as discussed in the main text.

Next we estimate the contribution of the 7~% shielding
core to the off-site interaction by evaluating Eq. for
Vint = min(Veutost, C67 %) as a function of Voyor. The
reason for this cutoff is that for any non-zero overlap of
the Wannier functions, Eq. diverges for the van der
Waals interaction. Physically, short-range interactions
far exceeding the lattice depth should not contribute to
the off-site interaction, so one could hope that VN ob-
tains a stable value that depends on V yiog only weakly
around Veutof/Er = 3-6, before diverging at large cut-
off. Figure show the dependence of the resulting es-
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FIG. S10. Off-site dipolar interaction Viyn for NaCs

molecules as a function of a lattice depth for several fixed
values of the squared effective dipole moment d2 and b vice
versa. The circles show the point-dipole approximation ob-
tained by fixing the dipoles at the lattice-site centers.
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FIG. S11. Shielding core contribution to off-site in-
teractions. Nearest neighbour off-site interaction energies

(Van) produced by the shielding-induced repulsive van der
Waals interaction. The horizontal axis shows the energy cut-
off applied to the repulsive van der Waals potential, which
regularizes the r~% divergence in the numerical evaluation of
Eq. . Results are shown for lattice depths Vp = 3 E; and
6 E, for a NaCs and b KAg molecules.

timate of Vyn as a function of the cutoff, for two lattice
depths Vy/E, = 3 and 6. The resulting VN is not in-
dependent of the chosen cutoff, indicating that a proper
determination of the off-site interaction may also require
full solution of the two-molecule problem, which is how-
ever beyond the scope of this paper. Nevertheless, the
estimates are useful to show that the contribution of the
shielding core to the nearest-neighbor off-site interaction
are substantially smaller than the dipolar off-site inter-

actions (Fig. [S10) for NaCs, shown in Fig. [S1lp, and

for less dipolar molecules such as NaK. Conversely, the



contribution of the shielding core to the off-site interac-
tion may be strong and comparable to the dipolar one
for KAg, shown in Fig. [ST1p, and for even more dipolar
molecules such as CsAg. Interestingly this could real-
ize new extended models involving hard-core interactions
with a radius that encompasses multiple lattice sites.

Having already established that on-site interactions be-
tween shielded molecules are non-perturbative, we next
consider the modification of the interacting two-molecule
wavefunction.

First, we analyze the wavefunctions of the two interact-
ing molecules on one lattice site. We compare the local-
ized two-body wave function obtained with our method
to the product of Wannier functions, which is typically
the basis used in the Hubbard model. First, we com-
pute wavefunctions in real space. To facilitate plotting
of the six-dimensional two-molecule wavefunction, we fix
the center of mass coordinate to the center of the lattice
site, R = 0, and the relative coordinate r to the x,z
plane. We show the resulting wavefunctions in Fig. 1 of
the main text, for NaCs molecules in a 6 recoil lattice
for three cases: (i) Non-interacting molecules, where the
relative-coordinate wavefunction is essentially a Gaussian
centered around 7, as expected for a harmonic oscilla-
tor. (ii) Double microwave shielding with compensated
dipolar interactions. The repulsive shield punches a hole
with radius 160 nm in the wavefunction as the molecules
cannot approach within the shield radius. The length
scale of this is comparable to that of the lattice poten-
tial, and for this particular lattice depth encompasses
much of the non-interacting wavefunction. (iii) Double
microwave shielding with uncompensated dipolar inter-
actions. This results not only in a hole in the wave-
function due to shielding, but also an anisotropic am-
plitude outside as the molecules localize along directions
for which the anisotropic dipolar interaction is attrac-
tive. The length scale of the optical lattice potential is
indicated for comparison.

Next, we consider the modification of the interacting
two-molecule wavefunction more quantitatively by eval-
uating the overlap of wavefunctions in the interacting
and non-interacting cases. The non-interacting wave-
functions are ordered by their relative contribution. For
the case of double microwave shielding with compensated
dipolar interactions, the resulting overlaps are shown in
Fig. [S12h. The dominant contribution comes from the
lowest band over the range of lattice depths considered,
while higher-band contributions remain comparatively
small but not negligible. This indicates that, despite the
strong modification of the wavefunction inside the radius
of the shield, the interacting state is still largely captured
by the lowest-band Wannier description. In the case of
uncompensated dipolar interactions, shown in Fig.[S12b,
we see that the higher-band contributions are somewhat
enhanced, but the lowest band remains dominant.

The results above establish the tunability of both U
and Vyn by tuning induced dipolar interaction and lat-
tice depth. In the main text Fig 3, we show that indeed
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FIG. S12. Wannier decomposition of molecule-

molecule wavefunctions. Projection of the interacting
two-body ground-state wave function 1y onto non-interacting
Wannier states w; as a function of lattice depth for NaCs
molecules. a considering the repulsive van der Waals interac-
tions, while dipolar interactions are compensated. The largest
overlap is with the lowest band, indicating that the interacting
state is predominantly described by the lowest-band Wannier
component, with smaller contributions from higher bands. b
Including dipolar interactions. Results are shown for NaCs
molecules at fixed d2g = 0.19 Debye®. The higher-band over-
laps are larger than in the purely van der Waals case, but the
dominant contribution remains the lowest Wannier band.

comprehensive simultaneous control of U/t and Viyy /t is
realized.

We comment on the possibility of density-
induced or density-assisted tunneling of the form
=Ty agajaiaj + h.c. in the realization of an ex-
tended Hubbard model with ultracold shielded molecules
[13,14]. The density-induced tunneling can be computed
as

T+t=— /\110(7“1,’!'2) [iLo(Tl) + iLo(Tg) +V (1“1 — TQ)
X w,‘(T‘1)’LUj (TQ) d'f’l drg, (SZO)

where 7 and j are nearest-neighbor sites. The wavefunc-
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FIG. S13. Estimate of the density-induced tunneling
as a function of the lattice depth, split out in contributions of
the dipolar interactions, a contact interactions, and compared
to the single particle tunneling, see text. Results are shown
for NaCs molecules with d2g = 0.19 Debye?

tion analysis above showed that the on-site pair wave-
function, ¥o(r1,72), can be approximated by the wave-
function for non-interacting molecules, cow;(r1)w;(rs2),
with coefficient ¢g = (¢o|¥o) close to unity. The single
particle Hamiltonian does not coupled Wannier functions
corresponding to different bands, leading to a contribu-
tion (co — 1)t to the density induced tunneling. For the
interaction term

J = /wi(rl)2 Ving (11 — T2)w;(r2)w;(r2) dry dra,
(S21)

which neglects corrections of order 1 — ¢y due to contri-
butions of higher bands. This motivates estimating the
density-induced tunneling as T' = (¢ — 1)t — J. We split
the interaction in a dipole-dipole and a contact contribu-
tion with as given by Eq. . As shown in Figure
these contributions are all comparable in the range of lat-
tice depths shown, which is the same range of depths in
which we demonstrated tunability of U/t and Van/t, see
Fig. 3 of the main text. We note that we consider the
contribution of the contact interaction to be a useful esti-
mate that indicates the contribution of the shielding core
to density-induced tunneling can be substantial. How-
ever, this estimate is likely not quantitatively accurate
as we have shown the pseudopotential approximation in
applicable to due the long range of the shielding inter-
action. Quantitative calculation of the density-induced
tunneling therefore would require solving numerically the
problem of two molecules in two (or more) sites, which
is beyond the scope of the present paper.
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FIG. S14. The interaction microscope at finite temper-
atures. The L2 distance between the thermal relative density
profiles for the pair of effective inter-hole potentials Véflf) and
Ve(? at finite temperatures (increments of 7'/t = 0.1), showing
the enhancement survives to temperatures relevant for quan-
tum simulation (T'/t < 1). Inset: the peak Lo distance as a
function of temperature. Results are for a 20-site lattice and

potential coefficients We(}[@ Jt=4.

S7. CHARACTERIZING THE INTERACTION
MICROSCOPE

In this section, we further investigate the interaction
microscope enabled by tunable dipolar interactions in ul-
tracold shielded molecules. We first discuss the effective
inter-hole and dipolar potentials we used to demonstrate
the technique. We then motivate the /2 norm as a met-
ric to quantify the difference between inter-hole density
profiles and efficacy of the interaction microscope, which
is then used to illustrate the temperature-dependence of
the interaction microscope, showcasing that it survives
to experimentally relevant temperatures, and the inves-
tigate the robustness of the interaction microscope for all
effective inter-hole potentials considered.

A. Effective inter-hole and dipolar potentials

We consider four effective inter-hole potential func-
tions, shown in Fig. 4a,

V) = W exp (—12) +6,0Me  (S22)
Vi (r) = —\/Vl% + 0r.0Whe (S23)
ViR () = —H% + 07,0Whe (S24)
VR () = W exp (— g—z) + 3,0 Whe (S25)
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FIG. S15. Robustness of the interaction microscope for
different pairs of effective potentials. The Ly distance
between the respective ground state relative density profiles
for each pair of toy effective inter-hole potentials we consider.
In particular, note that the peak distinguishability for all pairs
occurs at Van/t # 0. Results are for a 20-site lattice and

potential coefficients We(flf_4)/t =4.

Where Wég) sets the strength of the effective potential
ple ff , and Whe/t = 1000 is effectively infinite, creating a

€
hardcore repulsion. We specifically choose to consider a

long-range potential in Véé) by re-scaling r by 5.

For the main text results, Wég)/t = 4 for all . This
ensures that bound states form, that the potentials are
not much deeper than required to form these bound
states, and that the resulting bound states are difficult
to distinguish without the interaction microscope. Ef-
fective potentials one through four presented above and
in the main text require a W(H /t of approximately 3.1,
0.9, 1.5, and 0.4 respectively to develop bound states of
length & < 5 and 4.3, 3.3, 3.4, and 3.9, respectively, for

& <2, where £ = /(r?).

The total inter-hole potential is V off + Vaip where the
dipolar off-site interaction is

NN

Vaip(r) = (526)

for r # 0.
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B. Using the /2norm to measure distinguishability

We use La(nq,ns) \/Z [na(r;) — ng(r;)] ? to char-

acterize the difference of two no, where ny(r;) is the
probability that two holes are separated by j sites, for

potentials Ve(f?). This is a natural measure of distin-
guishability, as it provides, for example, the x? statistic
used in hypothesis testing: the p-value is a function of
X% o< La(na,ng) and gives the probability of observing
a discrepancy at least as large as Lo if n, and ng arose
from the same underlying effective potential.

C. Temperature-dependence of the interaction
microscope

The interaction microscope requires low enough tem-
peratures for the inter-dopant potential to affect hole
pairs. Here we investigate the temperature required.
Fig. shows Lo versus Vnn/t computed numeri-
cally at different temperatures for our potentials. The
ne(r) are computed as thermal averages (O)g =
Tr{Oexp(~3H)] = X, (n|Ojn) exp(~BE,) with  —
1/T (we set kg = 1). For T > t, the interaction micro-
scope clearly has no effect, since the inter-hole potential
does not affect the physics.

Figure shows that the interaction microscope re-
mains easily able to distinguish the pair of effective po-
tentials ng) and Vé? up to T' =t (the same pair as com-
pared in the main text). As temperature is increased, the
maximum of the Lo decreases somewhat but still attains
a sizable maximum (at least 0.25) at a non-zero value of
Van. The inset of Fig. shows the maximal value of
£y versus T/t on a logarithmic scale. An Lo greater than
about 0.1 persists to T several times ¢. Similar conclu-
sions hold for all pairs of effective potentials considered,
as shown in the next section.

D. Interaction microscope robustness for different
effective potential pairs

A natural question to pose is whether the interaction
microscope’s capabilities illustrated in Fig. 4 and the
previous section are fine-tuned to the pair of potentials
presented, or are broadly useful.

Fig. shows the Ly versus Vyn/t for all six pairs.
This illustrates that all potentials are made significantly
more distinguishable by adding Vxn # 0. Note that the
maximal ¢? distance for all six pairs of potentials occurs
on the positive Vxn side. This is because a key mech-
anism driving the distinguishability is that a maximum
in distinguishability is attained when the dipolar inter-
action causes a bound-unbound transition in one of the
potentials being compared.
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