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Metal-insulator transition and magnetism of SU(3) fermions in the square lattice
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We study the SU(3) symmetric Fermi-Hubbard model (FHM) in the square lattice at 1/3-filling using
numerically exact determinant quantum Monte Carlo and numerical linked-cluster expansion techniques. We
present the different regimes of the model in the T -U plane, which are characterized by local and short-range
correlations, and capture signatures of the metal-insulator transition and magnetic crossovers. These signatures
are detected as the temperature scales characterizing the rise of the compressibility, and an interaction-dependent
change in the sign of the diagonal spin-spin correlation function. The analysis of the compressibility estimates the
location of the metal-insulator quantum critical point at Uc/t ∼ 6, and provides a temperature scale for observing
Mott physics at finite T . Furthermore, from the analysis of the spin-spin correlation function we observe that
for U/t � 6 and T ∼ J = 4t2/U there is a development of a short-range two-sublattice (2SL) antiferromagnetic
structure, as well as an emerging three-sublattice (3SL) antiferromagnetic structure as the temperature is lowered
below T/J � 0.57. This crossover from 2SL to 3SL magnetic ordering agrees with Heisenberg limit predictions,
and has observable effects on the density of on-site pairs. Finally, we describe how the features of the regimes
in the T -U plane can be explored with alkaline-earth-like atoms in optical lattices with currently achieved
experimental techniques and temperatures. The results discussed in this paper provide a starting point for the
exploration of the SU(3) FHM upon doping.
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I. INTRODUCTION

The study of Fermi-Hubbard models (FHMs) with spin
S > 1/2 and higher SU(N > 2) symmetries has gained inter-
est in recent years due to the interesting exotic ground states
they are predicted to display, their relevance to multiorbital
materials, and their precise realization in ultracold atoms.
Their richness is exemplified in the Heisenberg limit, where
the density is on average one particle per site (〈n〉 = 1) and the
repulsive on-site interaction energy dominates over the tunnel-
ing amplitude (U � t). Already in this simplifying limit, the
model on the two-dimensional (2D) square lattice is predicted
to exhibit a plethora of ground states with a complicated N
dependence [1–7].

The possibility to experimentally explore the rich phase di-
agram of the SU(N) FHM is opened by the rapid development
of quantum simulation capabilities with alkaline-earth-like
atoms (AEAs) in optical lattices (OLs). Due to the intrinsic
SU(N) nuclear spin symmetry of fermionic AEAs (such as
173Yb and 87Sr) [8–12], experiments can engineer the SU(N)
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FHM with N tunable from 2, 3, . . . , 10. In the past few years,
experiments with 173Yb in OLs have explored the SU(N)
FHM for different values of N and in different geometries:
In the three-dimensional (3D) cubic lattice, they have studied
the Mott insulator state for N = 6 [13], the equation of state
for N = 3, 6 [14], and a flavor-selective Mott insulator for
N = 3 [15]. In 2D dimerized OLs, experiments have mea-
sured nearest-neighbor antiferromagnetic (AFM) correlations
for N = 4 [16]. In 1D, 2D, and 3D hypercubic lattices with
uniform tunneling rates, nearest-neighbor AFM correlations
have been detected for N = 6 [17]. The future implementation
of quantum gas microscopy for two-dimensional OLs realiz-
ing the SU(N) FHM [18–26] is expected to reveal a wealth
of physics as it will allow for the characterization of finite-
temperature analogs of a variety of proposed ground states via
the direct observation of site-resolved spin-spin correlations
[17,27–29]. These experimental efforts call for a thorough
theoretical understanding of the phase diagrams for N > 2,
and in particular, finite-temperature signatures of their rich
physics.

A question of interest in the SU(N) FHM occurs at 1/N-
filling (〈n〉 = 1) in the 2D square lattice. At this filling, the
N > 2 FHM provides us with the opportunity to disentangle
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FIG. 1. Schematics of magnetic orderings. (a) 2SL AFM. Here
the ordering wave vector is (±π,±π ), where in sublattice A there
is a predominance of a spin flavor and in sublattice B there is a spin
with a different flavor (a superposition of the other two spin flavors).
(b) 3SL AFM. Here the ordering wave vector is (±2π/3,±2π/3)
and in this case, spins of the same flavor alternate every three sites.
The insets correspond to the sign of C(�r ) in Eq. (5), measured from
the site in the lower left corner, for the ideal arrangements shown.
Orange (blue) corresponds to a positive (negative) sign.

the role played by nesting and Mott physics since, in contrast
to SU(2), a finite U is required to open a charge gap. While the
SU(2) FHM at 1/2-filling exhibits perfect nesting of the Fermi
surface and a van Hove singularity in the density of states,
the N > 2 counterparts achieve 〈n〉 = 1 without these special
band structure features and allow us to separate band structure
attributes from the effect played by interactions without the
need to consider next-nearest-neighbor tunneling amplitudes
t ′, which are hard to control in ultracold atom experiments.

In this work, we focus on N = 3, for which the model is
predicted to display interesting physical phenomena even in
very special limits and geometries [30–38]. For example, in
the 2D square lattice in the weak-coupling regime, mean-field
theory and renormalization group calculations predict that the
ground state is an SU(3) symmetry breaking phase at half-
filling (〈n〉 = 1.5) [39]. Moreover, at 1/3-filling (〈n〉 = 1),
our focus in this paper, exact diagonalization, density-matrix
renormalization group, and infinite projected entangled-pair
states calculations find that the ground state in the Heisen-
berg limit exhibits a 3SL AFM ordering [2,3]. This finding
is corroborated by high-temperature series expansions and
large-scale exact diagonalization calculations in Ref. [40],
which further suggest the existence of a short-range 2SL
AFM ordering prior to the onset of the 3SL AFM order-
ing as the temperature is lowered. Furthermore, approximate
techniques, such as dynamical mean-field theory, predict such
change in the magnetic ordering also occurs in the Hubbard
regime [30,31] (see Fig. 1 for schematics of the magnetic
orderings).

Here, we study the SU(3) FHM on the square lattice at 1/3-
filling, using numerically exact finite-temperature determinant
quantum Monte Carlo (DQMC) [41,42] and numerical linked-
cluster expansion (NLCE) techniques [43,44]. We explore
experimentally accessible quantities such as the compressibil-
ity, the density of on-site pairs, and the spin-spin correlation
functions as a function of temperature and interaction strength
(U/t ∈ [0.5, 12]). These quantities display finite-temperature
signatures of the metal-insulator transition at Uc/t ∼ 6, and
capture the evolution of the magnetic ordering from 2SL to

3SL for U > Uc, which allows us to propose a phase diagram
where we present regions with different characteristic behav-
iors of the model in the T -U space. It is important to note that
these regions are not distinct phases and that boundaries corre-
spond to crossovers characterized by short-range correlations
rather than phase transitions. For example, we note the metal-
insulator transition that occurs at T = 0 and is accompanied
by the presence of a long-range magnetic ordering. However,
at finite-T the Mermin-Wagner theorem prohibits the spon-
taneous symmetry breaking and therefore only short-range
spin correlations are present. This work provides experimen-
tally accessible signatures of the metal-insulator transition
and magnetic crossovers in the SU(3) FHM in the 2D square
lattice.

The remainder of the paper is organized as follows. In
Sec. II, we present the SU(3) FHM Hamiltonian, the observ-
ables we measure, and the details of the numerical techniques
used. In Sec. III, we present the main results of the paper, and
in Sec. IV we present our conclusions.

II. MODEL AND METHODS

The Hamiltonian for the SU(3) FHM is

H = −t
∑

〈i, j〉,σ
(c†

iσ c jσ + H.c.) + U

2

∑
i,σ 	=τ

niσ niτ − μ
∑
i,σ

niσ ,

(1)
where c†

iσ (ciσ ) is the creation (annihilation) operator for a
fermion with spin flavor σ = 1, 2, 3 on site i = 1, 2, . . . , Ns

in a 2D square lattice, Ns denotes the number of lattice sites,
niσ = c†

iσ ciσ is the number operator for flavor σ on site i, and
μ is the chemical potential that controls the fermion density.
We work in units where kB = 1 throughout the paper.

We are interested in thermodynamic quantities and corre-
lation functions. We focus on the density

〈n〉 = 1

Ns

∑
i,σ

〈niσ 〉, (2)

the isothermal compressibility

κ = 1

〈n〉2

d〈n〉
dμ

, (3)

the density of on-site pairs

D = 1

Ns

∑
i

⎡
⎣1

2

∑
σ 	=τ

〈niσ niτ 〉
⎤
⎦, (4)

and the real-space spin-spin connected correlation functions

C(�r ) = 1

Ns

∑
�r0

[ ∑
σ 	=τ

(〈
n�r0,σ n�r0+�r,σ

〉 − 〈
n�r0,σ n�r0+�r,τ

〉)]
, (5)

where �r0 runs through all the lattice vectors in the lattice. The
sign of this function is shown for the schematic 2SL and 3SL
orders in the insets of Fig. 1: for the 2SL, the sign alternates
in a checkerboard pattern, while in the 3SL the sign changes
every two blocks in the Manhattan distance [45].

The above observables provide valuable knowledge about
the physics of the model: the compressibility and the density
of on-site pairs are useful measures of the degree to which the
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system is a Mott insulator, while the spin correlation functions
detect magnetic ordering, and as we will see below, capture
important information about the nature of the transition.

In practice, at each U/t and T/t the average density is
fixed to 〈n〉 = 1.000 ± 0.006. In the calculation of derivatives
in DQMC, we used the three-point differentiation rule [46].
In the case of the compressibility, the derivative is taken first
and then linearly interpolated with respect to the density to
obtain κ at the target density. For NLCE, the compressibility
is computed using the fluctuation dissipation theorem d〈n〉

dμ
=

1
T [〈n2〉 − 〈n〉2], where 〈n2〉 = 1

N2
s

∑
i, j〈nin j〉 and ni = ∑

σ niσ .
Since 〈n〉 = 1 throughout the paper, we drop the prefactor
1/〈n〉2 in κ for simplicity.

Observables in thermal equilibrium are obtained using
DQMC and NLCE. DQMC and NLCE are often the exact and
complementary numerical methods of choice for the SU(2)
FHM at the finite temperatures relevant to ultracold matter
[46–52]. Here, we use our extension of DQMC and NLCE
for SU(N) systems [17,33]. Generally speaking, the DQMC
performs best at weak to intermediate interactions, while the
NLCE performs best at strong interactions; we present results
from both methods where they are viable. For the temper-
atures and interaction strengths where NLCE and DQMC
are well converged, the methods agree well, supporting the
validity of our results.

A. Determinant quantum Monte Carlo

In this method, a path integral for the partition function is
obtained by discretizing the inverse temperature β in steps of
�τ , i.e., β = L�τ . We use a Trotter step �τ = 0.05/t . We
introduce three auxiliary Hubbard-Stratonovich (HS) fields to
decouple each interaction term and integrate out the fermionic
degrees of freedom. We then sample the HS fields stochasti-
cally. In order to obtain accurate results, we obtain DQMC
data for 40–60 different random seeds for each of the T/t and
U/t considered. For each Monte Carlo trajectory we perform
2000 warmup sweeps and 8000 sweeps for measurements.
The number of global moves per sweep to mitigate possible
ergodicity issues [53] is set to 4 [54].

We analyze the systematic errors (finite-size and Trotter
errors) at T/t � 1 (see Appendixes B and C). To estimate
finite-size effects, we perform calculations using 6 × 6, 8 × 8,
and 12 × 12 lattices at interaction strengths above and below
the quantum critical point. We find that when significant,
these are inconsequential to the main conclusions of the pa-
per. Hence, unless explicitly stated, we draw our conclusions
based on results on the 6 × 6 lattice due to computational cost
(see Sec. III and Appendix B). Finally, we estimate Trotter
errors at large interaction strengths. These are presented in
Appendix C, and do not affect the main conclusions of the
paper.

B. Numerical linked cluster expansion

In the NLCE, extensive properties of the lattice model in
the thermodynamic limit are expressed as sums of contribu-
tions from all topologically distinct clusters, up to a certain
size, that can be embedded in the lattice. Those contributions
are in turn calculated exactly using full diagonalization of the

model Hamiltonian on the finite clusters. See Ref. [44] for
details. We use spin flavor conservation symmetry to block di-
agonalize the Hamiltonian matrix of each cluster [33], which
allows us to perform the calculations up to seven orders in a
site expansion (considering all clusters up to seven sites) for
thermodynamic quantities, and up to six orders for correlation
functions.

To compute correlation functions beyond nearest neigh-
bors, one needs to work with not only the topologically
distinct clusters for a model involving only nearest-neighbor
hopping, but rather all clusters that can be embedded on
the lattice and are not related by translation or point-group
symmetry operations. The number of the latter is significantly
higher than the number of topologically distinct clusters and
puts a severe constraint on time in our calculations.

The NLCE is an expansion directly in the thermodynamic
limit, and its accuracy is controlled by the order (no statistical
or systematic errors are present when the series is converged).
We show the two highest orders and only show data for re-
gions where the two highest orders agree within 1%.

III. RESULTS

The results section is organized as follows: We first present
the T -U diagram of the SU(3) FHM, which summarizes our
findings. This is followed by discussions of the compress-
ibility, which illustrates finite-temperature signatures of the
metal-insulator transition. Then we analyze the spin-spin cor-
relations, which capture the development of the short-range
2SL AFM structure, and the change in the magnetic ordering
from 2SL to 3SL. Finally we argue that this change in the
magnetic ordering has observable effects in the density of
on-site pairs.

The main results of the paper are summarized in Fig. 2. The
regions shown do not represent long-range ordered phases,
but instead correspond to our findings appertaining the de-
velopment of short-range correlations in the model in the
T -U space. We will describe them here, and then describe in
the rest of the paper how these conclusions were obtained.
We detect finite-T signatures of a metal-insulator quantum
phase transition (T = 0) consistent with a critical interaction
of Uc/t ∼ 6 (red star) by studying the compressibility. This
finding is also consistent with ground-state calculations us-
ing constrained path quantum Monte Carlo (CPQMC), which
also predicts Uc/t ∼ 5.5 (yellow star) [55]. From the spin-
spin correlation functions we observe that for U � Uc and
T ∼ J (J = 4t2/U is the antiferromagnetic exchange energy)
a short-range 2SL AFM structure develops and is manifest
in spin correlations of about 2% of their maximal allowed
values at relatively high temperatures of T/t ∼ 0.6. While a
fairly small value in absolute terms, correlations of this mag-
nitude are now routinely probed in quantum gas microscope
experiments [24–26]. Furthermore, we detect in the density of
on-site pairs and the spin-spin correlation function that as the
temperature is lowered below T/J ∼ 0.57, the system starts
developing a 3SL AFM order. It is worth mentioning that
this change from 2SL to 3SL ordering is consistent with the
observations in the Heisenberg limit [40], which also predict
the appearance of an emerging 3SL order, albeit at a lower
temperature of T/J ∼ 0.15. The apparent discrepancy in
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FIG. 2. Regimes of the SU(3) Fermi-Hubbard model in the two-
dimensional square lattice. Squares indicate T = � obtained from
the compressibility [see Fig. 3 and Eq. (6)]. Circles correspond to
the zero crossing of the next-nearest-neighbor spin correlator C(1, 1)
[see Fig. 4]. Triangles correspond to the location of the dip in
dP/dT [see Fig. 6] (also C(1, 1) exhibiting a zero crossing [see
Fig. 5]). The black line indicates the C(1, 1) = 0 curve. The model
exhibits a metal-insulator transition at Uc/t ∼ 6 at T = 0 [red star:
this work, yellow star: CPQMC (see main text)], and crossovers
at finite T indicated by the black and gray lines. For U � Uc and
at T � 0.3(U − Uc ) the system is a Mott insulator, and develops
a short-range 2SL AFM structure from a metallic phase at T ∼ J .
As the temperature is lowered, below T/J ∼ 0.57, the system starts
developing a 3SL AFM order (the dashed red line corresponds to the
T/J = 0.57 curve). We use a qualitative color fading scheme at high
temperatures to indicate the disappearance of magnetic correlations.

relevant temperatures arises from the fact that the study in the
Heisenberg limit considers the evolution of the structure factor
(which signals longer-range correlations), whereas here we
discuss the crossover temperature, where the appropriate sign
of the diagonal spin correlations appear. That is, we focus on
the onset of the shortest distance correlations becoming con-
sistent with the magnetic ordering. Naturally, this crossover
temperature is expected to be higher than the temperature
where the structure factor at (±2π/3,±2π/3) surpasses the
one at (±π,±π ).

The first natural quantity to look at as a measure of the
Mott insulating nature of the system is the compressibility
κ = d〈n〉/dμ, which is presented in Fig. 3. Here we show
κ as a function of T/t for different values of U/t from
DQMC (symbols) and NLCE (dotted and solid lines), which
show a good agreement in their common regions of validity.
For U/t � 4, κ is large and the system is highly compress-
ible, characteristic of a metal. In contrast, for U/t � 7 the
compressibility does not rise as strongly with increasing tem-
perature around T � U and remains small for all T/t . Finally,
the intermediate region 4 � U/t � 7 is the most interesting
one as it illustrates a qualitatively different behavior as T/t
is lowered: instead of reaching a peak and then decreas-
ing with decreasing T , it remains roughly flat for about a
decade in temperature (0.2 � T � 2). It is worth noting that
at these temperatures and interactions, the flatness of the

FIG. 3. Compressibility as function of T/t for different U/t and
the Mott gap as a function of U/t . Markers correspond to DQMC
calculations, dotted and solid lines correspond to the last two NLCE
orders computed, and dashed lines are the fits to ae−�/T to extract
�(U ). Inset: �/t as a function of U/t . The dashed line is obtained
by fitting to Eq. (6) and indicates the location of Uc/t = 6.2 ± 0.1
for the metal-insulator transition.

compressibility also coincides with the almost temperature-
independent location of the C(1, 1) = 0 boundary in Fig. 2
(denoted by circles, see further discussion below).

We can distill physically salient information from this data
by following the analysis performed in Refs. [56,57] for the
triangular lattice SU(2) Hubbard model. There, for a given
U/t , the data is fitted using κ = ae−�/T (where � is the
charge gap) in the temperature window where κ exhibits a
non-negative slope. These fits are indicated as dashed lines in
Fig. 3 and allow us to extract �(U ), which we then plot as a
function of U/t (see inset in Fig. 3). These results show that
the system is metallic below U/t ∼ 6 and insulating above
it, with a linear dependence in U/t as expected. To extract
the quantum critical point from this technique we perform the
following fit:

� =
{

0 if U < Uc

b(U − Uc) if U > Uc
, (6)

for which we obtain the parameters b = 0.32 ± 0.01, and
Uc = 6.2 ± 0.1 [58].

Finally, it is worth mentioning that the range of temper-
atures included in the fit over T/t at fixed U/t omits the
temperatures below the upturn in κ at the lowest T/t for
U/t > 6, which occurs at the same temperature scale where
D exhibits a sharp upturn and is related to a change in the
magnetic ordering (see Fig. 6 and its discussion for more
details).

At T = 0 the gap opening may coincide with the mag-
netic ordering transition, however, at finite temperatures these
may behave differently. To investigate this, Fig. 4 presents
the spin-spin correlations as a function of U/t for different
T/t . Figure 4(a) shows the nearest-neighbor spin correlation
C(1, 0), which highlights the agreement between DQMC and
NLCE. We first note that C(1, 0) < 0 for all values of U/t .
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FIG. 4. Spin-spin correlations. Results are presented as a function of U/t for different T/t for the (a) nearest-neighbor C(1, 0), (b) next-
nearest-neighbor C(1, 1), and (c) third neighbor C(2, 0). (d) Examples of real-space spin correlations for U/t = 0.5 and U/t = 12 at different
temperatures, which illustrate the metallic behavior of the system at small U/t , and the development of short-range 2SL correlations for large
U/t . Here the on-site correlator C(0, 0) = 2〈n〉 − 2D is rescaled by a factor of 1/20 so its dependence on temperature and interaction strength
is more clear. In (a)–(c) filled color symbols correspond to DQMC, and NLCE results from order 6 (order 5) are shown as open (black) markers.
Results in (d) correspond to DQMC calculations. In all panels DQMC results were obtained on 6 × 6 lattices. The circles in Fig. 2 are obtained
by locating the crossing U ∗(T ) of C(1, 1) vs U/t at fixed T/t after linear interpolation. The gray line in (b) is a guide to the eye of the location
of U ∗(T ) for the temperatures presented.

As temperature is lowered, the AFM nearest-neighbor correla-
tions increase for all U/t , being strongest around U/t ∼ 7 for
the lowest temperatures. At the lowest temperatures, the shape
of C(1, 0) with U/t can be understood as follows: Starting
from the noninteracting limit, as one increases U/t , local mo-
ment formation will lead to the development of stronger AFM
nearest-neighbor correlations; however, when increasing U/t
in the strong-coupling region, the relevant energy scale be-
comes the superexchange energy, J = 4t2/U , and thus the
correlations decrease for larger U/t at fixed T/t .

The next-nearest-neighbor spin correlator C(1, 1) exhibits
a distinctive U/t dependence [Fig. 4(b)], where again results
from the two methods agree. At temperatures above T/t � 2,
C(1, 1) vanishes for all U/t considered and no order is ex-
pected [see, for example, Fig. 4(d)]. As the temperature is low-
ered, the correlations increase in magnitude and at each tem-
perature a zero crossing occurs at U ∗(T ) (indicated with cir-
cles in Fig. 2), i.e., C(1, 1) < 0 for U < U ∗(T ) and changes
sign for U > U ∗(T ). This phenomenon is reminiscent of the
doped SU(2) FHM on square lattices where C(1, 1) changes
sign upon doping at a fixed T/t and U/t [49]. In the SU(2)
case C(1, 1) < 0 indicates metallic behavior as it reflects
the effects of Pauli blocking, a signature of noninteracting

fermions. In our case, the change in sign of C(1, 1) reflects
a combination of Pauli blocking (dominant at U < U ∗) and
interaction-driven superexchange physics (U > U ∗).

Figure 4(c) illustrates the third-neighbor spin correlation
function C(2, 0). We find C(2, 0) > 0 for most values of
U/t shown (generally stronger for larger values of U/t),
and it increases in magnitude as the temperature is lowered.
The positive sign of the correlator is in agreement with the
sign of the spin correlator in the 2SL ordering [see inset in
Fig. 1(a)]. We attribute the disagreement of DQMC results at
T/t � 0.5 in the strong-coupling region with the converged
NLCE results to systematic errors in the DQMC, especially
the finite-size error for this longer-range correlation function.
Finally, Fig. 4(d) presents the real-space spin-spin correlation
functions for U/t = 0.5 and 12 for different T/t . As the
temperature is lowered, the system develops stronger nearest-
neighbor AFM correlations for both U/t , and for T/t = 1.2
the sign change of C(1, 1) is already evident. As the tempera-
ture is lowered even further, the system at weak U/t remains
metallic, but at strong U/t displays a short-range 2SL AFM
order in agreement with the Heisenberg limit predictions [40].
It is important to point out that the study of the nature of
the underlying 2SL structure is an interesting question that
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FIG. 5. Finite-size analysis. C(1, 1) and D as a function of T/t
are presented for U/t = 8 (U/t = 2 in the inset) at system sizes:
6 × 6, 8 × 8, 10 × 10, and 12 × 12. Dotted vertical line corresponds
to T = 0.57J , and the shaded region is half the spacing between the
middle point of the two consecutive markers. Horizontal scale of the
inset is the same as the main figure.

requires further exploration, and we expect future studies to
be able to resolve it by analyzing correlation functions of the
order parameters derived from the Gell-Mann matrices (see
Ref. [30] for a discussion).

Systematic calculations of C(1, 1) for different system
sizes further support the claim of the change in sign observed
in Fig. 4(b) for T/t � 0.4. This is illustrated in the top panels
of Fig. 5 where we show results for U/t = 8 (main panel)
and U/t = 2 (inset) as a function of T/t for different system
sizes L × L. As the temperature is lowered below T/t < 0.4
we observe that for U/t = 8 finite-size errors are severe for
6 × 6 lattice. However, results for L � 8 point to the same
behavior: they all display a zero crossing in the temperature
window 0.25 < T/t < 0.33. Moreover, results for the two
largest system sizes, 10 × 10 and 12 × 12, agree with each
other within the error bars and make clear that C(1, 1) is
negative at the lowest two temperatures and positive for the
rest. For these system sizes, we compute the correlation func-
tion at the three lowest temperatures for U/t = 8 using 160
independent runs to improve the statistics. We identify this
change in sign at lower temperatures as the temperature scale
at which the change in ordering from 2SL to 3SL occurs (see
insets in Fig. 1, which illustrate the sign of the spin correlation
function for both orderings). In contrast, for T/t < 0.4 and
U/t = 2, despite the presence of finite-size errors in 6 × 6
and 8 × 8 lattices, results for the two largest system sizes are
consistent with each other and remain negative.

FIG. 6. Density of on-site pairs. DQMC (markers) and NLCE
(lines) results are presented as a function of T/t for different U/t
for the density of on-site pairs D. The horizontal black line at
D = 1/3 corresponds to the U = 0 limit. The inset presents the
behavior of T ∗/t as a function of U/t , where T ∗/t are obtained by
locating the minima of d (UD)/dT for U/t > 5. The data are fitted
to T ∗ = (0.57 ± 0.01)J .

This change in sign in C(1, 1) as a function of temperature
coincides with the low-temperature rise in the density of on-
site pairs D for U/t = 8 as evidenced in the bottom panel of
Fig. 5. For U/t = 8, the finite-size error in D is minimal at
all temperatures considered in 6 × 6 lattices, and the location
of the pronounced upturn remains consistent across all sys-
tem sizes. For comparison, for U/t = 2 there is a finite-size
error in D, but it does not change the smooth temperature
dependence of D as demonstrated by calculations on 12 × 12
lattices, which agree with the 6 × 6 results (see bottom inset
in Fig. 5).

These findings allow us to conclude that the change in
the magnetic ordering from 2SL to 3SL, as evidenced by
the change in sign of C(1, 1) for U > Uc, has observable
effects in the density of on-site pairs: the temperature scale
at which the upturn in D occurs coincides with that of the
zero crossing. This connection between D and the change in
magnetic ordering motivates our next analysis.

Unlike the correlation function C(1, 1), D exhibits minimal
finite-size errors. The low-temperature upturn can also be
captured using less statistics, and hence requires less com-
putational resources, than that needed to resolve the 2SL to
3SL magnetic crossover using C(1, 1). In Fig. 6, we show the
density of on-site pairs D as a function of T/t for different
values of U/t , which displays several familiar trends as well
as the novel low-temperature feature. As expected, larger U/t
lead to smaller overall D, and as the temperature initially
decreases, D is suppressed from its high-temperature value
around T ∼ U . Following the development of antiferromag-
netic correlations in the system below a temperature of the
order of J , D slowly rises again upon further lowering the
temperature. That is because the probability of finding a par-
ticle with a different flavor at, and therefore virtual hoppings
to, neighboring sites increases.
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In addition to the above increase, we observe the remark-
ably sharp upturn in D at even lower temperatures for U > Uc

only. As previously discussed, we attribute this behavior to a
magnetic reordering of spins from the 2SL to the 3SL ordered
phases. The inset in Fig. 6 presents the location T ∗/t vs U/t ,
where T ∗/t is defined as the temperature at which the minima
of d (P = UD)/dT is located, namely, the temperature where
the upturn of D upon lowering T is the largest (see Fig. 7 in
the Appendix for the plot of dP/dT vs U/t) and corresponds
to the change in magnetic ordering. We then fit the points to
T ∗ = aJ , with a = 0.57 ± 0.01. It is important to point out
that this phenomenon survives the extrapolation �τ → 0, as
illustrated in Fig. 9 of Appendix C, and finite-size scaling as
shown in Fig. 5. On the other hand, the NLCE results do not
capture this phenomenon as the lowest convergence tempera-
tures are typically above the onset of this sharp upturn.

IV. DISCUSSION AND OUTLOOK

We have explored the behavior of the SU(3) FHM in the
square lattice at 1/3-filling as a function of U/t and T/t
using complementary DQMC and NLCE methods. We com-
puted the compressibility, the density of on-site pairs, and the
spin-spin correlation functions, which are experimentally ac-
cessible with ultracold AEAs in OLs. These quantities express
finite-temperatures signatures of a quantum metal-insulator
transition, which we locate at Uc/t ∼ 6, and capture the tem-
perature scale where the magnetic ordering evolves from a
short-range 2SL to a 3SL for U > Uc at T/J ∼ 0.57.

These results imply the existence of different regimes of
the model in the T -U plane, which are accessible in current
experiments with AEAs in a 2D OL. First, the compress-
ibility can be computed by measuring the equation of state
〈n(μ,U, T )〉 and taking the derivative of 〈n〉 with respect to
μ [14]. Furthermore, local access to the density in SU(N)
systems [59] allows experiments to probe the density fluctu-
ations, and therefore extract the temperature, since these are
related to the compressibility via the fluctuation dissipation
theorem [25,60]. Second, the density of on-site pairs can
be measured using a photoassociation technique [14,16,17],
which can be used to locate T ∗. Finally, C(1, 1) can be di-
rectly measured with an AEA quantum gas microscope. The
low temperatures of some features seen here present some
challenge, but combining the temperatures already achieved
in Ref. [17] with local imaging should allow experiments to
observe most of the phenomena presented in Fig. 2.

In fact, the key quantities to see the physics described in
this paper can be measured without a full quantum gas micro-
scope, as long as local resolution is good enough to measure
the density and its fluctuations, as has been demonstrated for
SU(N) AEA systems very recently [59]. We discuss a protocol
for this here: the idea is to relate spin fluctuations in a small
region W set by the imaging resolution to number fluctuations
using a shelving scheme, and then relate the spin fluctuations
to correlations within the region W .

The idea is to remove or shelve spin components, e.g.,
by using the 578 nm narrow clock transition in 173Yb, and
measure the density fluctuations of the remaining ground-state
atoms. First note that the total particle number measured in
a region W is nW = ∑

j∈W nj (where n j = ∑
σ n jσ ), and the

averaged fluctuations of this quantity, C are

C = 〈
n2

W

〉 − 〈nW 〉2 (7)

=
〈( ∑

j∈W

nj

)2〉
−

〈∑
j∈W

nj

〉2

(8)

=
∑

i, j∈W

(〈nin j〉 − 〈ni〉 〈n j〉) (9)

=
∑

i, j∈W ;στ

[〈niσ n jτ 〉 − 〈niσ 〉 〈n jτ 〉]. (10)

Hence we see the number fluctuations in W are related in a
simple way to the correlations.

Equation (10) can be used to relate density fluctuations to
spin correlations by shelving M of the N components (any
0 < M < N suffices) to states that are not imaged. Using 〈· · ·〉
to represent expectations in the preshelved state (which we
want to know) and 〈· · ·〉shelved for expectations in the shelved
state, we obtain for the density fluctuations after shelving

C (M ) =
∑

i, j∈W ;στ

[〈niσ n jτ 〉 − 〈niσ 〉 〈n jτ 〉]shelved (11)

=
∑

i, j∈W ;στ∈unshelved

[〈niσ n jτ 〉 − 〈niσ 〉 〈n jτ 〉]. (12)

The second line follows because if spin component ν is
shelved, any terms involving niν vanish while unshelved states
are unaltered. Using the permutation symmetry of the spin
components,

C = N
∑

i, j∈W

[〈niσ n jσ 〉 + (N − 1) 〈niσ n jτ 	=σ 〉 − N 〈niσ 〉2]

(13)

C (M ) = M
∑

i, j∈W

[〈niσ n jσ 〉 + (M − 1) 〈niσ n jτ 	=σ 〉 − M 〈niσ 〉2]

(14)

and the sum of the spin-spin correlation function [defined in
Eq. (5)] in region W is therefore:

C̃s = N − 1

M(N − M )
[N2C (M ) − M2C]. (15)

If T � J , where we can assume only spin correlations up
to next-nearest neighbors contribute, Eq. (15) then gives a
combination of C(0, 0), C(1, 0), and C(1, 1). C(0, 0) is related
to D via C(0, 0) = (N − 1)〈n〉 − 2D, so it can be measured
independently as previously discussed, while C(1, 0) can
be measured independently using the singlet-triplet oscilla-
tion method [16,17]. With these measurements and Eq. (15)
C(1, 1) can be resolved.

A major goal in strongly correlated matter is to understand
the consequences of doping Mott insulators and magnetically
ordered phases. Our results provide a useful starting point for
the exploration of the doped SU(3) FHM at finite temperature.
This has been an active area in the past few years for SU(2)
ultracold FHMs. One example of progress is the development
and testing of geometric string theory [18,24,61–67], which
draws a connection between the strongly correlated quantum
states at finite doping and the AFM parent state at 1/2-filling.
Reference [18] found that for N = 2 the geometric string
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patterns are observable at T � J and upon � 10% doping.
These temperatures have been attained with AEAs in OLs
and therefore the exploration of the doped SU(3) FHM is a
timely question. Our results at 1/3-filling exhibit interesting
magnetic crossovers around T ∗ = 0.57J , and we expect this
to drive qualitative changes in the string length and anisotropy
across this crossover.
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APPENDIX A: INTERACTION ENERGY DERIVATIVE

Figure 7 shows the derivative of the interaction energy P =
UD with respect to temperature, dP/dT . Here, we observe
that only for U/t > 6 does dP/dT exhibit a clear sharp dip
when temperature increases at low temperatures. For those
interaction strengths, we define T ∗/t as the temperature at

FIG. 7. Derivative of the interaction energy P = UD with re-
spect to temperature d (UD)/dT vs T/t . Results are presented for
different U/t . Black markers correspond to T ∗/t , which are obtained
by locating the minima of dP/dT for U/t > 5. Solid markers are
DQMC data and lines connect the dots to guide the eye.

FIG. 8. Finite-size analysis. Spin correlators as a function of T/t
are presented for U/t = 2 and U/t = 8 at system sizes: 6 × 6, 8 × 8,
10 × 10, and 12 × 12.

which the minima of dP/dT is located and we indicate them
with black markers in this figure. They are shown as a function
of U/t in the inset of Fig. 6.

APPENDIX B: FINITE-SIZE EFFECTS

In Fig. 5 we presented D and C(1, 1) for L × L systems
with L = 6, 8, 10, 12. In Fig. 8 we present C(1, 0) and C(2, 0)
for completeness. For U/t = 2, C(1, 0) < 0 and is well con-
verged at all temperatures already for L = 6. For C(2, 0),
finite-size effects are minimal for 8 × 8 lattices and the value
of the correlation always remains positive but very small. On
the other hand for U/t = 8, both spin correlations are well
converged for T > 0.4, but finite-size errors are present for
6 × 6 lattices at T/t < 0.4. At this interaction, C(1, 0) < 0
for all system sizes and is well converged for L = 10 and
12. Finally, C(2, 0) requires further statistics to be resolved at
the lowest temperatures, which are inaccessible to our current
numerical capabilities.

APPENDIX C: ANALYSIS OF TROTTER ERROR

The density of on-site pairs D has historically been found
to be one of the most sensitive quantities to the systematic

FIG. 9. Density of on-site pairs as a function of (�τ )2. Results
are presented for different T/t for U/t = 8 and U/t = 12. Solid
markers indicate DQMC results, solid lines correspond to linear fits
to the data, and open markers are the �τ → 0 extrapolation obtained
from the fit.
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Trotter error [68]. In order to support the claims derived
from the low-temperature behavior observed at large U/t we
analyze the Trotter error by comparing the results obtained
for D with �τ = 0.0125/t , 0.025/t , 0.03/t , 0.04/t , 0.05/t ,

and 0.1/t at T/t = 0.17, 0.2, 0.25, and 0.33 for U/t = 8 and
12. These are presented in Fig. 9. In all cases, the �τ → 0
extrapolation leads to a correction no larger than ∼5%, much
smaller than the low-temperature rise of D for U > Uc.
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